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Appendix A. Identifiability of natural direct and indirect effects under mediator comparability (2.3)

Here we show identifiability of the natural direct and indirect effects (1.1) assuming consistency,

randomization of X (2.1a), and mediator comparability (2.3), where the latter can be written as
E{Y(x,m)[M(¥)=m,X =x,L=1} =E{Y(x',m)[M(x)=m,X =x,L=I} (A1)

We start by deriving an estimable expression for the conditional expected potential outcome,
E{Y(x", M(x))| L=I}. Noting that M(x) is a random variable, we have, for all x, x’, | in their

respective support sets,

EQY (X', M ()| L =1}= [ EQY(X,m) [ M () = m, L = DRy s ()

m

= [EQV (X, m) [M () =m, X =X, L = 1)dFy (.- ()

m

by (2.1a)
- j E(Y(x',m)[M(x)=m,X =X, L=1)dRy .- (M) by (Al)

= j E(Y [M =m,X =x,L=1)dFy . (M) by consistency
m

E(Y | M = m, X = X', L = I)dFM (X)|X:X,L=| (m)

S —

by (2.1a)



- j E(Y[M=m,X =X, L=0)dFyx_x(m)

m

by consistency

The last expression involves only association model parameters, and thus is identifiable given an
appropriate association model (such as (2.4a,b)). The unconditional expected potential outcome
E{Y(x",M(x))} can then be obtained by integration or summation over L. Identifiability of the

natural direct and indirect effects (1.1) follows from identifiability of E{Y(x",M(x))} for all x, x".

Appendix B. Demonstration of identifiability of mediation effects under regression/copula

model: Continuous Y

For continuous Y, we assume the regression relationship (similar to (3.1))

GY(X',m)

E{Y(,m) IM(X)=m,L=1} =E{Y(x,m)[L=1}+ Pu[M-EMX) L=} (g

Im(x)
for each x’, x, m where Pyy denotes the correlation between Y(x",m) and M(x),
Omx =V(M(X)|L) and GYZ(x’,m) =V (Y(X,m)|L); see Section 3 for other notation. We leave X
out of the conditioning set in (B1) as this may be dropped due to the assumption of randomized X
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(2.1a). We assume that Oy (x',m) is constant over m and write Oy, = Oy x m). For continuous

(particularly, normally distributed) Y and M we will assume that the variances are homogeneous
over L. The above regression relationship may be assumed even if M is not continuous (or

normally distributed); in this case, we may wish to allow V(M(x)|L) to vary with L (thus, by

T . . . 2
individual i, as discussed below) and use the notation, Om x)i .



The difficulty with using (B1) is that the marginal expectation term, E{Y(x",m) | L=1} (equal
to E{Y(x",m) | X=x", L=I} under randomization ox X), is not directly estimable; rather we can
estimate E{Y(x",m)| M(x")=m, X=x", L=I} which takes the form of our association model under
the consistency assumption. Note that Wang et al. used formula (B1) directly by essentially
assuming, at least in special cases, that E{Y(x",m) | X=x", L=1} = E{Y(X",m)| M(x")=m, X=X,
L=I}, thus allowing the former term to be estimated. In the present approach we avoid any such
assumption (which is part of the sequential ignorability assumption). Rather than use (B1)
directly we derive an alternative formula by applying (B1) twice (for the cases of (x’, x) = (0,1)

and (x’, x) = (0,0)), providing, after some algebraic manipulation,

E{Y(0m) [M@=m,L=1}=E{Y(0,m)|M©O)=mL=1{+c, p-EMBIL=D}  pim-EMO)[L =1} _
oM O (0)

(B2)
The quantity E{Y(0, M(1))|L=I}is obtained by integrating the expression in (B2) (over m)
with respect to the (conditional) probability function of M(1) conditional on L= 1, denoted as

f{M(1) | L=1}. Thus, we have

E{Y(O.M@)IL=1}=[E{Y(0,m)|M@®=mL=1} f(M(1)=m]|L=I}dm

_{JE v (0m) @=L} -ni Lzl}dm}_%[poE{M(l)—M(O)IL:|}]' -

Om(0)

We then obtain the natural direct effect, D(1) = E{Y (LM (D))} -E{Y (O,M(®))} , as

1
D(1) = N_RZiGHR DQA[L=1;) (B4)

where IR is the reference group of size Ng and, from (B3),

DA|L=k)=E{Y(LM@)|L=]}-E{Y(O.M®D)|L=1}



Identifiability of D(1) (which follows from identifiability of D(1|L=I;) for each i) is obtained by

noting that,
E{V(LM@®)IL=]}-E{Y(O.M@®)|L=1}
=[E{y(@m)M@=mL=k}f(ME=m|L=],)dm
~[E{Y(0m)IM@©) =m,L=L} f (M@ =m|L=1}dm+n{EMD-M(O)|L=])}
=[E{y(Lm)[M@=mX=LL=k} fM@O=m|X =1L =})dm
—“E{Y(O,m)|M(O):m,X =0,L=I}f{{M@®=m|X :1,L:|}dm]
o [EM @) | X =1L =1}-E{M(0)| X =0,L =1}]

=[E{Y|M=mX =1 L=k} f(M =m|X =1L=I)dm

—UE{Y|M =m, X =0,L=1}f{M =m| X :1,L:I}dm}+n0[E{M X =LL=1}-E{M|X =0,L=1}]

