SUPPLEMENT TO “HYPOTHESIS TESTING FOR
HIGH-DIMENSIONAL SPARSE BINARY REGRESSION”

NOTATIONS

We begin by briefly summarizing notation. We recall the definition of our
chosen prior 7 for the sake of completeness. We choose 7w to be uniform
over all k sparse subsets of RP with signal strength either A or —A. Let
M(k,p) be the collection of all subsets of {1,...,p} of size k. For each
m € M(k,p), let €™ = (§;)jem be a sequence of independent Rademacher
random variables taking values in {41, —1} with equal probability. Given
A > 0 for testing (2.3), a realization from the prior distribution 7 on RP
can be expressed as f¢,, = Zjem Aéje;, where (ej)?:1 is the canonical
basis of R? and m is uniformly chosen from M (k,p). In the following we
will define my,my to be two independent draws at random from M (k,p)
and & = (&) jem, &2 = (&))jem the corresponding draws of a sequence of
Radamacher random variables. Further we denote by mg and my4 the set
valued random variables m3 := {j € m1 Nmg : & = &} and my == {j €
m1Nmo : f{ = —ﬁg}. Also ¢, ® and ® denote the standard normal pdf, cdf
and survival functions respectively. We let Hypergeometric(N, m,n) denote
the hypergeometric distribution counting the number of red balls in n draws
from an urn containing m red balls out of N. Also throughout C' will denote
generic positive constants whenever necessary.

PRELIMINARY LEMMAS

We will use the following results many times and hence present them as
useful lemmas.

The first result compares the hypergeometric distribution with a related
binomial distribution, which is in general simpler to work with.

Lemma A1, If W ~ Hypergeometric(N,m,n) and Y ~ Bin(n, z™-)
then W is stochastically smaller than Y, i.e., P(Y > t) > P(X > t) for all
t € R. Moreover this implies that for any non-decreasing function g one has

E(g(W)) < E(g(Y)).

PROOF. The proof can be found in Arias-Castro, Candes and Plan (2011)
and follows by noting that if the balls are picked one by one without replace-
ment, then at each stage, the probability of selecting a red ball is smaller
than m/(N —m). O



The next result presents an inequality about the tail probability of a
binomial random variable (Carter and Pollard, 2004)

LEMMA A.2. Let X ~ Bin(n, 3) with n > 28. Define

14+¢)log(1+e€ 1—¢)log(1—¢€)—¢ >
(+)g(+)+2(€4)g( -y

o) = — 2z+3 2z+4)
an increasing function. Suppose 5 < k' < n — 1. Define e = (2K — N)/N
where K =k —1 and N =n — 1. Then there exists a A, such that

Ap < m and a constant C' such that

12n+1 <

P(X > ) = B(ey/N)eAn©
where
4 1 2
An(e) = =Neby(e) = 5 log (1 = &) = Ay g+ 71
and
—CIOgN < NT’kl < C
for all € corresponding to the range § < k' <n — 1.

The next lemma shows that any random draw of a subset of size k from
{1,...,p} can have at most one element in each block. The proof of the
lemma is similar to the proof of Lemma A.8 of Hall and Jin (2010) and is
omitted.

LEMMA A.3. Lett; < to < ... < tp be k distinct indices randomly
sampled from {1,...,p} without replacement. Then for any 1 < Q < p we

have P(minlgigk,1 ’ti+1 — ti‘ < Q) < Qk(k + 1)/p.

The next Lemma is tailored towards controlling the contribution of the

i'h row in the expression for Eo(L2).

LEMMA A.4. Suppose for the i'™ row of X one has |S;| < Q and that the
elements of X are bounded by M in absolute value. Then for any 8,5 ~ ,

0(x!B)0(x!B) + 0(—x!B)0(—x!B') < 0*(QMA) + 6*(—QMA).

where 0 is the distribution function of a symmetric random variable, i.e., 0
satisfies Equation 2.2.



PROOF. We begin by noting that for any ¢,

0(x:3)0(x!B ) +0(—x8)0(—x!8') < sup 0(s51A)0(s3A)+0(—51A)0(—s2A).
$1,82€[—MQ,MQ)]

Hence by symmetry of the above supremum in si, s9 and using the fact that
0(z) +0(—=z) =1 for all w, we have that

BB + B-xIBB(—xiF) < max ((s4)) + (1 - 0(s0))%

Now noting that (1 —w)? + w? is an increasing function of w for w > % and
using the fact that 0(sA) > % for s > 0, we have the desired result. ]

PROOF OF MAIN RESULTS

PROOF OF THEOREM 3.1 . We will produce one prior mg ~ 7 for which
the theorem holds. Hence, for any other m* ~ 7, since one also has 7* ~ mg
we have the result holding by a similar proof. We begin by noting that

0(x!B)0(x!B) + 0(—x!B)0(—x!B') < 1 for all i, 3,8 (A1)

The proof of (A.1) follows from noting that for any two real numbers w, wa,

one has by symmetry 0(w;)0(w2)+0(—w1)0(—wz) < sup[20%(w)—20(w)+1].
weR
Since 6 is a distribution function of a symmetric random variable as posed

by equation (2.2), it is easy to show that 20?(w) —26(w) + 1 is an increasing
function of w. Hence we have that the supremum equals 1 and thus proving
(A.1). Now, recall that it suffices to bound from below the second moment
Eo(L2) where by Fubini’s Theorem

5o(12) = 2* [[ T] [p310txi) + 0808 a(@x(3)
=1

n— 3> Z(min{|miNS:|,|manS;|}=0) ,
< //2 i=1 ' ’ dﬂ(,@)dﬂ'(ﬁ)

nImin m1NS;|,/manS;|}>0 ,
://2;1 S SE  (B)an (). (A.2)

The inequality in the second to last line above follows from noting that,
when i is such that one of S; N mq or S; Nmy is empty, then the integrand
Q(Xfﬁ)H(xﬁﬁ/) + 0(—X§,8)9(—xf,8/) = 3, whereas for any other 4, the inte-
grand is less than or equal to 1 by (A.1). Applying Lemma A.3 we obtain
that when o > %, e, k=pl7® <« /D, it makes negligible difference by
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restricting m to R, = {{t1,..., ¢k}, minj<j<x_1 [tiv1 — ti| > op} where by
assumption o), is such that o, < p° for all € > 0. If we denote this restricted
prior by my, then we have my ~ m and R, = R,. Now by elementary com-
binatorics,

R s () e (12 3) = (V) e (7).

Also by direct calculation,

Wﬁzv)_l( k! >2 (p—k)! <1<;{72)N
@ NA\Gk-N)!) p-krNIZN\p)

Hence from (A.2) and assumption of the Theorem we have that

Z(min{|m1NS;|,|m2nS;|}>0)
=

2 k
ML%)S(Z) >> > 2F (1+0(1))

m1€Rry N=0maeR], (op)

2 k
S(Z) SO 214 o1))

m1ERny N=0ma€RY (o)

2 N
< 2K 5,20

(1) T X

m1€Rry N=0

:<Z> S (2502 (1 4 o(1))

mleRT\'O
B 55
=7 77?7 (14 0(1))
Since o, is a poly-logarithmic factor of p and k = p!=® with o > %, we
have that 6, < log(p) implies that Eo(L2) = 1 + o(1). Hence all tests are
asymptotically powerless as required. O

PROOF OF THEOREM 3.2. The proof relies on verifying the assumptions
and conditions of Theorem 3.1. To begin with we produce a prior that is
equivalent to 7 as follows. Let mg be the restriction of 7 to
R, ={{t1,... . tg}, minj<j<g_1 |tix1—ti| > op} and let 7 1 be the restriction
of mg to (|J Si)¢ where o, > 2[* is such that o, < p° for all e > 0. We note

i¢Q

that such a o, can be found since we have by assumption [* < p° for all

e > 0. Since k = p'~* with a > %, by Lemma A.3 and the fact | |J S;| < p
igQ
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we have that mp 1 ~ 7y ~ 7. Since any draw from 71 does not intersect
with S; with ¢ ¢ Q, we have that

n

> Z(min{|my N Sil, [ma N Si|} > 0) = Y Z(min{|m1 N S;],|ma N S|} > 0).
=1 1€Q

Let m; and my be two independent draws from g ; with mg € Rév (20p). We
have that there must exist exactly NV blocks T}, ..., T}, which have elements
from m; and mo op,-mututallyclose. In the rest of the M — N blocks there
is either no element of my or no element of ms. Hence the total number of

