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Theorem 0.0.1. If R0 > 1, System (1) in the main text exhibits uniform weak persistence; that is, there

exists an ε > 0 such that

lim sup
t→∞

Q∑
i=1

Ii(t) + zi(t) ≥ ε,

whenever
∑Q
i=1 Ii(0) + zi(0) > 0.15

Proof. By way of contradiction, suppose lim supt→∞
∑Q
i=1 Ii(t) + zi(t) < ε for all ε > 0. Then, Ii(t) ≤ ε

and zi(t) ≤ ε for all t, and for each i = 1, 2, . . . , Q. From System 1 in the main text, we obtain the

following inequalities:

dIi(t)

dt
≥ ξi(ε)zi − [r + (Q− 1)k]Ii + k

Q∑
j 6=i

Ij

dzi(t)

dt
≥ ηi(ε)Ii − gzi, i = 1, . . . , Q



2

where ξi(ε) = miab(N − ε) and ηi(ε) = ac IiN (e−gn − ε). Note that

dXi(t)

dt
= ξi(ε)yi − [r + (Q− 1)k]Xi + k

Q∑
j 6=i

Xj

dyi(t)

dt
= ηi(ε)Xi − gyi, i = 1, . . . , Q

is a linear system of 2Q equations, and can be written in the form W′ = J(ε)W, where

W = (y1, y2, . . . , yQ, X1, X2, . . . , XQ)T ,

and

J(ε) =

 J1,1 J1,2(ε)

J2,1(ε) J2,2

 ,
where each Ji,j is aQ×Q block matrix defined by J1,1 = diag(−g,−g, . . . ,−g), J1,2(ε) = diag(η1(ε), η2(ε), . . . , ηQ(ε)),

J2,1(ε) = diag(ξ1(ε), ξ2(ε), . . . , ξQ(ε)), and

J2,2(ε) =



−[r + (Q− 1)k] k · · · k

k −[r + (Q− 1)k] · · · k

...
...

. . .
...

k k · · · −[r + (Q− 1)k]


.

Because ξi(0) = miabN = αiN and ηi(0) =
ace−gn

N
=

β

N
, J(0) is precisely the Jacobian of System (1) in16

the main text evaluated at the disease-free equilibrium. Furthermore, Ii(t) ≥ Xi(t) for all t and for each17

i, provided they have the same initial conditions.18

Let F (ε) and V be such that F (ε) =

 0 J1,2(ε)

J2,1(ε) 0

, and V =

J1,1 0

0 J2,2

. Then, J(ε) =19

F (ε)− V .20

LetR(ε) := (ρ(F (ε)V −1))2, the square of the spectral radius of the matrix FV −1. Then, limε→0R(ε) =21

R0. Because R0 > 1, this implies that there exists an ε′ > 0 such that R(ε′) > 1. Because F (ε′) is nonneg-22

ative and V is a non-singular M-matrix, ρ(F (ε′)V −1) > 1 implies that at least one eigenvalue lies in the23
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right half of the complex plane. Hence, the spectrum of J(ε′) has an eigenvalue with positive real part,24

implying that limt→∞ Ii(t) = ∞ or limt→∞ zi(t) = ∞ for some i, which is a contradiction. Therefore,25

the conclusion of the theorem holds.26
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