:EM|X:1,L:||E{Y|M’X :1’L:I|}_EM|X:1L:||E{Y|M’X ZO,LZII}
i fE(M | X =LL=1)—E(M|X =0,L=1)}

where 7o = Po (O'YO /O'M (0) ) the second equality follows from randomization of X , and the third

equality follows from consistency; the last equality merely provides a shorthand notation from

the definition of (conditional) expectation.
By a similar derivation, the natural indirect effect, 1(0)=E{Y (0,M(1))}-E{Y(0,M(0))}, is

expressed as,

I(O):N_RZiEHR (0L =1;) (B5)



where

10[L=1)=E{Y(OM®)|L=k}-E{Y(0,M(0))|L=1}
:EM|X:1,L:|iE{Y|M’X :O’Lzli}_ENHX:O,L:hE{Y|M’X :O,Lzli}

{EM | X =1,L=1)-E(M | X =0,L =)}
From the above, we can see that under randomization of X and specified association models for Y
and M (as in (2.4a,b)), D(1) and I(0) are identifiable once 7o is given. Thus, a sensitivity analysis
in this linear case may be obtained by varying 7. Alternatively, and perhaps more usefully, we
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can estimate 9y, and 9m(0) under homogeneous variance assumptions, and use po as the

sensitivity parameter. Specifically, one approach would be to assume, for example, that

UYZO = O-Y20|M(0) /(1—,002) , Where O-Y20|M(0) =V{Y(0,m)[M(0),L =1} assumed to be homogenous

over m, is estimable.
The simple expressions for D(1) and 1(0) provide in Section 3.1 are obtained in the case

where Y and M follow a linear additive regression models, that is,
ECY | X,LLM) =48+ X +BM+45L EMM|X,L)=py+nX +p,L. (B6)
In this case we have
EMlel,L:IiE(Y IM,X=LL=1)=8+B+BKEM|X=LL=1)+a5l
and
Eppxaa ECVIM X =0,L =) =5y + B,E{M | X =L, L =L }+ Bl;
so that, under randomization of X (2.1a), we have

DA[L=])=fy+ B+ BEM [ X =L L =1}+ B3l = [y + /,E{M [ X =L L = }+ 3]
+1n{EM | X =L L=L)-EM|X=0,L=1)}

=p+my =DQ). (B7)



Similarly,

10| L=k) =gy + BE{M [ X =L L =1}+ Bl = [ By + B,E{M | X =0, L = | }+ 531; ]
-nfEMM | X =LL=1)-E(M|X=0,L=1)}

=(£2-m)n=10). (B8)
Note that when M is discrete, or when one might otherwise wish to use a generalized linear

model for M with a non-identity link, we may use the following more general expressions,

allowing expected values and variances of M to depend on L (and X if desired):

D) =, +oy,po L/ NR)ZiEHR (71i low oi)

1(0)=(1/Ng) {ﬂz ZieHR 7i ~ 9y, Po ZienR (74 low (O)i)

where 7 =E(M [ X =1L L=])-E(M[X =0,L=1). The latter expression may be estimated

based on the assumed model for M.

Appendix C. Demonstration of identifiability of mediation effects under regression/copula

model: Discrete Y

To begin, we suppose that the observed M is continuous, in which case we use M"(x) = M(x) and

define My =[M-E{M (X)}/ 5,,,,, for each x. We assume the regression relationship (3.1) and

thus (3.2) for observed M, that is, E{Y*(X', m) [M(x)= m} = PyxMsy . From our assumption of
bivariate normality of Y"(x",m) and M(x) (with correlation pyx and standard normal marginal
distribution of Y"(x",m)), it follows that Y"(x",m) | {M(x) = m, X=x, L=I} ~ N(pxx Msq, 1-pxx2). We
let pgji = P{Y(0,m) = j | M(0)=m, X=0, L=I;} though later drop the individual indicator, i, as well
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as the conditioning on X, from the notation. Our goal is to identify and estimate the probabilities,
p; = P{Y(0,m) = j | M(1)=m, X=0, L=}, j=1,...,J, which are needed to estimate E{Y(0,M(1))}.
We denote cumulative probabilities as Po; = P{Y(0,m) <j | M (0) = m, X=0, L=} and P; =
P{Y(O,m)<j| M (1) =m, X=0, L=I}.

First, we connect the latent variable Y~ to the observed Y through the following

correspondence:

YOm=j & Yy <Y 0m<Yy,

1
2

forj=1,....J, where Yo; = (L= p")2 @ (Py;)+ pyMyq, Yo1=— and Yoy =0 . It is easy to check,

by transforming Y"(0,m)| {M(0)=m, X=0, L=I} ~ N(po My, 1-p¢°) to a standard normal variate,

* * Y*. — oM
that P O Y5 MO =m X =0 L=}=o U201 _p
t-p |

Then, since Y (0,m)|M(1)=m ~ N(p mg1, 1-p?), we have

Py =P{Y(Om<jIMO=mX=0L=I}

:P{Y*(o,m)svgj M) =m, X :O,L:I}

Y7(0,m) - pmy oj—pmy
1-p%):  (1-pY):

M(1)=m,X=O,L=I}

T . (C1)



From (C1) we see that p = po = 0 yields Po; = P; for each j. Under randomization of X (2.1a)
this result in turn implies mediator comparability (2.3) for x'=0 and thus identifiability of the
natural direct and indirect effects, D(1) and 1(0).

Given the Py’s for each individual from (C1), written as Pj;, we can write the expected value

for an individual (i) as,
E{Y(O,m)[M@) =m,X =0,L=k}=E{Y(O,m)[M(@Q)=m,L=]}= z;zl J(Pji = Py1) (C2)

where the first equality follows from our assumption of randomization of X (2.1a). Note that
under the copula model leading to (C1), with an accompanying association model (such as
(2.4a,b)), the P;’s are estimable for each individual (that is, each value of ;) for a given value for
m (along with p and pg). To estimate the marginal expected value for an individual, i.e.,
E{Y(0,M(1)) | Li=Ii}, we take the expectation of (C2) with respect to m (that is, the distribution of
M(1)). As (C2) is nonlinear in m this would need to be done by integration. Alternatively, we can
use a Monte Carlo approach (as outlined in Section 3) by computing the average of (C2)
plugging in independent replicates of m generated from its assumed distribution, namely, normal,
with mean and variance obtained from model (2.4b), for each individual (or ms; generated from a
standard normal distribution). Finally, to obtain the population estimate of E{Y(0,M(1))} we take
the average of the individual estimates in the selected reference group.