N
rows corresponding to Z(min{|m; N.S;|, |meNS;|} > 0) equals ) ¢;, < Nc*.
=1

Hence we have

n
Zl(min{\ml N Sz‘, ’mg N Sl’} > 0) < Nc¢*
=1

for the prior mp1 ~ m and all m1, ma drawn from mg 1 with ms € R;,V(Zap). So
by Theorem 3.1, we have that if ¢* < log(p) then all tests are asymptotically
powerless. O

PROOF OF THEOREM 3.3 . The proof follows by arguments similar to
that of Theorem 3.2 and hence is omitted. O

PROOF OF THEOREM 5.2. Since for each t > 0, W),(¢) is a normalized
mean of i.i.d random variables, by the union bound and Chebyshev’s In-
equality,

P(Tuc > log(p)) < > P(W(t) > log(p))
t€[1,4/3log(p)]NN

< 24/3log(p) =o0(1)

I
(log(p))?
O

PROOF OF THEOREM 6.3. The proof of this theorem follows techniques
similar to the proof of Theorem 6.5. However, this can be proved from much
simpler combinatorial arguments and hence we provide the proof for the
sake of interest. We divide the proof of the theorem into three paragraphs,
namely, two-sided alternatives, one-sided alternative for sparse regime and
one-sided alternative for dense regime, which correspond to the three parts
of the theorem.
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Proof of Part(1): Two-Sided Alternatives.

We do the proof for logistic regression for the sake of clarity and note that
the proof for general binary regression is exactly same, because the proof
only uses the fact §(z) + 6(—z) = 1 for the logistic distribution function
which is symmetric. Using Remark 6.1, the proof also holds for problem 6.2.
Although the following proof is carried out in the usual way of analyzing
the second moment of the likelihood ratio as in the proof of Theorem 6.6,
here we provide a more direct combinatorial proof.

For logistic regression, we have

ePivi 11 P /
_2/H1+eﬁJ :2p'?@zg1+eﬂj'

Take any instance of (m,&), say, m = {j1,...,jx} C {1,...,p} and £ =
{o1,...,0}, 00 € {—1,1}, 1 =1,... k. Then

ﬁ ePivi (1 p—k H eBivi
Ll 4 eb 2 1l 14eb
7j=1 jeEmM

Hence,

eBivi

ZH 1+ePi

m,§ JEM
eijl e eij'r eA(lfyer,-l) . eA(l_yjk)

:% )SEED DS
(k){h

1 ANk
: 7"'7ik}g{17~--’p} r=0 {j17"'7jT}g{i17"'»ik} ( te )

where {jry1,...,Jk} = {i1,-. -, i tN{J1,. .., Jr }¢. Now we claim that for any
subset {i1,...,ix} € {1,...,p},

Ayjq eAir e AN=Yjp 1) eA—yi,)

k
Z Z (]_ +6A)k =1

r=0 {jl,“.,jr}g{il,...,ik}

for any sample (yi,...,yp). To see this, given a sample (y1,...,y,) and a
subset {i1,...,ix} C {1,...,p} , the number of times the summand equals
ﬁ is (l) for any [ = 0,1,...,k (because any y; is either 0 or 1)and this
exhausts the sum. Hence the total equals

k

=0 {j1,....7r }C{i1,-vik }

AVl o AY A=Y ) A0y, R Al

=1
(1+e4)k Z 1+e

l:O




7

as claimed. Hence L, = 1 for any sample. Hence by noting that for any test
T, Risk(T) > 1 — 3Eo|L; — 1| > 1 we have that all tests are powerless.

Proof of Part(2a): One-Sided Alternatives, Dense Regime.

We divide our proof into that of lower bound and upper bound.

Proof of Lower Bound. We will do the proof for general binary regression
ie. E(Y;) = 0(Bj), 7 = 1,...,p where 6 is any distribution function of a
symmetric random variable, i.e., 0(z) +60(—z) = 1 for all x and § € BC'(0).
Hence, by Remark 6.1, the proof for lower bound in problem 6.2 follows.
Note that one can express Eq(L2) as follows:

[€1+€2| 1€1—€2|
2 2

£ (LQ) = Lma,mo 1,62 [{492( ) —40(A) + 2}|m1ﬁm2\ {49(14)9(_14)}'"1107”2\
s [{40%(4) — 40(4) + 21721 4 {40 (4)0(— 4)} a0l
g [{40%(A) — 40(A) + 2}Immal),

E ]
Lo
=3
<E

The last line is true because 402(A) — 40(A) + 2 > max{1,40(A)0(—A)}.
Now we note that |m; Nmsa| ~ Hypergeometric(p, k, k) which is stochasti-
cally smaller than Bin(k, ]ﬁ) by Lemma A.1. Since 46%(A) — 46(A) + 2 >

max{1,46(A)6(—A)} one has that for Z ~ Bin(k, ﬁ),

Eo(L3) < By ma[{46%(A) — 46(A) + 21" 1] < E5[{46%(A) — 46(A) +2}7]

k
- 2 (20(4) - 1)?
k

k
[p 2k, —(402(/1) —46(A) +2)] -

k

K2 /
(2460 (0) + O(A?))? — 14 0(1)

1 p
* k

since p'=2%A — 0

Proof of Upper Bound. The proof is similar to the proof of upper bound
in Theorem 6.5 in the main text and is based on comparing second moment
and variance of the test statistic under the alternative. Hence we skip the
details of the proof.

Proof of Part(2b): One-Sided Alternatives, Sparse Regime.
We give the proof for logistic regression and note that the proof for gen-

eral binary regression is exactly same because the proof uses only the fact
O(x) + 0(—x) = 1 for the logistic distribution function which is symmetric.
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Using Remark 6.1, the proof also holds for problem 6.2. Although the fol-
lowing proof can be proved in the usual way of analyzing the second moment
of the likelihood ratio, here we provide a more combinatorial proof without
using Lemma A.1.

Note that we have by Fubini’s Theorem,

[m1Amsa| 2A [m1nims|
Eo(L2) = zpé%Q > (;) {m}
(k:) (m1,€1),(m2,&2) (1+eh)

£1+€2 [€1—€2l
2 2

2€A |m1Nma]|
{ (1+et)? }

+€2 rl&1—-¢2l
2

B O T ()

=0 (m1,£1),(m2,82):lm1Nma|=r

where (m1,£1), (me, &) are i.d.
First consider » = 0. Then m; N mo = ®. The number of such tuples
(m1,mga) is (1) (p_k). For each such () (p;k) combinations of (m1, &1), (me, &2)

p\(p—k
the summand above equals (1)?. Hence total = M =1+ o(1) by Stir-

*)
ling’s Theorem since k << p.
Now consider any k > r > 1. Then one has that the number of tuples for
which |m; Nmeg| = r and & = &, equals 2( )(k; T) (p_k) and the number of

T

tuples for which |m; N'mg| = r and & = —& also equals ( )(i ’;) (i:’:)
Hence the total sum can be bounded by orl (zl)g Q(T) (k:—r) (Z—ﬁ){[(ii:i‘??]r +

e r r - e24 e r
[(13-314)2] } <2 (p1)2 (f) (Z—T) (k r) because [(iieA)Q] + [(lieA)Q] < 2. Hence,
k

)< D0 2O E)

)«,:)2 = 1(592
i S

(Z; +,Zl (p— l:+1rkr2'T_(Zg(];;)+éfc)+’:_i<(p ZZ2+1)>T“;T
< S () - G
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The last step holds because k? < p since a > 1/2. For r = k we have the

factor (£) (1—7) (i:ﬁ) replaced by (¥). Now since % < (p_QkkH)k = o(1) and

1- ()
% =1+ 0(1) we have that Eo(L2) < 1+ o(1).

