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Abstract

This Supplementary Material includes the derivation of the variance formula for the maximum com-
posite likelihood estimator, calculation of the parameter d∗s in the model selection criterion, more details
on the motivating dataset, additional simulation results, and R and SAS codes with an illustrated ex-
ample.

Section 1: Derivation of the variance formula for the maximum
composite likelihood estimator

Denote θθθ = (θ0θ0θ0, θ1θ1θ1, θ2θ2θ2)T . By Taylor expansion of ∂ logLc(θ̃θθ)/∂θθθ around θθθ, we have

0 =
1√
m

∂ logLc(θθθ)

∂θθθ
+

1

m

∂2 logLc(θθθ)

∂θθθ2
√
m(θ̃θθ − θθθ) + op(1). (1)

Therefore, we have

√
m(θ̃θθ − θθθ) ≈ Am

−1 1√
m
Bm, where Am = − 1

m

∂2 logLc(θθθ)

∂θθθ2
and Bm =

∂ logLc(θθθ)

∂θθθ
.

It is easy to show that 1√
m
Bm → N(0,Σ1Σ1Σ1

∗) where

Σ1Σ1Σ1
∗ =

 rI00
√
rI01

√
rI02

I11 I12
I22

 and Am → Σ2Σ2Σ2
∗ =

 rI00 0 0
I11 0

I22

 ,

where m2/m → r. The asymptotic distribution is immediately followed by Slutsky’s theorem and recalling
equation (1).

Section 2: Calculation of d∗s

When the meta-analysis model does not include study-level covariates, the composite likelihood contains 6

parameters: (β0, β1, β2, τ
2
0 , τ

2
1 , τ

2
2 ). We first show that d∗s converges to 6. By definition d∗s = trace

{
Ĵ(Ĥ)−1

}
,

where Ĵ and Ĥ converge to Σ1Σ1Σ1
∗ and Σ2Σ2Σ2

∗, respectively. By the calculation of Σ1Σ1Σ1
∗ and Σ2Σ2Σ2

∗ in Section 1, we

have d∗s = trace
{
Ĵ(Ĥ)−1

}
converges to 6 as the number of studies m increases. This result is due to the

information identity holds for each component of the composite likelihood function logLc(θ0θ0θ0, θ1θ1θ1, θ2θ2θ2). Similar
argument can be applied to show the results for meta-analysis model with study-level covariates.
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Section 3: Cross-tabulate of case-control and cohort studies by
subtype of cancer

Table S1: Numbers of case-control and cohort studies collected by Xing et al., (2011) stratified by the type
of metastasis (i.e., regional versus distant metastasis) and the type of imaging modalities

Types
Case-Control Cohort
(# of study) (# of study)

Regional metastasis
Ultrasonography (US) 6 14
Computed Tomography (CT) 2 1
Positron Emission Tomography (PET) 5 16
Combination of both (PET-CT) 3 2
Distant metastasis
Computed Tomography (CT) 7 5
Positron Emission Tomography (PET) 14 15
Combination of both (PET-CT) 4 4

Section 4: Impact of initial values on the estimates using the full
likelihood and the composite likelihood methods

Table S2: Impact of initial values on the estimates using the full likelihood (FL) and the composite likelihood
(CL) methods when analyzing the distant metastasis data in Xing et al. (2011).

Imaging modality Initial value FL method CL method

(β0, β1, β2, τ0, τ1, τ2, ρ01, ρ02, ρ12) (β̂0, β̂1, β̂2) (β̂0, β̂1, β̂2)

PET-CT (0, 0, 0, 1, 1, 1, 0, 0, 0) non-convergent (0.24, 1.75, 2.68)
(m1 = m2 = 4) (1, 1, 1, 1, 1, 1, 0.1, -0.1, -0.1) non-convergent (0.24, 1.75, 2.68)

CT (0, 0, 0, 1, 1, 1, 0, 0, 0) non-convergent (-0.16, 0.58, 1.87)
(m1 = 7, m2 = 5) (2.1, 1, 1, 1, 1, 1, 0, 0, 0) non-convergent (-0.16, 0.58, 1.87)

(2.1, 1.2, 1, 1, 1, 1, 0, 0, 0) (0.15, 0.60, 1.86) (-0.16, 0.58, 1.87)

PET (0, 0, 0, 1, 1, 1, 0, 0, 0) (0.37, 1.69, 1.94) (0.36, 1.71, 1.94)
(m1 = 14, m2 = 15) (1, 1, 1, 1, 1, 1, -0.1, -0.1, -0.1) (0.37, 1.69, 1.94) (0.36, 1.71, 1.94)

(3, 2.8, 4, 2, 2, 2, 0.2, 0.3, 0.1) (0.47, 1.65, 1.97)? (0.36, 1.71, 1.94)

m1: number of case-control studies; m2: number of cohort studies.
?: singular covariance matrix.