For discrete M, the above algorithm may still be used if one is willing to assume that the
regression relationship (3.1) holds with the observed M. Note that in this case (C2) can be used
as before and E{Y(0,M(1))} obtained by summing over the discrete distribution for M(1) (based
on its model) for each person, and over the empirical distribution for L, giving, for example,

EY O MO} X% Y POV =K X =LL=1)Y] iR ~Pyy)

substituting k for m in the formula for Pj;.



Otherwise, to use a latent variable (M*) for a discrete M (with values k = 0,...,K) the above
algorithm needs modification. In this case, since Y"(x",m) | {M"(x)=m", X=x, L=1} ~ N(pxx Ms ,
1-px'X2), we have, for appropriately chosen individual- (and k-) specific cutpoints, Yij*, forj=

0,...,J-1,

Pag =P{Y(O.K) < jIM(©O) =k, X =0,L =1

- P{Y*(O,k) <Yoi ‘m;k_l <M7(0)=m, <my,, X =0,L=I

*

jmaegw P (0.K) < Yoy M@ =g X =0,L =1}y oo ()

Im;eQOk dFM*(O):m0*|X:0,L:|i (mg )

Yo~ PoMg .
o W S e m
_ ImOEQOk { (1- Poz)% M (0)=m, |X:O,L:Ii( o) .
.[mgeQOk dFM*(O):mO*|x:o,|_:|i (my )

where Qg = (Mg, My ], Mgy = dYP(M(0) <k| X =0,L =I)}for k=0, ...,K-1, Mg_; =0, and
mSK =, The cutpoints, Yo*kj (= 0,...J-1), for each k are obtained so that (C3) holds, noting that
the Poj and mak are estimable. This may be solved numerically, reasonable starting values being
Yo = (1—P02)%®71(P0kj)+/30m3kﬁ\ for j=0,...3-1, where Mg, = O [{D(Mg,) +D(my, 1)} 2],

Y0k,—1 = —00 and YOkJ =00,
Then, we have

Py =PIY(OK) <MD =k X =0,L=1}
- P{Y*(o,k)svgkj M <M =m" <mi, X =0,L=I

J.m*tek PIY (0 k) <Yoq M ()=m X =0,L= I}dFM*(1):m*|><:o,L:| (m)

: ) (C4)
Im*eglk dl:M*(l):m*|X=0,L:| (m)
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where Qy = (mfk,l,m:k] and m;k =OHPM(@) <k|X =0,L=1)}, the latter being estimable under
randomization of X (2.1a) and consistency. Note that the denominator in (C4), which we denote
as P, is equal to P{M(1)=k | X=0, L=1}= P{M =k | X=1, L=I} (under randomization of X and
consistency), the latter term being estimable from model (2.4b). Since we assume Y (0,m)|

{M"(1)=m", X=0, L=1} ~ N(p mg", 1-p?), a similar approach to above (leading to (C1)) yields

P{Y*(o,k) <Yag M@ =m" X =0.L= |}

YO*kj —szl *
= Q{ﬁ =R (C5)
(1-p%)?
keeping in mind that Pk} is a function of m”. Substituting the expression (C5) for the

corresponding probability in (C4) gives an estimable expression for Py for given pg, p for each

individual, namely,

1

ij :%'[m*eﬁlk ij dFM*(l):m*|X:01|—:|i (m). (€0)

To compute (C6), we would need to either integrate over the specified (conditional)
distribution of M"(1) or use a Monte Carlo approach. In a Monte Carlo approach to computing
(C4), we draw, for each individual, R independent replicates of M*(1), with the rth value denoted
by mi, , from N(O, 1). We obtain an estimate of Py; for individual i by computing (with hats
indicating model-based estimates, and the indices i and r added for individual and replicate,
respectively),

iy 1 %
R “N. Z Piir

Qi Mir €y

where N@lk is the number of m;, that fall into the interval €, . Next, we use an expression

~ ] .2 ~
analogous to (C2), to get E{Y(0.K)IM(D) =k, =1} = zjzl J(Rgi =P jai) .
10



We then compute

EY QM) L = Ii}=ZL<:1§{Y(0,k) IM@ =k, L=1}PM@) =k|L=1}

K I .5 A -
= Zkzl{Z,-zl J(Rgi - Pk,j—l,i)} Pvii .
Finally, we average over the I; for the selected reference group (I1g) to get

E{Y (O, M)} = zienR Zszl{Z?zl j(lsjki - lsj—l,ki )} lsMki

from which estimates of D(1) and 1(0) are readily obtained.

Appendix D. Demonstration of identifiability of mediation effects under the hybrid model (3.5)

As noted in Appendix A, identifiability of the natural direct and indirect effects follows from
identifiability of the conditional expected potential outcome, E{Y(x", M(x))| L=1}. Assuming the
hybrid model (3.5) along with previous assumptions (but dropping the mediator comparability

assumption (2.3)) we have

EQY (X, M (0) | L= 3= [ ECY(¢,m) | M) = m, L = DRy 0 (M)

m

= j E(Y (X', m)[M(x)=m, X =x,L=1)dFy yx=x =1 (M) by (2.1a)

m

= [EQY (¢, m)[ M () =m, X =%, L =1)dFy x4 (M) by consistency
m

h, { fo+ Bu(ox+ (1-9)X')+ fm+ ,BSI}dFWX:X,L:, (m) by (35)

33—

Note that the $’s in the last expression are estimable from the association model that is a special

case of the hybrid model with x = x". The last term (the probability function for M given X and L)
11



is estimable from the model for M. We thus see that ¢, the sensitivity parameter, is the only non-
estimable parameter in the last expression. Upon specification of a value for ¢ we thus obtain an
estimable expression for, that is, identifiability of E{Y(x", M(x))| L=1}, consequently E{Y (X",
M(x)} by summing over the empirical distribution of L, and thus the natural direct and indirect
effects (1.1).