O]

PRrROOF OF THEOREM 6.5. We first present the proof of the lower bound.
We will estimate the second moment of the likelihood ratio as follows.

-2 2\ T|ms|
_ p 1+4A rlmiNm
Eo(Ly) =2 %(k) 2 <1—4A2> (1= aa?ytmaml

m1,m2,81,62

2\ rlmasl
<1+4A ) 3 (1_4A2)Tmlmm2|]

= Ejmgl,jm1nms|

1 —4A2

where mg = {j € miNmy : & = €} . Now given |my N myl, |ms| ~
Bin(|mi N'my|, 1). Hence

Eo(LZ) (A.3)
11 /144A2\"7m0ml R

- H [<2 “5(itim) ) ooy
1 |mlmm2‘ 2 2 |mlﬂm2|

1 ? r r\Z
=Ez — (CL +b )
2
where Z ~ Hypergeometric(p, k, k) and a = (1 +4A2)", b= (1 — 4A?)" and
(a1,b1) = (a/2,b/2). Thus a; + by = 1 and hence (a] + b7)2"1 > 1. Now

since Z ~ Hypergeometric(p, k, k), Z is stochastically smaller than W where

W ~ Bin(k, p%k) Hence

—E, [2<T*1>Z<ag + b’{)Z]

Eo(L2) = Bz [207V%(af + b))

< Ew 2070 (a] +5)" ]

1+

2 _ r . k
kak(QT 1(“1 + b1) - 1)]
k
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We complete our proof by showing that ]%(2”_1((1’1" +b7) — 1) — 0 when

1
A </ % and hence rendering all tests asymptotically powerless. To this
end, note that by Taylor series expansion up to 4" order around 0 and
analyzing the remainder, we have
k‘2
p—Fk

2 4
(2" Hal + b)) —1) = pk_ - <192i7’(r - 1)+ O(A4r2)>

22A4
:O<kr >—>0
p

1

where the last line holds since A <« %. This completes the proof of the
lower bound for problem 6.2. The proof of lower bound in 2.3 follows by
noting that §(A) = 3 + A and the fact that 6 € BC(0).

Now we prove the upper bound. Recall Tgrrr from (5.1). Once again we
will provide proof for problem 6.2. The proof of lower bound in problem 2.3
follows by noting that §(A) = 3 + A and the fact that § € BC1(0).

We will show that if t, — oo at a sufficiently slow rate, the test is asymp-
totically powerful. It suffices to show SUp,con Py(w <t,) — 0. We

, Vi
) EZ,( GLRT*P) Varl,( GLRT*P)
will show that su A v2p — o0 and ————2_" — (0 when
P
veo; tp (E (TGLRT Py)2
v 2p

A%kr

Fix v* € EkA. Under the measure P+, exactly k of the Z;’s are distributed
as i.i.d Bin(r, % + A) and the rest of the p — k Z;’s are distributed as i.i.d
Bin(r, 5). Let O = {j : 87 # 0}. Hence we have, for j € O,

E,. [(zj - 2)2} —r <i - A2) +r2A2 (A.4)

For j € O, E,-[(Z; — )% = %. Hence,

E TGLRT—P %[k"l‘(%—A2)+kT2A2+(p—k‘)£]—p
v )

vep ) V2p
tp tp
p+4krA2—k%—2—p

B Vb > krA? krA?

> ~ . (A.5)
ty NG

kA2 o o and tp, can be chosen to grow to oo at a sufficiently slow

Since

rate, (A.5) goes to infinity.
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Now we compute the variance. For j € O,

4
3 () o () e () o]

Using the above and (A.4), a straightforward calculation yields that
4Z; - 5)? 1 1 1
) Var,. (“2)) = 16k <4 - A2> [2 <4 - A2> +4rA% 4+ 6A (2 + A) - SAﬂ :
r
jeo

Also, by another direct calculation
4(Z; — L)* 1
Z Var,« << JT 2) ) =2(p—k)(1--)

Combining the above two,

TGLRr — P [T 1 2 1 _ 8A2
Var,,*<\/% )_[161{:(4 A>{2<4 A® ) +4rA° +6A 2—|—A 8A /2p

1
+2(p— K1~ )/2
< 4p + 32krA? _ 2p+ 16krA2
- 2p p '

2

Also (B, (Teur=e))” > £22% Hence,
T _

Var,» (~CLE=F) _ 420+ 16krA?

(B, (Tag=r))2 =~ hrd?
P

since k2r2A% > p.
Now note that if v* had k; elements which are greater than or equal
to A and ko elements less than equal to —A, then a similar calculation

; T - 2p+16krA2 T - 2
yields Var,( G\L/f% Py < 22t S and (E,,*(GL%;”))Q > kvﬁ
k1 + ko equals the number of nonzero coefficients in §*. Hence we have

max, cza [P,(Tairr < tp)] = 0 when o < 3 and % — 00. This proves

where k =

the GLRT is asymptotically powerful.
O

PrROOF OF THEOREM 6.6. We will provide an argument for problem 6.2.
The proof for problem 2.3 follows from noting that §(A4) = 3 + A.
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We will estimate the second moment of the likelihood ratio similar to
before. Following the same line of arguments as in proof of Theorem 6.5, we
note that

Eo(L2) = Ey [2“—1)2{@{ + b{}Z} where Z ~ Hypergeometric(p, k, k)

< |1+

2 _ . . k
kak(QT 1(a1 + b1) - 1)]
k

Now o > % implies that p’% — 0. Also the quantity [%(2’”*1(%—%17’{) —1) =

O(Kk*2" /p). Hence if r < igggg, we have that Eq(L2) — 1 and thus all tests
are asymptotically powerless.

O]

PRrROOF OF THEOREM 6.8. We will provide proof for the lower bound in
problem 2.3 where # € BC?(0). Using Remark 6.1, the proof also holds
for problem 6.2. Since directly bounding Eq(L2) yields trivial bounds we
invoke a truncation trick which breaks down the analysis into parts related
to extreme tails and non-extreme tails of the Z-statistics. In particular, define
the interval

H, = (% - \/210g(p)\/z, g + \/Qlog(p)\/z> . (A.6)

and put
'
D={Z cH,l=1,...,p}, Z = Zy(l,l),%, I=1,....p. (A7)
s=1

By Hoélder’s inequality it can be shown that for proving a lower bound it
suffices to prove,

Eo(LrZpe) =o0(1),  Eo(L2Ip)=1+o0(1). (A.8)
We first prove the first inequality of (A.8). Since Zpe < Zf:_ol Lz, eng)
and
P Z;
0(5;) } ’
=2 [TI{25 ) es)yane)
]H1 0(—5;) ’
we have

p P NEYZ
Lt <2 [ ST 05} eeayzac mae
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Hence
Eo(LxZpe) ]
- [ IZP;EO 1;[1 s> }Zj Wﬁj)}r] B [{ 3y }Zl (=AY (2 € Hy) | dn(B)
e[S () wear]
x Eg [{ M }Zl (0(-6))T(Z € H;)] ()

- [E0) () o]

- [Yom !{ = }Zl (B(-AOYT(2 € H)
=1

9—5) @r(P)

Letting mi = {j € my : 5{ =41} and m;' = {j € my : 5{ = —1}, we have

5 (g {o oz e )

- <Zk):) i 3 > E()({e?(j)}ij(—A)}TI(ZJ‘ € ;)

¢ 3 B({g) Mecavnz e m)+ Y (5) pi < )

jemy

Al
_ k{20(—A)}TEO({9(_A)} I(Z € Hy)) +(p— k)Po(Z1 € Hy)  (A9)
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where we have used the fact that 7 — Z; < Z; and that the set D in (A7) is
symmetric in Z; and r — Z;.