Section 5: Additional simulation results

Tables S3 ∼ S8 summarize the simulations with that data are generated from the bivariate GLMM (for
case-control studies) and trivariate GLMM (for cohort studies) model when the number of studies are 8,
30 and 50. When the number of studies is 8, the biases of the estimates from both FL and CL methods
are small but they underestimate the true standard errors, leading to liberal confidence intervals. We note
that when the number of studies is relatively small (e.g., m = 8), resampling methods such as bootstrap are
recommended to obtain better estimates of standard errors. Tables S9 ∼ S10 summarize the results when
study-level covariates are available and the number of studies are 30 and 50, respectively. Both method
provide unbiased estimates, but the CL method has better coverages compared to the FL method. Tables
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Trivariate normal distribution

Full likelihood method Composite likelihood method
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Figure S1: Bias and coverage for estimated disease prevalence, sensitivity, specificity, PPV and NPV from
the full likelihood (FL) and the composite likelihood (CL) methods. The true overall disease prevalence is
0.2, sensitivity is 0.6, and specificity is 0.9. The data are generated from bivariate GLMM (for case-control
studies) and trivariate GLMM (for cohort studies). Results are summarized from 1000 simulations. The x-
axis represents for the different settings of pairwise correlations among study-specific prevalence, sensitivity
and specificity (in logit scale).

S11 ∼ S16 summarize the results when study-specific prevalence, sensitivity and specificity form the bivariate
t-distribution (for case-control studies) and the trivariate t-distribution (for cohort studies) with 4 degrees of
freedom with m= 8, 30 and 50 studies.
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Multivariate t distribution with d.f.=4

Full likelihood method Composite likelihood method
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Figure S2: Bias and coverage for estimated disease prevalence, sensitivity, specificity, PPV and NPV from
the full likelihood (FL) and the composite likelihood (CL) methods. The true overall disease prevalence
is 0.2, sensitivity is 0.6, and specificity is 0.9. The data are generated from bivariate t-distribution (for
case-control studies) and trivariate t-distribution (for cohort studies). Results are summarized from 1000
simulations. The x-axis represents for the different settings of pairwise correlations among study-specific
prevalence, sensitivity and specificity (in logit scale).
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Figure S3: Upper panel: normal Q-Q plots with respect to sensitivity (logit scale) in each stratum; Lower
panel: normal Q-Q plots with respect to specificity (logit scale) in each stratum.

Section 6: R program for the composite likelihood method and SAS
program for the full likelihood method and an example
####################
## R program
####################

### functions to compute the score functions w.r.t theta0, theta1 and theta2
## density function of logit-normal
dlogitnorm = function(p, mu, tau2){
(2*pi*tau2)^(-1/2)*exp(-(qlogis(p)-mu)^2/(2*tau2))/(p*(1-p))
}

integrand1 = function(n,y, mypar2, p.grid){
dbinom(y, size=n, prob=p.grid)*dlogitnorm(p.grid, mypar2[1], mypar2[2])
}

integrand2 = function(n,y,mypar2, p.grid){
dbinom(y, size=n, prob=p.grid)*dlogitnorm(p.grid, mypar2[1], mypar2[2])*2*(qlogis(p.grid)-mypar2[1])/(2*mypar2[2])
}

integrand3 = function(n,y,mypar2, p.grid){
dbinom(y, size=n, prob=p.grid)*dlogitnorm(p.grid, mypar2[1], mypar2[2])*(-1/(2*mypar2[2])+(qlogis(p.grid)-mypar2[1])^2/(2*mypar2[2]^2))
}