As an addition note, it is easy to see that the mediator comparability assumption (added to the
previous assumptions, including randomization of X) implies that ¢ = 0 in the hybrid model.
First, it can be seen, by applying the link function, h,, to both sides of the hybrid model (3.5) and

plugging in appropriate values for x” and x, that
ﬂ1¢:h2[E{Y (0,m)|M (1) =m, X :1,L:I}}—h2[E{Y(O,m)| M (0) =m, X :O,L:I}}

so that
¢=(h2[E{Y(o,m)|M(1)=m,x =1L=1} |-, [E{Y(0.m)| M@ =mX :o,Lzl}])/,Bl_

From this expression, we see that mediator comparability (2.3), written (with x” = 0) as
E{Y(0m)M@®=mX=LL=I}=E{Y(0,m)|M(0)=m,X =0,L =1},

implies that ¢= 0.

The hybrid model thus provides a general structure that essentially replaces (and generalizes)
the mediator comparability (or the second sequential ignorability) assumption. When ¢=0
(equivalent to mediator comparability) the hybrid model essentially reduces to the corresponding
(estimable) association model. To see this, note that ¢ = 0, plugged into the hybrid model,
implies that

E{Y(X',m) | M(X) =m, X = x, L=I} = h, {80 + foX" + fom + B3 I}
As the right hand expression does not depend on x, we have
E{Y(X",m) | M(x) =m, X =X, L=I} = E{Y(X",m) | M(x") =m, X = X", L=I}

12



=E{Y  M=m, X=X, L=I}
the last equality following from consistency. Thus, when ¢=0 in the general context of the hybrid
model, the expected potential outcome underlying the natural direct and indirect effects can be

equated to an estimable regression function.

Appendix E. Guidelines for Elicitation of Sensitivity Parameters

In this appendix, we describe a procedure for the specification, or elicitation, of the sensitivity
parameters for both the copula model and hybrid model approaches. We start with the later, in
part because the nature of the parameters may be less familiar to most users, and because the

results may be used for the copula model specification.

I. Hybrid Model Approach

It may be difficult to specify the hybrid model sensitivity parameter, ¢, directly through its
interpretation as the proportion of the direct effect parameter f; due to selection bias. (Recall,
specifically, that 5, is a controlled direct effect, that is, the estimable effect, on the scale of the
link function, of exposure (X) on the final outcome (Y) conditional on the observed mediator and
included baseline covariates.) In particular, the magnitude, or even the direction, of the selection
bias (also referred to as “collider-stratification bias’), and its connection to confounding, may not
be intuitive to many researchers. Consequently, in this appendix, we present a simple step-by
step approach that allows elicitation of ¢ using more basic, intuitive, elements involving effects

of unobserved confounders.
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Our suggested approach, providing an approximation to the parameter in the original scale,
involves the use of a linear scale for the elicitation of ¢. Note that, as we assume exchangeability
of levels of the exposure variable X, the main concern (and source of violation of sequential
ignorability) is unobserved M-Y confounders. Specifically, we consider the linear regression of Y
on X, M, and L and denote the coefficient of X in this model as Sv.x u. In general Sy.x m will not
be the same as the true direct effect of X on Y, denoted as Sv.x m,u, Which would be estimable if
the unmeasured M-Y confounders (denoted by the vector U) were included in the above model.
We will refer to this discrepancy as the ‘bias’, B; that is, we let B” =fyxm - Prxmu- Similarly,
we let Sv.x denote the coefficient of X in the linear regression of M on X and L, and let Sv.x|u
denote the direct effect of X on M (i.e., the coefficient of X), when U is also included (along with
L) in the model.

Of course, in general (unless the generalized linear model for Y involves an identity link
function), the direct effect, Sv.x m,u, from the linear model is not the same as the corresponding
parameter (i.e., 1) in the generalized linear model of interest. However, for the elicitation of the
sensitivity parameter, we suppose that the ‘relative bias’, (By.xm - fy.x m,u) / Bvxm, from the
linear model, provides a reasonable approximation of the corresponding quantity (namely, ¢) for

the assumed generalized linear model. We may estimate Sv.x w using the ordinary least squares
estimator, by.x m . However, ﬂy.x|M'U , and thus the bias (or relative bias), even on the linear

scale, is not estimable. The present goal is to provide a user-friendly approach to elicit plausible
values for the bias (and thus ¢) based on expert subject-matter knowledge. The proposed steps

are as follows:

1. Compute by.x m, bum.x, the ordinary least squares estimates of Sy.xm, Sv.x, respectively.

14



2. List possible candidate (unobserved, M-Y) confounders. Label these (ideally, in order of
‘strongest’ to ‘weakest’) as Us,..,Uk.