Now by Lemma A.2 we have that (p — k)P(Z1 € HJ) = o(1) since r >
log(p). To see this we put n = r and k' = § + /2log(p)/7 in Lemma A.2
to obtain € = 2/ 2log(p)-L ”f}igw = o(1) since r > log(p) and also ey/r — oo.
This implies

(Zz> +/2los(p) \[ — B(ey/m)e D1+ log (14+0)+(1-0) log (1-0)—¢?)

74 z; -2log(p)
< %6“27T(1+6) log (1+¢) ysing Lemma ??
€T
< e—log(l’) ré—re - 1 (1 4 )> €
since lo €
T eJr 8 ~(1+¢)
1

Hence (p — k)P(Z1 € H;) = o(1) as needed. Next we need to control
k{29(—A)}TIE0{6?(_Aj)}ZlI(Zl € Hy). To this end note that

{ 0(A) }Zl _ Zilog( ) _ @GS A+o(4) 21 _ (40/(0) A+o(A%) 2
0(=A)

Hence by Holder’s Inequality for any f > 1 and complementary g > 1 such
that % + é =1, one has

k:{29(—A)}’"Eo<{ 9‘?(‘2)} I(Z € H;;)) < (kS {20(=A)} T Eo [ ON AT ( 2y € HO W

x {Eo[ed?1|}1/9 (A.11)

where € = 0(A?). Our next task is hence to control kf {20(—A)}" T Eo[e*? QAT 2177, €
H,)] for an appropriately chosen f > 1 and then subsequently bound {Eq [e9¢%1]}1 /9

for the corresponding g > 1. We first analyze Eqo[e*® (044 7( 7, € HY)| for
arbitrary f > 1 and we will make the choice of the pair (f,g) clear later:

EO[64G/(0)AfZ1I(Zl c H;)] =Fq |:e49/(0)Af21I <Zl > g + /210gp\/j>:|
+EO |:e40/(0)14f211' <Z1 < g 4 /2]_0gp\/j>:| = _[1 +I2
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We will analyze I; in detail; the analysis of I5 is very similar and is omitted.
Since

46’ (0) p A~ 2

Il _ 649 (O)f 2 EO (& \/> <Zl > — —|— \/210g \/7>

46’ (0)f A~ 2L
where A* = A./r, we will first control Eg |e \f 7 (Z1 > 5+ +/2logp \f)

I (say). Denoting Z\l%% by W., by the Komlos-Major-Tusnady strong em-
i

bedding theorem (Komlés, Major and Tusnddy, 1975), there exists a version
of standard Brownian Motion B, on the same probability space as W, such
that

P(|W, — B,| > Clog(r) + s) < Ke ™ (A.12)

where C, K, A do not depend on r. For notational conveneience we will take
C =1 w.lo.g. Let x > 0 which we will choose appropriately later. Hence

’ A%
I = E, {649 O£ <21 S m\/m
:IEO[e4 (0)f5 (W Z(W, > +/2logpy/T)
x {Z(|W, — By| <log(r) + z) + Z(|W, — By| > log(r) + =)}
=111 + Ih2.

Hence we will need to control both kf{20(— )}Tfe49 Of% 111 and kF{20(—A )}Tfe49’ OF 5 1.
Now

I

=E0[64e’() VIL(W, > \/2log py/r) (W, — By| < log(r) + )]

< e49’(0)f§(log(r)+x)E0[e © )f*BTI B, > /2logpy/r — (log(r) + z))]
_ e49’(0)f§(1og(r)+a:)E0[640 0)f 4" ?I(\[ > \/2logp — (log(r) + 95))]

N
2
, 49 (O)f—v—— 1
_ 407(0) 4 (log(r)+2) _ ~ (log(r) + =)
=e 2 ————dv where T}, = /2logp — ———F——=
N p o

— 10 OF 5 (log(r)+2)+20' O AV F(1 99’ (0) fA%)
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2 T2 —10" (0)2(4%)2 52 440" (0)A* fTp

< (46 (0)F 5 (log(r)+2)+26'(0)2 f2(A") > bif T, — 20/ (0)fA* > 1

_ 10 _ (lo r+z)2 v2Tog p(log r+z)
B e O Nl (A.13)

Since I is multiplied outside by {20(—A)}"/e* (0f%" we bound that coef-
ficient as follows:

{29(_A)}rfe4e/(o)fﬁ _ (20(_A)620l(0)A)rf

_ rflog (20(—A)e20 ©)4) _ o7/ (log2+10g8(a)+20' (0)A)

’ " ! 2
_ erf{log2+29’(0)A+1og9(0)+"9(—<§>)A(—1)_%9 QRO A% o(42))

_ orf{log2420"(0)A—log 220" (0)A—26' (0)2A2+0(A%)} &i1\ce 0"(0) —0

— e{—f49/(0)2t10g(1?)+7“f€'} Where 6/ = O(AQ) (A14)

Finally collecting the terms from (A.13) and (A.14), we bound kf{20(—A)}Tfe49/ OF 5 1y,
as follows:

/ / ogr—+x 2 og ogr+x 7/
B {20(— )Y W OFF [ < 0 o8OI (=0 (120" OVE)2) (7)) (RG0SR e

(A.15)

Now since t < pfj; ..o (@), 1—a—(1-26'(0)v/1)? < 0. Hence we can choose f >
1 sufficiently close to 1 such that f(1—a—(1—26"(0)v#)?)+(f—1) < 0. We
note that since r > log(p), there exists a sequence a,, — oo such that r >
arplog(p). If we chose x = a,,log(p) then T}, — 26’ (0)A*f > 1 as required
for the conclusions to hold since 46'(0)% < 1 and 7 > a,.,, log(p). Also again
since 1 > a,., log(p) we have — log(p){f(1—a—(1-20'(0)vt)?)+(f—1)} —
(log;:x)Z + Y 2l°g§\(}2gr+x) +rfe < —dlog(p) for some § > 0 for sufficiently
large 7, p. Hence for such x, we have kf{29(—A)}’"fe40l(0)f%In — 0. In
order to bound ;2 from above we repeatedly apply the Cauchy-Schwarz
Inequality and use the fact that cosh (s) = 1 + s2/2 + o(s?) for small s as
follows:

L = Eo[e OTSWo (W, > \/2log py/r)I(|W, — By| > (logr + 2))]
1
< {Eo[e‘” OFAWT(W, > /21og py/7)Po(|W; — B,| > (log r + x))}2
< {Eo[esel(o)fAWT]PO(Wr > \/2log p/'r)(Po(|W; — By| > (logr + 33)))2}

- {(cosh (86'(0)FA))"Po (W, > \/21og pv/r)(Po(|W, — By| > (logr + :1:)))2}

N

NI
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=

= {er log (14320 (0)2 /2 A% +o(A) By (17, >\ /2Tog py/r) (Bo(|Wy — B,| > (log r + w>)>2}

1
1

< {e“m (O 2 A% (AR (W, > \/21og pv/r) (Po(|W; — By| > (logr + m))>2}
<C {6{640’(0>2f2tlog<p>log(p>+(“’g<:”2“g“’f“‘”””””eﬂ}}4 (A.16)

where €’ = 0(A?), the second last line uses the fact that log (14 z) < x for

x > 0 and the last line follows from (A.10) and (A.12) for some constant C' >

0. Recall from (A.14) that kf{20(—A)}Tfe49/(0)f% — (=10 (0 ftlog(p)+fe'+(1—0) log(p)}
where ¢ = 0(A?). Hence by combining terms from (A.16) and (A.14), we

obtain that for a constant K depending on f,t and 9/(0),

kf{ze(_m}rfew’m)f%[n < CeKlos(p)-2)x

Now since x = a,plog(p) for some a,, — oo such that r > a,,log(p), it
follows that

KT {20(— A)YF e OFF 1, — (1) (A.17)
as required.
Next considering the g-factor from (A.11) we have
14e9€

{Eo[egezl]}l/g — ¢9'°6(55) where € = o(AQ)

ge _
e T

1 g€+g2e2+0(g2€2))
r 2g+292
691 g (1 ( 2 )6)

= e"O0) = o) 1 (A.18)

IN

Hence collecting terms from (A.15),(A.17) and (A.18) in (A.11) we finish
proving Eq(L; Zpe) = o(1) which is the first inequality of (A.8).