### R library for use of "integrate" and "glmmML" functions
library(stats)
library(glmmML)

### Example: dataset are collected from the distant metastais with the computed tomography (CT) diagnsotic test (Xing,2011) in Section 4
estim = estim.orig = mbse.orig = matrix(NA,nrow=6,ncol=1)
mySandwich = matrix(NA,nrow=6,ncol=6)

id = c(23,24,27,29,32,36,37,26,28,30,31,38)
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Figure S4: Summary points and 95% confidence regions of logit(sensitivity) versus logit(1-minus-specificity)
(upper left panel), logit(PPV) versus logit(NPV) (upper right panel), logit(sensitivity) and logit(specificity)
versus logit(metastasis prevalence) (middle panels), logit(predictive values) versus logit(metastasis preva-
lence) (lower panels) for four diagnostic imaging modalities. Filled circle: summary point; solid line: bound-
ary of 95% confidence region for the summary point.

Nt = c(151,89,104,34,106,115,250,76,18,103,64,74)
PiY = c(NA,NA,NA,NA,NA,NA,NA,37,9,44,46,15)
Nd = c(0,4,87,5,59,13,89,37,9,44,46,15)
SeY = c(0,4,50,4,41,9,66,20,7,21,35,4)
Nn = c(151,85,17,29,47,102,161,39,9,59,18,59)
SpY = c(124,65,12,28,44,85,141,33,8,56,13,55)
mydat1 = data.frame(cbind(id,Nt, PiY, Nd, SeY, Nn, SpY))
names(mydat1) = c("id", "Nt","PiY", "Nd","SeY","Nn","SpY")
mydat2 = mydat1[is.na(mydat1$PiY)==FALSE, ]## cohort studies only

m = nrow(mydat1) ## number of all studies
m2 = nrow(mydat2) ## number of the cohort studies
m1 = m-m2 ## number of the rest of case-control studies

### The method of the composite likelihood in Section 2
## 1.1 point estimate: fit GLMM model(using Gauss-Hermite quadrature method with points 8)
fit.PiY = glmmML(cbind(PiY, Nt-PiY)~1, data = mydat2, cluster = id, method= "ghq", n.points=8,
control=list(epsilon=1e-08, maxit=50000,trace=FALSE))
fit.SeY = glmmML(cbind(SeY, Nd-SeY)~1, data = mydat1, cluster = id, method= "ghq", n.points=8,
control=list(epsilon=1e-08, maxit=50000,trace=FALSE))
fit.SpY = glmmML(cbind(SpY, Nn-SpY)~1, data = mydat1, cluster = id, method= "ghq", n.points=8,
control=list(epsilon=1e-08, maxit=50000,trace=FALSE))

## Logit scale for prevalence, sensitivity and specificity
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estim[c(1: 2), 1] = c(as.numeric(fit.PiY$coefficients), (fit.PiY$sigma)^2)
estim[c(3: 4), 1] = c(as.numeric(fit.SeY$coefficients), (fit.SeY$sigma)^2)
estim[c(5: 6), 1] = c(as.numeric(fit.SpY$coefficients), (fit.SpY$sigma)^2)

## translate to the original scale for prevalence, sensitivity and specificity
estim.orig[c(1: 2), 1] = c(plogis(estim[1, 1]), estim[2, 1])
estim.orig[c(3: 4), 1] = c(plogis(estim[3, 1]), estim[4, 1])
estim.orig[c(5: 6), 1] = c(plogis(estim[5, 1]), estim[6, 1])

## 1.2 The variance estimate: using the Sandwich method
## calculate I00.hat, I11.hat and I22.hat
I00.hat = solve(m2*fit.PiY$variance)
I11.hat = solve(m*fit.SeY$variance)
I22.hat = solve(m*fit.SpY$variance)

## calculation of score function (study-specific) w.r.t theta0
int1 = int2 = int3 = rep(NA, length=m2)
est0 = estim[c(1: 2), 1] ##plug in the point estimate based on disease prevalence
for(i in 1: m2){
int1[i] = integrate(integrand1, lower=0, upper=1, n=mydat2$Nt[i], mypar2=est0, y=mydat2$PiY[i])$value
int2[i] = integrate(integrand2, lower=0, upper=1, n=mydat2$Nt[i], mypar2=est0, y=mydat2$PiY[i])$value
int3[i] = integrate(integrand3, lower=0, upper=1, n=mydat2$Nt[i], mypar2=est0, y=mydat2$PiY[i])$value
}
## derivation for PiY w.r.t beta0 and tau0^2 based on the prevalence data
derivePiY.mu = int2/int1
derivePiY.tau2 = int3/int1
B.PiY = cbind(derivePiY.mu, derivePiY.tau2)

