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Notations

We use the following notations in this supplemental mate-
rial. The notation is consistent with the original paper.

o 2441 = E[z¢|{y}| "] is the priori estimation
o 2;_14—1 = E[z,_1|{y}{ "] is the posteriori estimation.

A A / . . . .
o Py = E[(z¢ — Z¢j4—1)(zt — Z44—1) ] is the priori esti-
mate error covariance.

A A / .
o P i1 =E[(Zt—1—24—1t—1)(Zt—1—Z¢—1)¢—1) ] is the
posteriori estimate error covariance.

* 2t|T = Elzlyl, MtlT = E[th;,b’], Mt,t—l\T =
E[z:z,_1]y], Pt|T = VAR[z/|y], and Pt,t—1|T =
VAR[zz,_,|y]

Theorem 1 Proof

Theorem 1. Generalized gradient descent with a fixed step

size p < 1/(|Q 7Y r - [| 0=y Elzezylyl|| & + A2) for min-
imizing eq.(7) has convergence rate O(1/k), where K is the
number of iterations.

Proof. h(A) is differentiable with respect to A, and
its gradient is Vh(A) = Q Y (AY,, Elzz|y] —

S, E[z:2}_,]y]) + A2 A. Using simple algebraic manipu-
lation we arrive at

|7 (X)) = Vh(Y)|r

T—1
=[QHX -Y) Z Elzz|y] + Ao (X = Y)||F
t=1
T-1
<R~ Mlr - 'Y Elzzilylllr - [I1X - Yl|r
t=1
#xa- X =Yl
T—1
:(HQJHF |l Z E(z.z,|y]||lr + A2) - || X = Y||r
t=1
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The inequality holds because of the sub-multiplicative
property of Frobenius norm. Since we know for eq.(7),
ming h(A) + A2||A||«, and h(A) has Lipschitz continuous
gradient with constant ||Q ||| ZtT:_ll Elz:zi|y]||F+ A2,
according to (Shor 1968) (Fornasier 2008), we have

[A(A®) 4+ 20 A9, = B(A®) = Ao A

SHA(O) A i/2tk

where A(©) is the initial value and A* is the optimal value
for A; k is the number of iterations.
O

Backward algorithm for rLDS

Algorithm 1 EM: E-step Backward algorithm for rLDS

INPUT:

e Output from Kalman filter algorithm: {it‘t_l};f:% {it‘t}thl,
{Pz|t}z:1» {Pt\t—1}tT:2 and {Kt}thl-

e Current step LDS parameters: Q = {A,C,Q, R, &, V}.

PROCEDURE:

1: // Initialize the recrusion,

2: MT|T = PT\T —+ 2T|T2T|T

3: Jr—1=Pr_yr_1A (PT|T—1)71

4 Pr_yr = Proyr-1+ Jr1(Prir — Prir—1)Jr—,
5: Zr_1|T = ZT-1T-1 T+ JT—l(ZT|T - AZTfl\T—l)
6: Pror_yr = — KrC)APr_1j7_4

70 My r_vr = Pror—1r + 21211

8: // Start the recrusion

9: fort=T-1 — 1 do
10: Mt|T = Pt\T + Zt\Tit‘T
11: Ji1 =Py A (Ppr) ™!
12: Pyajr = Pydio1 + Je(Peyayr — APye) i1
130 Myyr = Poyr + Zyr2,_q 1
14: Zyyy7 = Ze—1jt—1 + -1 (27 — AZp_1j4—1)

15: Pt—l\T :Pt71|t71 +Jt—1(Pt\T_Pt\t71)Jt,—1
16: end for
OUTPUT: {it—llT}?:ls {Mt\T}tT:1 and {Mt,t—1|T}?:1-




Transformation from eq.(4) to eq.(5).