Next we prove the second inequality in (A.8). Since definition of D does
not depend on 3, it follows that

L2Tp = (LZIp)?

=/ g{e(_ﬂj)g(_ﬁg)} (00-6,)0(-5)) Y 12, € Hy)in(B)ax(9).
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Hence by Fubini’s Theorem and independence of the Z;’s,

03
Eo(L2Zp) —22"//HIE0 {GE;)} {0(-8)0(~8))} T(2; € )| dn(B)ix(8)

-2 9 / Z; i,
_ 9ok (ij) . ng ) HEO[{QEQ)} {0(=8)0(-5)} T(2; € Hy)]

(A.19)

For any two i.i.d draws (m1,&1) and (mag,, &), set for j =1,...,p

- 00008) 7, o e
T; _EO[{W} {0(=8))0(-8))} T(Z; er)} .

We divide into the following cases. For each j € {1,...,p},

1. j €m§nmg: T; = 2o %Emh),

2. jEmlﬂmzﬂ{l 51—1} T _EO[{ (( ))} JI(Z GH)}( (QA))T

3.jemnmsnil: & =-1}):
b =ml{ac ) mn el
0(A , 0(—A
- (A e )] 2y

since r — Z; 4 Z; and the definition of the set D is also symmetric in
Zj and r — Z; for all Z;.
L jemsnmen{l:&=1}T; —IEOHQ(( NV1(z e m, )}(
5. jemSNman{l:€=—1} Ty _Eo[{ SMNITL(Z; € Hy)

by the symmetry argument made in case (3) above.
6. j € man{l: €l = gg =117 = Eo[{9 (4 >)} JI(Z cH )} (0(—A))?".
Tiemsn{jEl =€ =137 = EO[{ AN HT(2; € H )} (0(—A))2
again by the symmetry argument.

Ly,
(XA

[E——

8. j €my Tj = {0(A)0(—A) Y Po(Z; € H,).

Grouping the terms in (A.19) by the above cases and collecting terms,

Eo(L21(D))



Jems ( JEMY
22n—2k Po(Z Hp ol A 4 .
A 'S e >J€mf£m Ba[{ ) T e 1)) 5

1,82

ST ()T (m [{) ren  (G0)
£1,€2

(toca0(-a)yBo(z1 € ) ™)

1)l o)

|m1Ama|

22k: 2 S
£1,62
x (Bo[{ 9‘?(2) V120 e )] (29(—,4))2’")%' ({40(4)8(-4)} Py (21 € Hp))‘m“q
< e I [l ren < o)™

x ({49<A>9< Ayeoz e m) "]
5 {( H )} ZleH] —A))Q’">}|m3

o2 (r)? mi ™ <{40(A)0( AVBy(Z1 € H ))
({49( o(-A)Ro(z1 € 1)) "
E( A)Y'Py(Z1 € Hy)
+ Eo[{ 9'?(_2) }ZZ (21 € Hy)|(26(—A4))> )‘m mmgl}
0(A)

_EW[ (140a)0(-a)y Po(21€H>+E0H
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where W ~ Hypergeometric(p, k, k). Now we observe that by Lemma A.1,

By E ({40(A)0(—A)}T]PO(Z1 € H,) +Eq [{99((_%}2211(21 e Hp)} (29(_A))2T)]W
< B [ (0094 Po(zs € )+ Ba[{ Y 72 € )] 20|
where U ~ Bin(k, p%k), provided the following holds:
[% ({49(14)9(—14)}7‘1@0(z1 € H,) + Eo[{mr%z(zl e Hp)} (29(—A))2T)] >1.
(A.20)
Hence under the inequality (A.20) we have
Eo(LZI(D))
< Ey [% ({40(A)6(—A)}’"]P0(Z1 € H,) +Eo [{9‘?(_%}2211(21 e Hp)} (29(—A))2’”)]U
= {1+ &([;({49(,4)9(14)}?190(21 € H,)
o {7 < ] o)) 1))
Hence in order to prove the second inequality of (A.8) it suffices to verify
the inequality (A.20) and prove
Ij( [% ({40(A)0(—A)}’”P0(21 € H,) + Eq [{m}%z(zl e Hp)} (29(—A))27”)] . 1) —o(1).
(A.21)
We first verify (A.21). We note that
]‘;(B ({49(A)9(—A)}TIP>O(Z1 € H,) + Eq [{;Z(fz)}zzlz(zl e H,,)} (29(—A))2”>] . 1)
=FE,+Ey+ E3 . (A.22)
where 12
By = 5 {46(A)0(~A)}'Bo(Z1 € Hy),

o= 2 {2 72024 ) -y
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and 2
By = —.
p

Since a > 1, trivially E3 = o(1). Hence it suffices to prove that E; = o(1)
and Fy = o(1). To this end, first note that

5= & oty ez e ) < ot ay

_ kj o 10g(40(A)0(—A)) kj (20 (0)A—26' (0)2A2-20' (0)A—26' (0)2A%+0(A2))

p p

2 :
_ ’;er(—w (O2A2+o(A%) _ o1 (A.23)

as required. Next we control Fy as follows:

@:“m}ﬁjg%ﬂ46%$w@mﬁ

< Cro[{ 13021 € )] -4

- 0(A)
_ 7E0 e2Z1 log{m}z(zl c Hp):| (20(_A))2r
p L
—E, [6221(49’(0)A+E)I(Z1 e Hp)} (29(_A))2r where € — O(AQ)
' k27fy1/f 1/g
< {EO [680 (O)Ale(Zl c Hp)(29(—A))2T;} } {EO [629521]} .
(A.24)

where the last line is by Holder’s Inequality for any f > 1 and comple-

mentary g > 1 such that % + é = 1. Our next task is hence to control

/ !
Eo [689 OAZi7 (7, € Hp)(29(—A))2T%2} for an appropriately chosen f > 1

/g
and then subsequently bound {Eo [629621] } for the corresponding g > 1.

/ f
We first analyze Eq [689 OA%NT(7, € Hp)(29(—A))2’"%2} for arbitrary f > 1

and we will make the choice of the pair (f,g) clear later. To that end, we
have

o [689/(0)AfZII(Z1 € Hp)(29(—A))2rf}

_E, [eso’w)AfZl@g(_ A))>S {I <21 <Z+ \/@\/D +I (Zl 25~ J@\/Z) H
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=1L+ 1, — I3 (A25)

where I} = Eq [egel(O)AfZI(29(—A))2Tf{I(Z1 <5+ \/210gp\/§)}} and Iy =

Eo [689,(0)141”21 (20(—A){T(Z > 5 — mﬂ)}} and I3 is the remain-
der. We will analyze I; in detail; the analysis of I is very similar and is
omitted. The proof of I3 = o(1) is easier and can be also done following
similar techniques and is hence also omitted. Recalling the definition of

Z1—%
W, := —=2, we have
Vi

E, [686/(0)AfZ1I (Z1 < g N 210%\/2)] _ A0 Of A, |:e4€/(0)fAWrI (V\‘//f < 210%1,)]
Vv Y

Arguing similarly as in proof of the first inequality of (A.8), it can be shown
that it suffices to analyze 40 (0)f AT, |:€49/ O)fABr (T (% <+/2log p)}} where
B, is the version of Brownian Motion on the same probability space as W,
satisfying (A.12). Of course in the proof of the first inequality of (A.8)
we went through complete details in choosing an appropriate £ > 0 which
calibrates the degree of approximation between W, and B,. However we
note that the same choice of x as before goes through and the essence of the
proof boils down to controlling 10 (0)f ArEy [649,(0)f ABIT (% < +v/2log p)}] .
Now

E, {649’(0);%3@ <\E/3;; < \/@ﬂ
T

/ 2logp 49 0)fA* € v2 dv

o V2

_ [V L asd ) farurien (0 52(40)2) 80 0252(47)2 g,

o0 \ 2T
= ®(1/2log p 0)fA*)e 80/ (0)2/2(A%)?