3. For the first candidate confounder, Uy, specify (estimated or guessed) values for by.yi m, x and
bm.u1 x, the coefficient of Uy in the extended regression model for Y and M, respectively.
Note, as shown in Figure E1 below, that these coefficients are analogous to the estimated
regression coefficients for X (obtained in Step 1), but now assuming that X is already in the
model. From an examination of the paths in Figure E1, we write the contribution to the
estimate of the bias due to the confounder U, as,

B1=-Dbmx bvuiim x bm.uiix.
Note that, as expected for selection bias, a confounder whose effects are in the same direction
as those of the exposure would induce a negative bias. Note also that the corresponding bias
component for the indirect effect would then be -B;.
For subsequent confounders, coefficients are specified in sequence assuming that the
exposure and previous confounders are included in the model. Thus, for the kth confounder

we specify the analogous quantities, by.uk w.x,u1,..uk-1 @nd b .uk xu1,....uk-1, and the additional

bias due to this confounder is
Bk = - bmx Dbv.ukm, x bm.uk | x
dropping the conditioning on previous U’s in the notation for brevity.
4. Compute the total bias as
B =2k Bk = - bmx 2k by.ukm, x Pm.uk|x

and obtain the specified sensitivity parameter value as ¢ = B / by.x|m, representing the

(selection) bias as a proportion of the estimable (controlled) direct effect.
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The above approach may be refined, to obtain a more accurate specification of the bias, by
specifying o”uigmx = V(U IM, X) and o*wmjukx = V(M |Ux, X) and using b°%.ukx = bumuk|x
(aZUk|M,x / 02M|Uk,x) in place of bm.uk | x throughout (for k=1,...,K), where the proper conditioning
on previous U’s (not in the notation) is done for k>1. Note that b°m.ux|x is equal to buk.mx (the
coefficient of M in the regression of Uy on M and X) which is the appropriate term for
determining the path effect, but may be less intuitive (and causally meaningful), and thus more
difficult to specify directly, than by.ux | x.

We note that the above approach accommodates different types of unobserved confounders
(for example, binary, ordinal, or continuous), as well as M and Y. In practice, we may wish to
consider multiple specifications (or scenarios) and thus obtain multiple values, or a range, for ¢.

An alternative to specifying parameter values for multiple confounders is to consider a single
composite confounder. Using a composite confounder would allow one to follow the elicitation
procedure described above for the case of a single confounder. This approach has the advantages
of simplicity and of allowing one to avoid having to specify the effects of confounders
conditional on proceeding confounders. On the other hand, some users may have difficulty in
conceiving of and specifying the effect of a composite variable. Of course, both approaches may
be tried and compared to arrive at a satisfactory specification.

To provide a numerical example, we detail the elicitation of the sensitivity parameter value
for the dental data analysis (as given in Section 4), conducted with the assistance of our dental
colleague, Dr. Suchitra Nelson.

1. From the fit of the linear model of DMFTD (Y) regressed on MomEd (X), OHI (M) and
baseline covariates (L) we obtained the estimate, by.x;m = 0.12, and from the regression of

OHI on MomEd and L we obtained by.x = 0.29. See the corresponding causal diagram in
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Figure E1 keeping in mind that the filled in value for the direct effect of X on Y (by.xjm =
0.12) may be a biased estimate.

2. Potential M-Y confounders (from ‘strongest’ to ‘weakest’) are financial means (1 for low, 0
for high), stress (1 for high, 0 for low), and social support (1 for low, 0 for high).

3. From prior substantive knowledge, we specify the regression coefficients for the three

potential confounders as follows:

k confounder  bv.uk|m, x bw.uk | x
1 financial 0.2 0.3
2 stress 0.1 0.1
3 social supp 0.1 0.1

Note that these specified values replace the question marks in Figure E1.
4. We compute the bias as B = -0.29{(0.2)(0.3) + (0.1)(0.1) + (0.1)(0.1)} ~ -0.023, resulting in a

specified sensitivity parameter value of ¢= B/ by.xjm =-0.023/0.12 = -0.2.

0.12

T O\,

0.14
—'Y

X 0.29
M
?
<

?

Figure E1 — DAG and Regression Estimates for Dental Data

To use the refinement mentioned above, we specify, for example, (c°uimx / 6°mu1x) = 0.92 and
thus b°m.u1|x = bmu1x (0.92) = 0.3 (0.92) = 0.28. This specification was obtained from
simulated data mimicking the dental data and using a binary unobserved confounder (U) with

P(U=1) = 0.5. Similar corrections may be used for the other unobserved confounders. Because
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this correction is not substantial (particularly relative to the uncertainty in the specification of the
regression coefficients) in the present case, we do not use it in the specifications for this
example.

As an alternatively to the above specification, we may wish to consider a more pessimistic
scenario using coefficient values (by.ux|m, x and bm.ukx) for ‘financial means’ of 0.3 and 0.4,
and for ‘stress’ of 0.2 and 0.15. This scenario would yield B= - 0.29{(0.3)(0.4) + (0.2)(0.15) +
(0.1)(0.1)} =-0.046 and ¢ =-0.046/0.12 = -0.4. For additional conservatism, we suppose a
2.5-fold-increase in ¢ from our more pessimistic scenario, resulting in a value of around ¢ = -1.
Thus, we consider a plausible range for ¢to be -1 to 0 (including as an upper bound the most
optimistic scenario of no M-Y confounding).

This approach supposes that the relative bias from the linear model transports reasonably
well to a generalized linear model with a non-identity link function. In many applications it will
be not essential that this approximation be very accurate, as only a rough idea of plausible values
for the sensitivity parameter is needed. However, some simulation results provided in
Supplementary Material Appendix F suggest that this approximation may be quite good.

An alternative approach that would be more accurate in terms of the connection between the
specified parameter values and the actual ¢, would be to use the link function scale (e.g., logit for
logistic regression) for the regression coefficients to be specified/elicited. The elicitation would
follow the above approach except on the alternative scale.