## calculation of score function (study-specific) wrpt theta1
int1 = int2 = int3 = rep(NA, length=m)
est1 = estim[c(3: 4), 1] ##plug in the point estimate based on sensitivity
for(i in 1: m){
int1[i] = integrate(integrand1, lower=0, upper=1, n=mydat1$Nd[i], mypar2=est1, y=mydat1$SeY[i])$value
int2[i] = integrate(integrand2, lower=0, upper=1, n=mydat1$Nd[i], mypar2=est1, y=mydat1$SeY[i])$value
int3[i] = integrate(integrand3, lower=0, upper=1, n=mydat1$Nd[i], mypar2=est1, y=mydat1$SeY[i])$value
}
## derivation for SeY w.r.t beta1 and tau1^2 based on the sensitivity data
deriveSeY.mu = int2/int1
deriveSeY.tau2 = int3/int1
B.SeY = cbind(deriveSeY.mu, deriveSeY.tau2)
B.SeY.del = B.SeY[-c(1:m1), ] ## delete the first m1 studies

## score function (study-specific) wrpt theta2
int1 = int2 = int3 = rep(NA, length=m)
est2 = estim[c(5: 6), 1] ##plug in the point estimate based on specificity
for(i in 1: m){
int1[i] = integrate(integrand1, lower=0, upper=1, n=mydat1$Nn[i], mypar2=est2, y=mydat1$SpY[i])$value
int2[i] = integrate(integrand2, lower=0, upper=1, n=mydat1$Nn[i], mypar2=est2, y=mydat1$SpY[i])$value
int3[i] = integrate(integrand3, lower=0, upper=1, n=mydat1$Nn[i], mypar2=est2, y=mydat1$SpY[i])$value
}
## derivation for SpY w.r.t beta2 and tau2^2 based on the specificity data
deriveSpY.mu = int2/int1
deriveSpY.tau2 = int3/int1
B.SpY = cbind(deriveSpY.mu, deriveSpY.tau2)
B.SpY.del = B.SpY[-c(1:m1), ] ## delete the first m1 studies

## calculate I01.hat, I02.hat and I12.hat
I01.hat = t(B.PiY)%*%B.SeY.del/m2
I02.hat = t(B.PiY)%*%B.SpY.del/m2
I12.hat = t(B.SeY)%*%B.SpY/m

myoff.diag01 = solve(I00.hat)%*%I01.hat%*%solve(I11.hat)/m
myoff.diag02 = solve(I00.hat)%*%I02.hat%*%solve(I22.hat)/m
myoff.diag12 = solve(I11.hat)%*%I12.hat%*%solve(I22.hat)/m
myupper = cbind(fit.PiY$variance, sqrt(m/m2)*(myoff.diag01), sqrt(m/m2)*(myoff.diag02))
mymiddle = cbind(sqrt(m/m2)*t(myoff.diag01), fit.SeY$variance, (myoff.diag12))
mylower = cbind(sqrt(m/m2)*t(myoff.diag02), t(myoff.diag12), fit.SpY$variance)
myV = rbind(myupper, mymiddle, mylower)
mySandwich = myV

## calculate the model-based standard error for prevalence, sensitivity and specificity using delta method
pi.mbse = (estim.orig[1, 1]*(1-estim.orig[1, 1]))*sqrt(diag(myV)[1])
se.mbse = (estim.orig[3, 1]*(1-estim.orig[3, 1]))*sqrt(diag(myV)[3])
sp.mbse = (estim.orig[5, 1]*(1-estim.orig[5, 1]))*sqrt(diag(myV)[5])
s1.2.mbse = sqrt(diag(myV)[2])
s2.2.mbse = sqrt(diag(myV)[4])
s3.2.mbse = sqrt(diag(myV)[6])
mbse.orig = c(pi.mbse, s1.2.mbse, se.mbse, s2.2.mbse, sp.mbse, s3.2.mbse)