Considering the expression for I; in (A.25), we have the following:
649/(0)fAr(20(_A))2rf _ 6740,(0)2(A*)2f+rfe’ where ¢ = O(A2)

since 6" (0) = 0. Hence we have, as in the proof of the first inequality of

(A.8),

I, < e(1-20)  log(p)+86 (0)2(A%)2 1246 (0)(A")f+r /e (V2logp — 46'(0) f A*)
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_ oA(1-20) 74160 (0)2 f2t-80' (0) 1} log(p) +7f¢ g ®(\/2logp — 46 (0) fA¥)

Now the behavior of the bounds on ®(s) is different depending on whether
s> 0or s <0 and we have (s )<1whens>0and<I>( ) < ¢(s) if s < 0.

But v/2Togp — 460 (0) fA* = = 0 accordingly as t= = W Hence we divide

our analysis into two parts according to the range of ¢.
When ¢ < W, i.e., v/2Togp — 46 (0)fA* > 0 we have

I < A(1-20) f+160" (0)2 f2t—86 (0) 1} log(p)+7f¢’

Now the coefficient of log(p) in the above exponent is
f [(1 —2a) + 86 (0)%¢t (2f — 1)] =2f [( - a) +460'(0)%t (2f — 1)]

—876'(0)? [5_‘2 t(f - 1)]

46'(0)
_1
For a < 3, since t < piya,y (@) = A;,T"’)Q, we have there exists d;(a,t) > 0
such that 2 (0)2 +t(2f —1) < 0 whenever f = 1+ § with 6 < 01(a,t).
_1
For o« > %, since t < o (0)2 5 42‘(2)2 is monotone increasing in o« and
3_1
* 3y _ 473 _ :
pbinary$4) 3(2) = 157 ( e we have that there exists d2(a, t) > 0 such
that 43,(_0)2 t(2f — 1) < 0 whenever f =1+ § with § < da(a,t).
When t > W we have
L < - 20) f+166 (0)2£2t—80' (0) £t} log(p)-+r fe’ \/W 0)fA%)

_ o J10g(p)(1-20—80' (0)%t~ 1480 (0)v/2)+log(p)(f~1)+rf¢
_ o/ log(p)(1—2a—80' (0)2t—1+86 (0)v/2)+log(p) (f—1)+rfe
— oS los(p){2(1—a)=2(1-26" (0)vV)?}+(f —1) log(p)+7f¢'

Since t < pipary (@), 2(1 —a) —2(1 — 26’ (0)v/1)? < 0 and hence there exists
3(c, t) > 0 such that f{{2(1—a)—2(1—26(0)v/1)?}+(f —1) < 0 whenever
f=1448 with § < 85(a, t).

Hence choosing f = 1+ § with § = min{d;(a,t),d2(a, ), d3(cx, t)} yields
I = o(1) as required. Controlling the corresponding g-factor in (A.24) is
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similar to that in (A.11) and can be done along the lines of deriving (A.18).

Next we prove (A.20). We note that it suffices to prove that Eg H 6?(—12) }Qle(Zl €
Hp)] (20(—A))?" = co. As before

Eo [{90((_12)}221[(21 € Hp)} (29(_A))2r

—E, {6221 log{%}ﬂzl c Hp)} (20(—A)>r
= B[ O+ (7, € H,)| (20(— )" where €A = o(A%)
— 0 O+9Ar 99(_ A))2' R, [6(49/ O+9AWe 77, ¢ Hp)].
Now,
Eo[e( 494V T (7, € H,)|
> [ OF AW T, — B, < (logr + 2))T(—y/2og pyF < W < /2logpy)
> e—(49l(0)+e)(logr+m)AE0 [6(40l(0)+e)ABTI(|WT _ B,| < (logr + 7))

x Z(—+/2logpy/r + (logr + x) < B, < /2log py/1 — (logr—i—x))}

_ 67(49/ (0)+€)(log T+I)AEO [6(49/(0)+6)A*%

O T N ]

67(40, (0)+¢€)(log r+x)AE0 [6(49/ (0)+e)A Bj%

1 B, 1
T

VRN Vi
X T(|W, = By| > (logr + )|
= Sl - S2 .
(A.26)
Hence it is enough to prove that 6(49/(D)J“E)AT(QH(—A))QTSl s oo and e O)+)Ar(29(— A4))?7 Sy =
O(1).
Now

Sy = 67(46’/(0)+e)(logr+a:)AE0 6(49,(0)+€)A*B7%
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1 B 1
Z(—+/2log pV/r + (logr + ) < —; < v/2logp — M)

VT VT VT
o~ (10 Q) ) (log r2) A L (40 (0)+0)2(A")2 gy (V2Togp— UL ZED (46 (0) ) A7)
(A.27)
Also
6(40’(0)+6)Ar(29(_ A2 = o140/ (0)? A2r-tro(A%)+eAr _ ,—40' (0)2A%r+70(A2)
(A.28)

Hence by (A.27) and (A.28) we have

6(40'(0)+e)Ar(29(_ AN, = (340 (0)+6)(A%)2 (40 (0)+€) (log r+2) A—40' (0)2 A%r+r0(A?)}

(logr + x) / .
X <I>(V2logp g (460 (0) +¢)A )
(A.29)
The behavior of the above quantity depends on ®(n) where n = /2logp —

w — (46'(0) 4 €)A*. Hence we divide our study in the following cases.

i 1 - _ V2logps  (logr+x)
First suppose t < 667 (0)°" Ife=-6 <0, thenn > 70 e

Hence ®(n) > 1 + o(1). Hence from (A.29) we have

6(46/ (0)+€)Ar<29<_A))27"Sl

> (1 + 0(1))6{%(49/(0)+5)2(A*)2—(49/(0)+e)(10gr+x)Ar—40/(0)2A2r+ro(A2)}
-2

_ (1 + o(1))ed O(A" 4540 0)+0)logr+2) A+ro(4?)
2

_ (1 + 0(1))€8t0l(0) log(p)+n—(40/(0)+e)(logr+z)A+ro(A2).

2

where |k| < log(p)

(A.30)

Now (46'(0) + €)(log r + z) A < 20 Q0BT H0VILED 100 () if 2 = a, log(p)

ﬁ
is such that a,, — oo ensuring both r > a, ,log(p) and % v2loer «

log(p). Thus 6(49/(0)“‘6)*4’”(29(—14))%5’1 > e°o2(P) for some ¢ > 0 and hence
diverges.

If ¢ > 0, then n > —¥2logpe _ (08742) 14 hence —-n < v2logpe |

= 46’ (0) NG = 46'(0)
w < 7 for some divergent 7 < y/log(p). Hence, by Lemma 77,
1. ¢(7)
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> (Z(T) for sufficiently large r,p
-
677'2/2
o2
Hence similar to the calculations in deriving (A.30) we have
10/ (0)+¢) A 2 e s o) 10/ (0)+¢)(1 Atro(A2
U0 O)FAT (99(— A))27 ) > —— 50 (0)log(p)+r—(46 (0)+¢)(logr+z)A+ro(A%)
V21
e—T2/2
>~ ¢clos(®) for some ¢ > 0
V21
B eclog(p)f'rQ/Q
B V21
¢ log(p)
> ———— for some ¢ > 0 since 7 < /log(p)
log(p
— OQ.
(A.31)
Now suppose W <t < Phigary(@)- If € = =0 <0, then n < Vjel,c’(%fd -
1 YV s (1 .
(Ogi\;;‘r). Ifn € (-2, 4201,0(%? — (Og\;;x)) then since ®(n) > ®(—2) we have by

the same argument as in (A.30) that 6(49/(0)+6)AT(20(—A))2’"51 — 00. Now
suppose 7 < —1. Then once again using the fact that ®(n) = ®(—n) and
Lemma 7?7 we have that

6(40l(0)+6)Ar(29(—A))2r51
_ 6{%(46‘/(O)+e)2(A*)Q—(49l(0)+e)(logr+z)A—46‘l(O)2A2r+ro(A2)}6(_n)

>(1- %) #(n) 346/ (0)+€)2(A7)2 (40 (0)+€) (log r-+2) A—10 (0)2 A%r+70(A2)}
-1
_ 1
_ Me{log@)uﬂ(kw’(o>\/2>2>+n/}
-1
(A.32)

where |r/| < log(p). Now

inf {1-2(1-20(0)v)*>} > inf {1-—2(1—26(0)vt)?}

<t<p{)inary(a) t<p;inary(a)

= 1-2(1 = 20'(0) / Pfinary (@)

1
166’ (0)2




=1-2(1-26(0)

=1-20-(1-vV1-a)*=2a—-1>0
since o > % Hence from (A.32) we have that

6(49/(0)+E)AT(29(—A))2T51 > %ec" 108(P) for some ¢ > 0
—a7

— 00

since |n| < log(p). This completes the proof of 6(49/(0)“)’4’”(29(—14))2”5’1 —
0.