The above approach may resemble previous sensitivity analysis approaches in its
consideration of unobserved confounders. However, there are some important distinctions and
advantages of the hybrid model approach in conjunction with the above method for sensitivity
parameter elicitation, namely, 1) it can accumulate the impact of multiple hypothesized (M-Y)

confounders, and 2) it allows a choice of scales for the specification of confounder effects.
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I1. Copula Model Approach

The sensitivity parameters for copula model are particular instances of the correlation

px x = corr{Y (x",m), M"(x)}. For estimation of D(1) and 1(0), as shown in Appendices B and C,
the particular sensitivity parameters are p = po; = corr{Y (0,m), M"(1))} and po = poo =
corr{Y"(0,m), M"(0)}, or for the additive linear Y model, p, alone.

To help provide intuition for the specification of values for p and po we note that these
correlations (conditional on baseline covariates, L) represent an effect of M-Y confounding (or
selection bias). For example, corr{Y (0,m), M"(0)} is a correlation of Y (0,m) with M"(0) which is
not due to the causal effect of M since Y (0,m) is the (potential) outcome due to setting M = m
(and X = 0); note that the levels of M"(0) correspond to subgroups (or cohorts) of the population.
When unobserved confounders are positively related to M and Y (as is the case for low financial
status, which is positivity related both to OHI and DMFTD), then corr{Y (0,m), M"(0)} will be
positive. If there are interactions between such confounders and X, then the correlations py x may
vary according to X" and x (though the correlations may be heterogeneous for other reasons as
indicated below).

Although such correlations (which are, of course, bounded by -1 and 1) can be specified
directly, the quantitative specification may be assisted by considering, in a similar manner as for
the hybrid model, the connection between the copula model correlations and the effects of
potential confounders. One relatively simple approach is along the lines of an approach

presented, in the linear model context, by Imai et al., (2010b).
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In this approach we suppose the following set of linear structural models (where, despite the
common notation used for convenience, there is no relationship between the regression

parameters involved here and those given previously):

YO(X,m) = By + BX + Bom+ Bl +5, (X', m)

*

M (X) =70+ X +7,l +éy (X).
The conditional correlation, pyx, of Y*(x",m) and M*(x) under these models is the same as

corr{ey*(x’,m), em*(X)}. Extending Imai et al. (2010b), we suppose the decompositions,

gY*(X', m) =AU +& and gM*(X) = AuJ +&
where Avy, Aux are fixed unknown coefficients, U is random (representing an unobserved
confounder) and ¢y, v, and U are independent.

Let RY(X')Z, RM(X)Z be the coefficient of determination (for U) in the regression of &y*(x”,m) and
em™(X), respectively. Note that we assume that RY(X')Z does not depend on the mediator value, m;
thus the latter is not included in the notation. A given R? has an appealing interpretation as the
proportion of variance (of Y* or M*) explained by the confounder. Thus, a relatively easy way to
elicit a value for py (for given x” and x of interest) may be to specify the relevant R?’s (namely,
Ryey” and Ruy?) and use the following relationship (Imai et al., 2010b),

Pxx = SN(Ayx - Amx)Ry(x) - Rm). (E1)

We illustrate this approach by carrying out the elicitation of the copula model correlations for
our dental data example. First we consider possible M-Y confounders. This was done above in
our elicitation based on the hybrid model where we indicated that the strongest unobserved
confounder was thought to be ‘financial means’. As the present approach involves a single
confounder, we can consider financial means alone (conceived as either binary or continuous) or

imagine a summary measure or latent variable encapsulating all the candidate confounders.
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For the estimands D(1) and 1(0), we need to elicit values for poo and po1. Our specifications
(for a “pessimistic’ scenario as well as a plausible range) of the R?s for “financial means’ (with

each given outcome) are given in the following table:

Outcome Outcome Description R? (pessimis) R? range
Y(0,m) DMFT for high MomEd 0.5 (0.1,0.7)
Y(1,m) DMFT for low MomEd 0.55 (0.1, 0.75)
M(0) OHI for high MomEd 0.5 (0.1,0.7)
M(1) OHI for low MomEd 0.6 (0.1,0.8)

The R? for Y(1,m) is not actually needed for the present estimands (rather, would be needed for
the alternative estimands, D(0) and 1(1)), but is included for reference.

We note that the signs of the regression coefficients Avo, Amo, and Aua are all expected to be
positive for financial means (defined such that a higher score is worse - ‘less’ financial means).
Also note that although the Y and M" represent underlying, generally unobserved, continuous

variables, considering the observed outcomes may provide a reasonable approximation. In the

case of the present example, M (OHI) is roughly continuous anyway (and the analysis uses M
M) and Y (DMFTD) is a dichotomization of an underlying count variable (which may itself be
considered, and is perhaps not far from continuous).

We then have, using the ‘pessimistic’ values in the above table, poo = sgn(ivo - Amo) Rv() -
Rwio) = {(0.5)(0.5)}*2 = 0.5 and po1 = sgn(Avo - Am1) Ry(o) - Rmay = {(0.5)(0.6)} ~ 0.55.
The plausible ranges for the two sensitivity parameters are, for po, [0.1, 0.7], and for p, [0.1,
0.75]. We see that our elicitation provides a larger value for the correlation of Y(0,m) with M(1)
than with M(0), even though the former pair involves different exposure statuses. Our explication
of the correlations above show how this occurs. The key in this case is that it was felt that the

confounder (financial means) may have a stronger relationship with the oral hygiene index (OHI)
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if MomEd is low (X=1) than with OHI if MomEd is high (X=0), as high mother education may
dampen the impact of situational factors, such as financial means (as well as the other potential
confounders) on OHI.

