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1 Web Appendix A: Standard GEE and Corrected

GEE for a Small Numbers of Clusters

1.1 Standard GEE

Given some method for obtaining the estimates Yij, we consider a GEE approach to esti-
mation in the glm g(µij) = Xijβ with g(·) a known link function and β a p-dimensional
vector of regression coefficients, and Xij = (Xi1, · · · , XiJi)

T a general p-dimensional co-
variate vector for cluster-step i, j for i = 1, · · · , I and j = 1, · · · , Ji (generalized slightly
from the main article which assumes Ji = J for all i).

Let νij be the conditional variance of Yij, νij = V (Yij|Xij) = φ · h(µij), where φ is the
dispersion parameter and h(·) is the variance function. Let Ωi = V (Yi|Xi) denote the
conditional Ji×Ji covariance matrix. The GEE framework allows us to specify a working
covariance matrix Σi in place of the true covariance matrix Ωi. Given an estimate Σ̂i of
the working correlation matrix Σi, we estimate β by solving the estimating equations

0 =
n∑

i=1

DT
i Σ̂

−1

i (Yi − µi),

where µi = (µi1, . . . , µiJi)
T andDi =

∂µi

∂βT . The covariance matrix V (β̂) of β̂ is consistently
estimated by the sandwich estimator of variance,

V (β̂) = A−1BA−1 (1)

with
A =

∑n
i=1

DT
i Σ

−1

i Di and B =
∑n

i=1
DT

i Σ
−1

i ΩiΣ
−1

i Di .

When the working variance is correctly specified, the sandwich variance matrix of equa-
tion 1 simplifies to the Fisher information matrix A−1. Whereas the Fisher information
matrix is the bread of equation 1, the cheese portion, B, is called the outer product gra-
dient (OPG). For estimation, residuals Yi − µi are used to estimate Ωi, which is replaced
in equation 1 by Ω̂i = (Yi − µ̂i)(Yi − µ̂i)

T .

As shown in Mancl and DeRouen1,

E[Ω̂] ≈ (Ii −Hii)Ωi(Ii −Hii)
T +

∑

i 6=j

HijΩjH
T
ij , (2)

where Hij = DiA
−1DT

j Σ
−1

j and Ii is the Ji × Ji identity matrix.
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1.2 Bias corrected sandwich variance GEE

We consider four different bias correction methods.

1. Based on the expectation shown in equation 2, and the assumption that the sum
in that equation is negligible, Mancl and DeRouen1 (henceforth MD) propose the
following adjustment to the usual OPG estimator:

B̂MD =

n∑

i=1

D̂T
i Σ̂

−1

i (Ii − Ĥii)
−1Ω̂i(Ii − Ĥii)

−1Σ̂−1

i D̂i.

2. Second, Kauermann and Carroll2 (KD) propose adjusting the OPG estimator using

B̂KC =
n∑

i=1

D̂T
i Σ̂

−1

i (Ii − Ĥii)
−1/2Ω̂i(Ii − Ĥii)

−1/2Σ̂−1

i D̂i.

Kauermann and Carrol include the sum in equation 2 and assume that Σi is cor-
rectly specified while Mancl and DeRouen do not, which accounts for the different
derivations. As noted by Lu et al.3, the elements of Hii are between 0 and 1, such
that B̂KC are expected to give larger standard errors than the usual OPG estimator,
B̂OPG, and B̂MD is larger than B̂KC.

We show in Web Appendix B, that this KC bias adjustment is identical to the
modified Fay and Graubard (mFG) bias correction of Ziegler4, given by

B̂mFG =

n∑

i=1

H̃iD̂
T
i Σ̂

−1

i Ω̂iΣ̂
−1

i D̂iH̃
T
i ,

where H̃i = (I − ÂiÂ
−1)−1/2, I is the p× p identity matrix, and Âi = D̂T

i Σ̂
−1

i D̂i.

3. Third, the original bias correction of Fay and Graubard used

B̂FG =

n∑

i=1

ḢiD̂
T
i Σ̂

−1

i Ω̂iΣ̂
−1

i D̂iḢ
T
i ,

where Ḣi is a diagonal matrix with jjth element equal to{
1−min

(
0.75,

[
ÂiÂ

−1

]
jj

)}−1/2

.

4. Fourth, the proposed correction of Morel et al.5 (MBN) departs from the three
earlier proposed corrections in that they use an additive correction term. Let V̂ (β̂)
be the usual plug in sandwich estimator using B̂OPG. Then

V̂MBN(β̂) = V̂ (β̂) + δ̂n · ζ̂ · Â
−1,

where δ̂n = min
(

1

2
, p
n−p

)
and ζ̂ = max(1, trace(Â−1B̂OPG)/p).
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As shown in Web Appendix B, the KC and mFG variance-covariance matrix estimators
are identical. However, their calculation involves numerical inversion of different matrices.
For the KC variance estimator this matrix has dimension Ji × Ji whereas for the mFG
estimator it is dimension p×p. Numerical algorithms for matrix inversion can give slightly
different answers, and in practice the choice of implementation might be driven by the
size of the typical cluster versus the number of covariates in the model, where a small
cluster size would likely result in more stability in the numeric computation.