Next we prove e 0)+6)A47(29(— A))?"Sy = O(1). To this end note, that
by the Cauchy-Schwarz Inequality,

Sa

< 67(49/(0)76)(10gr+x)A(E0[6(89’(0)—26)A*V]P0(’Wr . Br| > (logr + :II)))l/2 where V ~ 1\](07 1)
(6—(49/(0)—6)“0%7}j1> 2t10g(p)+(86/(0)—26)2tlog(p)—)\x)1/2

IN

by Equation (A.12)
(A.33)

Hence from (A.33) and (A.28) we have that e(49l(0)+6)AT(29(—A))2TSQ -0
since x = a,plog(p) where a,;, was chosen to diverge at a slow enough rate.
This completes the verification of (A.20) and hence proves the theorem. []

PrROOF OF THEOREM 6.10. We will provide proof for the lower bound
in problem 2.3 where # € BC?(0). Using Remark 6.1, the proof also holds
for problem 6.2. To analyze the power of the Higher Criticism test, we need
to define the following quantities. Let 1 + & = (A). Also define S to be a
generic Bin(r, % +§) random variable and let By, B respectively denote the
distribution function and survival function of S;. Then

2 <), Bi(t) =1 -Ba(t) .

The proof of the rest of the theorem relies on the following lemma.

LEMMA A5 Let r > log(p) and t > pj (). Then there exists s €
[1,+/3log(p)] such that

k

1. & _Bi-Bl)
s > e)
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9 (P=R)B(s)(1—B(s))+kB1(s)(1-Bi(s) _, )
' k2 (B1(s)—B(s))>

Now we return to the proof of the main result. For any z € [1, 1/31og(p)]N
N, Tuc > W,(z) where Wy(2) = f\/i]g(z) Hence by Chebysev’s in-

equality it suffices to prove that there exists s € [1,+/3log(p)] such that

uniformly in 8 € ©4, \%’1(0%—2;)(; — oo and m% — 0 when ¢t >

pi"ogistic(a). Fix B* € @;3; thus 8" has 0 in p — k locations, A in k; loca-
tions (say) and —A in k — k1 = ko locations. Now note that by symmetry
P(|Bin(r,1 +6) — 5| > t) = P(|Bin(r,1 — 6) — 5| > ¢) for all t > 0. Hence
_Bi(s)-B(s)

f\/ B(s)(1-B(s))

. Hence to show ﬁ — 00

it is easy to show that irrespective of ki, ko, Eg= (Wp(s)) =

_ p=k | kBi(s)(1=Bi(s))
and Varg (Wy(s)) = 5=+ 5 56)0-56)
it suffices to show % B1(s)—B(s)

P \/B(s)(1-B(s))

Lemma A.5. Similarly to show that m% — 0 it suffices to show that

(p=F)B(s)(1—B(s))+kB1(s) (1-Bi(s)) ich is als i
2 (B1(s) B (s) 2 — 0 which is also true by item 2 of Lemma

A.5. This completes the proof. ]

log(p) which is true by item 1 of

Proor orF LEMMA A.5. By inspecting the expressions, it suffices to prove

k_Bi(s)-B(s) 0o as some positive power of p. Put s = [24/2qlo
VR, TSI T p p p 124/2qlog(p)]

where ¢ = min{4t6'(0)2, 1}. By the choice of g, s € [1,1/3log(p)] N N. Now
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by the Berry-Esseen approximation and Mill’s Ratio,

i @1(8)—@(5) péo‘@(‘s_\r/sj)%péa@(s_ 7‘6\>%)A>
VP B0 - B() o(s) B(s)
) <\/2q log(p)/7—/2t 1og(p)0’ (o)ﬁ)
= Vi
\/q> <@

B (/Bqlog(p) — /St Tog(p)¥ (0))

Q

D=

p

NI

=p
= 2qlog(p)
J @ <1>
4
~ 3 —a—5108(p) (Va0 (0))>+ 5 qlog(p)
_ p%—a+2q—4(\/§—\/29/ (0))? .

The exponent of p above is given by

L a4 2g— Ay — Vi0 (0))* = f(q) say .

2
The function f(q) is maximized at ¢ = 4t (0)? for t < W. The max-
imum value is (3 — a) + 4t0'(0)> > 0 since t > Phinary (@) For t > W

1
2
if we put ¢ = %, then f(q) = (1 —a) — (1 — 2v/16'(0))? > 0 since t >
max{pf)inary (), W}. Hence taking s = 1/2¢log(p) where ¢ = min{4t6' (0)?, i}
proves the lemma. O

PROOF OF PROPOSITION 6.11. Set V(;) = |Z — 5](;) so that

sup VD

t€Vip—i) Vip—i+1) B(t)(1 - B(t))

i_
= sup NG P )

Vi Vio-itn)  /B(t)(1 — B(t))

7 o —
= /p p — 0ftevy, ) Vi s10) BE) ‘
\/infte[v(r'ﬂ')’v(pffrl)) B(t)(l o infte[v(pfj)vv(znfwrl)) B(t))
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Now B(t) is a decreasing function of ¢ and thus infyey, yB(t)) >

D Vr-i+1)
B(Vip—j+1))) = q(j)- Therefore we obtain that

sup VP—F= —
t€lVip—)Vio-i+1) B(t)(1 —B(t))
J_j B
.y p — 0fterv, ) Vi 10 B

\/ eV V1) B(t)(1 - eV, Vi) B(1))
L —ay)
;) (X —ag))

< VP

since C(_ilx is a decreasing function of = € [0, 1] for ¢ € [0, 1] and the proof
r(l—x

is done. O

PROOF OF THEOREM 6.12. We will provide proof for the lower bound
in problem 2.3 where # € BC?(0). Using Remark 6.1, the proof also holds
for problem 6.2. As in proof of Theorem 6.8, we denote by B;-T the version

. . . . ! ’
of Brownian Motion approximating er where er = Wj,+/r and we can
/

’. . B.T
choose B;, independent for j =1,...,p. Let Bj, = ﬁ For any t, > 0,

P(max [Wjr| < tp) = P(max [Wjr — Bjr + Bjr| < 1)

= P(lrgfgp (Wjr — Bjr| + lrgj‘cgp | Bjr| < 1)

log(r) + =
> < -7
> ]P’(lrgjaécpwﬂ\ <t, NG ) +o0(1)

for some x > 0. By a similar token we can show that P(maxi<j<p |Wj,| <
tp) < P(maxi<j<p |Bjr| < tp + %) + o(1) for the same z above. Now
by Lemma 11 of Arias-Castro, Candés and Plan (2011) we have that

s s

P(max |Bi| < kp + ————) — € ©
(léjﬁp‘ il P 2log(p))

as p — oo where k), = /2 log(p)—%. Hence if 7 > (log(r))? log(p)

then 260Fz _ o) g appropriately chosen x. Therefore, by following

NG o \/2 log(p)
the arguments of Lemma 11, Lemma 12 and proof of Theorem 5 of Arias-

Castro, Candes and Plan (2011) we have the result when r >> (log(r))? log(p)
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if we can choose x appropriately. We choose it to be the same as our choice
in the proof of Theorem 6.8. To be precise, since r > log(p), there exists
a sequence a,, — oo such that r > a,,log(p). Take z = a,,. We skip the
rest of the details. O

ProOOF OF THEOREM 7.1. We divide the proof into proofs of lower bound
and upper bound respectively.