We will use the following rules to show the mathematical
transformation from eq.(4) to eq.(5).

e Q! = LL' (QisaPSD matrix)
° t’I’(AkxlBleOan) = VeC(A/)/(Ik (24 B) VGC(C)
o vec(AgxiBixm) = (B' ® I) vec(A)

By using the above rules, we can have

T
1 _ A
arg mjni ZIEZ[(zt — Az 1) Q Mz — Azy_1)] + 73HAH?;
t=2

T T
. 1 ! ’ ! 1 ! ! !
< arg m/in§ tEZQIEz[ztflA LL Az, 4] — 5 tEZQIEz[ztflA LL z4)

T A3
Z E,lz,LL Azy—1] + > ”A“i“
t=2

N | =

T
& arg m{in% ;EZ [TT[L'AZt—lz;_lA/L]} + %HAH?,
T
-> E. [TT[L'ztz;,lA/L]}
t=2
& arg min1 i Tr [L’A(Ez[zt_lz/til])A/L} + EHAH?,
A2 = 2
T
-S> e [L' (]Ez [ztz;,l])A’L}
t=2

T
. 1 / / / )‘3 ’
o arg mAnETr [L A(g E,lzi—1z, )A'L| + ?TT A'A
_\,_J
B

—Tr [U(é E, [ztzifl])A’L}
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1
< arg m/iniT'r [L’ABA'L —2L'DA'L + A3A'A}
& arg m{inO.E) vec(A'L) (I4 ® B) vec(A'L)

— vec(L) (I4 ® D) vec(A'L) + 0.5\3 vec(A”) vec(A")

T
& arg mgn0.5 vee(AY (@7t @ ZEZ [Ze—12;_1] + A3l 2) vec(A”)
t=2

T
—vee(L)' (L' @ > Ex[z:2;_4]) vec(A’)

t=2

Kalman filter algorithm for rLDS

Algorithm 2 Kalman filter algorithm for rLDS

INPUT: Current step LDS parameters: Q = {A,C,Q, R, &, ¥}.
PROCEDURE:

1: // Initialize the recrusion

2: il\l = 6 and Pl\l =U.

3: // Start the recrusion

4: fort=2 — Tdo

:  // Time Update:

2t\t—l = Ait—1|t—1
Pyy_1=AP,_1p1A +Q
/l Measure Update:

9: Kt = Pt|t,10/(CPt‘t,10/ + R)_l

10: Zyy = 2Z4—1 + Ki(ye — Cype—1)

11: Pt\t :Pt\tfl _KtCPt\t—l

12: end for
OUTPUT: {it\t—l}?:% {it\t}?zl, {Pt\z}g;l, {Pt\t—1}$=2 and
{Kt}z=1-

XN

Production and Billing Data Results

In Production and Billing data, we increase the training size
to 90 and use the rest 10 observations for tesing. The predic-
tion results are shown in Table 1.

Table 1: Average-MAPE results on Production and Billing
dataset with 90 training and 10 testing.

# of hidden states 2 3 4 5 6 7 8

EM 4.8707 5.9996 5.2047 47732 4.4478 5.3245 4.6278
SubspacelD 4.7880 5.5328 6.9020 6.0295 4.5284 5.5099 5.2205
StableLDS 4.9024 54111 6.4988 6.0295 4.5323 5.5099 5.2205
rLDSg 4.7880 5.5328 6.9020 6.0295 4.5284 5.5099 5.2205
rLDS 4.5521 4.9543 5.1984 4.5455 4.4150 4.2961 3.8780
# of hidden states 10 12 14 16 18 20 30

EM 5.2038 5.1908 3.5408 4.2521 4.0159 4.1269 3.8743
SubspacelD 5.2182 5.1707 5.7206 5.0139 4.1461 4.7801 3.7662
StableLDS 5.2182 5.1707 5.7206 5.0139 4.1461 4.7801 3.7662
LDSg 5.2182 5.1707 5.7206 5.0139 4.1461 4.7800 3.7662
rLDS 3.9218 4.0061 3.4484 3.7843 3.2868 3.8535 3.5554