Finally, we note a relationship between sensitivity parameters from the copula and hybrid
models. Supposing a linear model for each approach, we equate the ‘selection bias’ terms (of

D(1), say) obtained for the two approaches in the linear case:

Oy,
—POL : }7’1 =p9. (E2)

Om(0)
Note that the left hand side (equal to -7 - ) is the ‘bias’ from the copula model (as easily

obtained from the expression for D(1) given in Section 3.1, also (B7) above). From (E2), and

2 2 2
using Oy, = Oy m(0) [{1-p°) as suggested in Appendix B, we can solve for p, to obtain,

2 V2
Po =5gn {—(ﬁ (f—ij}(lfb%z J (E3)
where A = —¢(ﬁj (M} .
71 )\ Oy, M (0)

We note that under previous assumptions (including randomization of X), the parameters on the
right hand side of (E3), apart from ¢, are estimable. Thus a value for po may be obtained, once
estimates are substituted for the other parameters, from an elicited value for ¢. A similar

derivation can be used to provide a possibly different value for p; = p11 = corr{Y"(1,m), M"(1)}

2 V2
Py =sgn {—(/ﬁ (’%j}(lﬁ%z ] (E4)

yielding,
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where A = —gz{ﬁj(—a"" ) J
71 )\ Oy m@)

Note that similar expressions are not available for po; and p1o as these parameters are not
involved in the linear case.

The above expressions could be used to elicit values for po and p1 from ¢ (or using the
inverse relationship, ¢ from pg or p1). However, a more useful purpose may be to allow a
calibration between the two methods. For example, if an elicited value of ¢ corresponds (using
(E3) and (E4), respectively) to a larger (or smaller) value for po and/or p; than that considered as
reasonably “plausible’, then one may wish to reconsider the specified confounders and/or
confounders effects leading to the elicitation of ¢. Similarly, we may wish to inspect the value
for ¢ calculated as a function (using (E3) or (E4)) of elicited values for po and/or p;.

We illustrate this approach to “calibration’ using the dental data. As in the discussion for the
hybrid model, we use linear models for DMFTD and OHI to get estimates for the parameters
involved in (E3) and (E4). In the present data, it seems reasonable to assume homogeneity of
variances for the two exposure groups so that po = p1. (Of course, we may examine this
assumption itself by comparing the present specifications with those using the above approach

for the copula model.) Then, using the plausible (‘pessimistic’) value from the hybrid model of ¢
=-0.4, and plugging in estimates (,31 =0.12,7, =012 6Y(0)|M ) =048, Owm ) =0.78) gives po

= p1 ~0.28. This correlation is considerably lower than those (0.5 and 0.55, respectively)
obtained from the copula model (*pessimistic’) specifications, suggesting that the latter are more

pessimistic than that specified from the corresponding hybrid model.

Appendix F. Simulation Study Results on Linear Approximation in Elicitation
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In this appendix we present the results of a simulation study intended to give an idea of the
accuracy of the linear approximation used in the hybrid model sensitivity parameter elicitation.
In this small (single replicate) study, we generated simulated data under the hybrid model for a
dichotomous outcome, Y, using a logit link and parameter values mimicking our dental data; in
addition, a linear (identity-link) regression model was assumed for mediator, M. Specifically, for
each scenario considered, we generated a data set consisting of X, M, and two versions of Y: 1)
a potential outcome (Y¢c = Y(x,m), choosing x=0 and m =1 for simplicity and relevance to the
mediation estimator) from the hybrid model, to allow estimation of the causal (unbiased) direct
effect of X; and 2) a variable Y generated from a logistic regression association model
(corresponding to the hybrid model with x =x"), as would be observed in practice.

The parameters values used, mimicking the dental data, were: fo=-1, /1=0.5, 5,=0.7, =
1, 1=0.3, om= 0.7 (using the notation of Model (4.1)). The exposure, X , was generated as
Bernoulli with P(X=1) = 0.5. Different scenarios were obtained using varying sample sizes (200,
2000, and 20,000) and varying values for ¢ (namely, -1, -0.4, and 0.4).

Estimation based on the simulated data proceeded by fitting, in turn, the (assumed correctly
specified logistic regression) association model and the hybrid model (fixing m=1) to the data
with the observable outcome, Y, and the potential outcome, Y, respectively, as the final
outcome. The estimate of ¢ was then obtained as the ratio of the estimated coefficients of X from
the hybrid and association models. To study the approximation in question, we fit the same data
to linear (identity link) versions of the above association and hybrid models, and the estimate of
¢ was obtained as the same ratio as indicated above. We note that the above procedure was

chosen in lieu of an approach involving an assumed unobserved confounder (U in our notation in
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Appendix E) as it is not straightforward to construct a model consistent with the nonlinear hybrid

model that directly involves an unobserved confounder.

Table F1. Simulation estimates of ¢ under logistic and linear hybrid models
for varying true ¢ and sample size (n)

n 200 2,000 20,000
true ¢ logit lin logit lin logit lin
-1.0 -0.75 -0.69 -0.88 -0.85 -1.17 -1.15
0.4 093 -090 -040 -041 -041 -042
0.4 0.16 0.16 0.61 0.63 041 043

Table F1 provides the estimates of ¢ for both the (correct) logistic (“logit”) and linear (“lin”)
versions of the hybrid model. The results show that the estimates of ¢ based on the linear
approximation are quite close to those from the logistic regression model in each scenario.
Though the present study was not intended to evaluate properties of estimators of ¢, it should be
noted that the results also show that the estimates, even based on the correct logistic regression
model, appear to be rather biased in some cases, particularly, for the relatively small sample size
of n=200. This suggests that one should be cautious in using estimates from small sample studies
for the needed parameters in the above elicitation. As also seen in Table F1, the estimators tend
to improve as the sample size increases, indicating the consistency of the logistic regression
model estimates.

In summary, our simulation study results suggest that estimates of ¢ from an assumed linear
version of the hybrid model may provide good approximations to those from the logistic
regression hybrid model. The results of this study thus supports the use of linear model

approximations (as outlined in Appendix E) in the elicitation of values of ¢. The reasonableness
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of the linear approximation is further suggested by the fact that the resulting errors are likely to
be small relative to the uncertainty involved in the specification of unobserved confounder
effects. Of course, the approximations will depend on the true parameter values (e.g., coefficients
of X and M) and may be worse or better in other situations relative to the present example;
however, we expect the previous comments to pertain fairly generally.