#####################
## SAS program
#####################

/*The method of the full likelihood function in Section 2*/
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/*Input the data*/
data CTdistant;
input id Nt PiY Nd SeY Nn SpY design;
datalines;
23 151 . 0 0 151 124 0
24 89 . 4 4 85 65 0
27 104 . 87 50 17 12 0
29 34 . 5 4 29 28 0
32 106 . 59 41 47 44 0
36 115 . 13 9 102 85 0
37 250 . 89 66 161 141 0
26 76 37 37 20 39 33 1
28 18 9 9 7 9 8 1
30 103 44 44 21 59 56 1
31 64 46 46 35 18 13 1
38 74 15 15 4 59 55 1
run;

data tnmeta;
set CTdistant;
keep id Y ntp nfp ntn nfn design;
ntp = SeY; nfn = Nd-ntp;
ntn = SpY; nfp = Nn-ntn;
Y=1;
run;

/*Apply the NLMIXED procedure to fit the equation(3)in Section 2 */
proc nlmixed data=tnmeta fd df=1000 gtol=1e-10;
parms eta0 = 2.1 alpha0 = 1.2 beta0 = 1 sigpi = 1 sigse = 1 sigsp = 1 fZ = 0 fZ1 = 0 fZ2 = 0;
lsei = alpha0 + muse ;
lspi = beta0 + musp ;
lppi = eta0 + mupi ;
Sei = 1/(1+exp(-lsei));
Spi = 1/(1+exp(-lspi));
ppi = 1/(1+exp(-lppi));
RhoSeSp = (exp(2*fZ)-1)/(exp(2*fZ)+1);
RhoSePi = (exp(2*fZ1)-1)/(exp(2*fZ1)+1);
RhoSpPi = (exp(2*fZ2)-1)/(exp(2*fZ2)+1);
g1 = ntp*log(Sei)+nfn*(log(1-Sei))+ntn*log(Spi)+nfp*log(1-Spi);
g2 = ntp * (log(ppi) + log(Sei)) + nfp * (log(1-ppi) + log(1-Spi)) + nfn * (log(ppi) + log(1-Sei)) + ntn * (log(1-ppi) + log(Spi ));
logL=(design=0)*g1+(design=1)*g2; /*full log-likelihood*/
model Y ~ general(logL);
random muse musp mupi~normal([0, 0, 0],

[exp(2*sigse),
RhoSeSp*exp(sigse+sigsp), exp(2*sigsp),
RhoSePi*exp(sigse+sigpi), RhoSpPi*exp(sigsp+sigpi), exp(2*sigpi)])

subject=id;
estimate "sigse" exp(sigse);
estimate "sigsp" exp(sigsp);
estimate "sigpi" exp(sigpi);
estimate "Se" 1/(1+exp(-alpha0));
estimate "Sp" 1/(1+exp(-beta0));
estimate "Dise Prev" 1/(1+exp(-eta0));
estimate "PPV" exp(eta0+alpha0)*(1+exp(beta0))/(exp(eta0+alpha0)*(1+exp(beta0))+(1+exp(alpha0)));
estimate "NPV" exp(beta0)*(1+exp(alpha0))/(exp(beta0)*(1+exp(alpha0))+exp(eta0)*(1+exp(beta0)));
estimate "logitSe" alpha0;
estimate "logitSp" beta0;
estimate "logitDise Prev" eta0;
estimate "logitPPV" log( exp(eta0+alpha0)*(1+exp(beta0))/(exp(eta0+alpha0)*(1+exp(beta0))+(1+exp(alpha0))) ) -

log( 1 - exp(eta0+alpha0)*(1+exp(beta0))/(exp(eta0+alpha0)*(1+exp(beta0))+(1+exp(alpha0))) );
estimate "logitNPV" log( exp(beta0)*(1+exp(alpha0))/(exp(beta0)*(1+exp(alpha0))+exp(eta0)*(1+exp(beta0))) )-

log( 1 - exp(beta0)*(1+exp(alpha0))/(exp(beta0)*(1+exp(alpha0))+exp(eta0)*(1+exp(beta0))) );
ods output ParameterEstimates=IaParaEst0 AdditionalEstimates=IaAddEst0;
run;
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