1.3 The Fay and Graubard δ5 (FG d5) method

The Fay and Graubard δ5 (FG d5) method, uses the third bias correction of the previous
section, together with using a different t-distribution for each parameter. The degrees of
freedom for the jth parameter is

d̃j =

{
trace

(
Ψ̃jG

TMjG
)}2

trace
(
Ψ̃jGTMjGΨ̃jGTMjG

) ,

where

Ψ̃j = block diagonal, with kth block equal Ψ̃jk

Ψ̃jk =
wjk

∑n
i=1

Ψ̂i∑n
h=1

wjh

wjk = CT
j





(
∑

i 6=k

Âi

)−1

− Â−1



Cj

Cj = a p× 1 vector of zeros except the jth element is equal to 1

Ψ̂i = Ḣi

(
D̂T

i Σ̂
−1

i (Yi − µ̂i)
)(

D̂T
i Σ̂

−1

i (Yi − µ̂i)
)T

ḢT
i

G = Inp −




Â1

· · ·

Ân


 Â−1 [Ip, . . . , Ip]

Mj = block diagnonal matix with ith block ḢiÂ
−1CjC

T
j Â

−1ḢT
i .

2 Web Appendix B: KC and mFG Adjusted Variance-

Covariance Matrix Estimators are Identical

To show the desired result, we first simplify the notation for the OPG adjustments used
in the two procedures. Throughout this section I is an identity matrix with dimension
implied by the context in which it is used. We seek to show that the KC adjustment
factor

D̂T
i Σ̂

−1

i (I − Ĥii)
−1/2 = D̂T

i Σ̂
−1

i (I − D̂iÂ
−1D̂T

i Σ̂
−1

i )−1/2
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is equal to the mFG adjustment factor

H̃iD̂
T
i Σ̂

−1

i = (I − D̂T
i Σ̂

−1

i D̂iÂ
−1)−1/2D̂T

i Σ̂
−1

i .

To simplify notation we define

X = D̂T
i Σ̂

−1

i

Y = D̂i

Z = Â−1

W = (I − Y ZX)−1

V = (I −XY Z)−1.

In simplified notation we would like to show that XW 1/2 = V 1/2X .

First we show that XW = V X using the Sherman-Morrison-Woodbury identity.

XW = X(I − Y ZX)−1 = X
[
I + Y (Z−1 −XY )−1X

]

=
[
I +XY (Z−1 −XY )−1

]
X

= (I −XY Z)−1X

= V X

Then, by induction we can show that

X(W − I)n = (V − I)nX

for all integers n. The identity above proves the case for n = 1, and given X(W − I)k =
(V − I)kX ,

X(W − I)k+1 = X(W − I)k(W − I)

= (V − I)kX(W − I)

= (V − I)k(V − I)X

= (V − I)k+1X,

which proves the induction step.

Finally, using a Taylor expansion of W 1/2 we have

XW 1/2 = X

[
I +

1

2
(W − I) +

∞∑

n=2

(−1)n+1
(2n− 3)!

2n−2n!(n− 2)!
(W − I)n

]

=

[
I +

1

2
(V − I) +

∞∑

n=2

(−1)n+1
(2n− 3)!

2n−2n!(n− 2)!
(V − I)n

]
X

= V 1/2X.
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3 Web Appendix C: Survey of Numbers of Clusters

used in Published Stepped Wedge Cluster Ran-

domized Trials

A literature search was conducted to identify all publications describing stepped wedge
cluster randomized trials, in order to assess the distribution of the number of randomized
clusters used in these trials. Restricting to all published stepped wedge CRTs with at
least 50 individuals per cluster on average showed that the mean and median number of
clusters was 33 and 12, respectively, with interquartile range 7–29.

Table 1: Number of clusters used in Stepped Wedge Cluster Randomized Trials.

Publication Reference Total
Number of
Subjects

Number of
Clusters

Average
Number of
Subjects
per Cluster

1. Haugen et al. [2014]6 5295 5 1059.00
2. Franklin et al. [2014]7 16357 15 1090.47
3. Bailey et al. [2014]8 6066 6 1011.00
4. Fink et al. [2013]9 59905 33 1815.30
5. Poldervaart et al. [2013]10 6600 10 660.00
6. Chinbuah et al. [2013]11 12333 114 108.18
7. Durovni et al. [2013]12 12816 29 441.93
8. Bashour et al. [2013]13 2000 4 500.00
9. Doherty et al. [2013]14 16627 45 369.49
10. Marshall et al. [2012]15 6250 26 240.38
11. Gucciardi et al. [2012]16 1200 12 100.00
12. Solomon et al. [2012]17 6400 128 50.00
13. van den Broek et al. [2012]18 43358 190 228.20
14. Roy et al. [2013]19 1315 24 54.79
15. Mouchoux et al. [2011]20 360 3 120.00
16. Lilly et al. [2011]21 6290 7 898.57
17. Turner et al. [2011]22 600 5 120.00
18. Killam et al. [2010]23 1566 8 195.75
19. Winani et al. [2007]24 3262 10 326.20
20. Ciliberto et al. [2005]25 1178 7 168.29
21. The Gambia Hepatitis Study Group

[1987]26
120000 17 7058.82
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4 Web Appendix D: Additional Simulation Results

All of the simulation studies reported in the main article and in this Web Appendix are
based on 5000 simulated data sets. This number of iterations implies that the Monte Carlo
standard error for the size and coverage probability is

√
0.05 ∗ 0.95/5000 = 0.00308. The

estimated sizes and coverage probabilities are compared to an interval from -2*0.00308
and 2*0.00308 to help judge accuracy of the results.
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Figure 1: Finite-sample bias of estimation of β1 and β3 using the stepped wedge and
parallel designs in simulation scenarios 1–3 with cluster-step incidences satisfying the
AR-1 correlation structure. In scenarios 1–2, a reduced form of model (2) in the main
article excluding the interaction term is considered for inference about β1.
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Figure 2: Finite-sample bias of estimation of β1 and β3 using the stepped wedge and
parallel designs in simulation scenarios 1–3 with independent cluster-step incidences. In
scenarios 1–2, a reduced form of model (2) in the main article excluding the interaction
term is considered for inference about β1.
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