We expect that the linear approximation may be reasonable for other hybrid models as well.
For example, we would expect linear approximations of ¢ in a hybrid model involving a log link
function for a Poisson-distributed count outcome to be at least as good as those shown above for
the logistic regression model, as the linear approximation is likely to be better for a count than a

dichotomous outcome.

Appendix G. Additional Data Examples

Here we provide additional examples of the application of the proposed sensitivity analysis
methods to the dental data. In these examples, we use the original DMFT (decay, missing, and
filled teeth) count rather than dichotomized version. As a first example, we assume a linear
(identity link) model, and normal distributions, for both DMFT and OHI. In the second example,
we assume DMFT to be distributed as negative binomial and to follow a log-linear model. For
both models, we control for the same set of covariates as before. Thus the mediator (M = OHI)
model is the same as before (namely, (4.1b)), while the alternative (linear and log-linear) Y

models may be written as,
Y=F+BX+BM+pL+e (G1)
log{E(Y | X,L,M)}= 5y + B X + B,M + 5L, (G2)
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respectively, where & | X, M, L ~ N(0,6v%), ov” is an unknown variance parameter, and the s are

unknown parameters (and unrelated for different models, though the same symbols are used for
convenience).

The plots for the linear Y model are given in Figure G1 (for the copula and hybrid model
approaches) and Figure G2 for the Imai et al. (2010b), approach. The overall ranges for the
estimates of D(1) and 1(0) across sensitivity parameter values are similar between the Imai et al.
and copula approaches. At this point, we comment on theoretical differences between the two
approaches. The Imai et al. approach provides estimated natural indirect effects (assuming 1(0) =
1(1)) as a function of a sensitivity parameter, which we denote as p*, as follows (in the present

notation and after some manipulation):

1

O~ * 1_ 2 2
1O) =7\ B, - Yp( pYﬁ"ZJ
Om 1-p

where pyw is the estimable correlation between the error for the M model and the error for a
(linear) Y model with M removed as a covariate. This expression for 1(0) has the same form as

the formula (B8) from the copula model after the substitution,

1

(1-py? )

Po=p [—pYTZ J .
1-p

27



Estimate of Direct Effect, D(1)
Estimate of Direct Effect,D(1)

I T T T I
-09 -06 03 00 03 06 09 -3 -2 -1 0 1 2 3

Sensitivity Parameter, pg Sensitivity Parameter, ¢

Estimate of Indirect Effect,/(0)
(=]
Estimate of Indirect Effect,/(0)

T T T T I T I T T T
-09 -06 03 00 03 06 09 -3 -2 -1 0 1 2 3

Sensitivity Parameter, pg Sensitivity Parameter, ¢

Figure G1. Sensitivity analysis for dental data using a linear Y model. Maximum likelihood
estimates of direct (top) and indirect (bottom) effects versus sensitivity parameters from
copula model (left) and hybrid model (right). Solid line = estimates, Dotted lines = 95%

confidence interval bounds.
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Figure G2. Sensitivity analysis for dental data using the Imai et al. (2010b) approach (linear
Y and M models). The plot on the left (right) is for the natural direct (and indirect) effect,
respectively. The solid line corresponds to the estimates, while the shaded area provides 95%

confidence interval bounds. (Plots are obtained from the Mediation R package, Tingley et al.)

From the above results, we note the following differences between the Imai et al. and the

copula method approach:

a) The two approaches have difference sensitivity parameters (p versus p*), resulting from
different models. (Note that the Imai et al. approach involves a model for Y leaving M out as
a covariate.)

b) In general, a range of [-1,1] for one of these parameters implies a different range (possibly
including values outside of [-1,1]) for the other. Thus, the two implied models are not

generally compatible.
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c) The sensitivity parameters have different interpretations as indicated by their definitions.
Imai et al.: p* = corr{M(X;), evy(Xi,M(Xi))} where &y(X;,M(Xj)) = Y(Xi,M(Xi)) = fo — f1Xi —
L2M(X;) — fsLi; copula model: po = corr{Y(0,m),M(0)}. Thus, p* Is the correlation between,
for example, M(0) and the potential outcome of the residual of Y given X=0 and the observed
value M(0), while po represents the correlation between the potential mediator (M(0)) and the

potential outcome (equivalently, the residual) of Y at X=0 and a fixed value (m) for M.

Next we illustrate the two new sensitivity analysis approaches (again using the dental data
with the DMFT count as the final outcome, Y) assuming Y is distributed as negative binomial and
following a log-linear model. For the copula model, we chose to reduce the parameterization by
specifying p from pg using the relationship, log{p/(1-p)} = log{po/(1-po)} + log c, equivalently, p
=cpo/ {1+ (c-1) po}. We used c = 1.2 which yields similar values as those elicited for the
copula model in Appendix E. The plots of the estimates (for D(1) and 1(0)) versus the respective
sensitivity parameters for the copula and hybrid model approaches are shown in Figure G3.
While there are differences, particularly in the confidence bands, the overall patterns for the

mediation effect estimates are similar for the different models for DMFT.
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Figure G3. Sensitivity analysis for dental data using a loglinear Y model. Maximum
likelihood estimates of direct (top) and indirect (bottom) effects versus sensitivity parameters
from copula model (left) and hybrid model (right). Solid line = estimates, Dotted lines = 95%

confidence interval bounds.

Additional reference for Supplementary Material

Tingley D, Yamamoto T, Hirose K, Keele L, Imai K. mediation: R Package for Causal

Mediation Analysis. Journal of Statistical Software, Forthcoming.
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