Part 1 : Proof of Lower Bound. For the purpose of brevity assume that
X = [X! : X4] where X is an n* x p matrix whose rows comprises exactly
of the rows in Q* and X5 is an n, X p matrix whose rows consists of the
rows of X with more than one non-zero element in its support. Note that,
this can always be achieved by a permutation of the rows of X and hence
this does change the validity of the theorem. Let

7x1,8,8) = [ [oxiB)oia’) + o(-xiB)o(-x6)]
1€Q*

and

1(X2,8,8) = T] [0xiB)0xi8") + 0(-xiB)0(-xi8")] -

i¢Qr
Note that by Lemma A .4, we have that f(Xy, 3, B/) < [HQ(QA) + 02(—QA)] '
for any realizations 3, 3" from 7:

Eo(L2) = 20"+ / (X1, 8.8)f(Xa, 8. 8 )dr(B)dr () (A.34)
< 2 [0(QA) + 62(—QA)] ™ 2 / (X1, 8. 8)dn(B)dn ().
Now, using 0(A) = 2 + A we have that A2 < \/: implies A? <« \/; since

6 € BC?(0). Following the exact arguments as in the proof of lower bound
Theorem 6.5, one has

[ 2 ngm3rj
2 [[ 1%1.8.8)ar(@an(8) =0 | (115 ) (1—4A2)2J‘€m1wz’"j]

1 —4A2
=E = 1 — 4A2%)7
LEM1MNm2

=Eo | ] % ((1+4A%)7 + (1 — 4A%)7)

_j eEminmso

i [manmo| N L\ fminm
< E, (;) ((1+4A2)’“ +(1—4A2)T )' ' 2']
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where the second to the last line follows since given j € mq N'mg, Z(j €
m3) ~ Bernoulli(1), independent for all j and the last line follows from
noting that for any A € (0,1), (1+A)*+ (1 —A)* is an increasing function of
x > 1. Hence following the same argument as in Theorem 6.5 after equation
A.3, we have that there exists a constant C' > 0 such that

k:2'r*2A4 k

on” //f(Xl,B,,@/)dw(B)dw(B')g <1+C Z ) —0 (A.35)

since A < 4/ ,ﬁ. Hence, by A.34 and A.35 we have Eo(L2) = 1 + o(1) if
27 [02(QA) + 0*(—QA)]™ =1+ o(1).

However, since § € BC?(0), there exists a constant C; > 0 such that
0%(QA) + 0*(—QA) < 1(1 + C1Q*A?). Hence

Nx
Now by assumption, A? < % and % < p%_o‘ = %, one has that
C1Q?*A%n, — 0 and hence 2 [6%(QA) + 6*(—QA)]™* = 1+0(1) as required.
This completes the proof of the lower bound. O

Part 2 : Proof of Upper Bound. We begin by noting that when n, = 0,
then the proof follows along the same lines as the power analysis argument
of GLRT in Theorem 6.5 by using the fact r; > r, > log(p) for all j =
1,...,p. The proof then immediately follows by noting that the definition
of the GLRT does not depend on n, and solely depends on the observations
corresponding to indices in Q*, i.e, on (y;, x!);cq- and does not even consider
the data corresponding to Xs.

PrROOF OF THEOREM 7.2. The proof follows from Theorem 3.2 and is
omitted. O

PRrROOF OF THEOREM 7.4. We divide the proof into the proof of lower
bound and upper bound respectively.

Part 1 : Proof of Lower Bound. Define the intervals for j =1,...,p:

Hyy = (3 = V2loglp)y |2, 5 + \/m\/f> . (A36)



33

and put

D={Zj€Hy;,j=1,....p}, Zj=Y wi, I=1,...,p. (A37)
iEQj

By Holder’s inequality it can be shown that for proving a lower bound it
suffices to prove,

Eo(LrIpe) =o0(1),  Eo(L2Zp)=1+o0(1). (A.38)
We first prove the first equality of (A.38). Since {y;, i ¢ Q*} is independent
of {Z;,j =1,...,p}, we have by a calculation similar to proof of Theorem
6.8,

ot o) < (1) 27 30 [ 30 B (2 -y Tz € By

m1,81 j€m1

+ ¥ (2% ))}’“ % (6( >}TI<ZjeH;,j>)

]Eml

+22’“ﬂ )IP(Z; € HE )}

]Gml

() SIS e () 5 i)+ 3 )

mi  jeEmMq jemy

(A.39)

Now note that, by the same argument as proof of A.10, we have by an
application of Lemma A.2,

Z P . c ~log(p) el e —Tj€j
o(Zj € Hy ;) <2 Z i
jemy§ jemy

2\/>\/210g(p -1

where €; = . Hence there exists a constant C' > 0 which

ri—1
does not depend on j such that ¢; < C 21:;’%. Therefore, rje? —rje; <

Cv2log p(C/2logp — r;) < Cy/2logp(Cv/2logp — 14). Also,there exists a
constant ¢ > 0, not depending on j such that €;,/7; > cy/2log p. Thus

C\2logp(C2logp — 1) (p — k)
pcy/2logp

> Py(Zj € HS ) <2

jems

— 0 (A.40)
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since 7, > log(p).

Z.
Next we control the term Zjeml (20(—A))TJ'IE0( (%) ! I(Z; € H&))
To this end note that, by a proof similar to that of controlling A.11, one has

using r, > log(p) and ¢t < pjy;,., (@) that there exists a sequence of real num-

, : v 0(4) \7%
bers A\, = o(1) which does not depend j such that k(26(—A)) JE()( <0(—A)) I(Z; €

H‘g,j)) < A\p. In particular, this sequence can be taken to be polynomially
p, as the proof of Theorem 6.8 suggests. This implies that

S (26(-A)y B (M)Zj (2, € Hy,))

JEM

= 1 3 k(20(~4))Eo <99((_2)> 1z € HE) <

JEM1

(A.41)
Hence, by A.39, we have using A.40 and A.41 that
Eo(LzZpe) = 0(1)

as required. This completes the proof of the first equality of (A.38). Next
we prove the second claim of (A.38). Arguing similarly as in analysis of
equation A.19 in proof of Theorem 6.8 and using Lemma A.4 we have that

Eo(L2Zp)
< 2™ [0%(QA) + 6°(—QA)|™
p

x Epuema{ 1 [5 (146(A)0(-A)YBo(Z; € )

7=1
0(A)

+E{ G VT € ) 2oy ) O,

As in proof of claim A.20 in Theorem 6.8, we have that for any j =1,...,p,

[5 (146(4)6(- )} Bo(2; € H )+ Eo [{M}”ﬁz(zj € Hy)| (20(-4)7)] > 1
since 7, > log(p) and ¢ < pjj;.. (). Let
7 = argma(5 ({(0LAN-AY P2, € Hy ) B [{ GESYVTZ, € 1)) (-2
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and let r =1+, Z = Zj», Hy, = Hy, j«. Hence, one has with U ~ Bin(k, ik)
and @, , = 2" [QQ(QA) + 6%(— QA)]n*, that

Eo(L3Zp)

< B { H [5 (1100200~ 2))7Bo(2 € 1)

j=1
+ Eo [{;_%}QZI(Z € Hp)] (20(—A))2r>}f(ﬂ'€m1”m2)}
= pnpEmrms{ [5 (1400 A)Bo(Z € 1)
+E[{ g T2 € By o)) ‘m“"”'}

[ —

< n [ ({146(A)0(~ ) Po(Z € Hy) + Eo

= eur{1+ == ([5(o00-2)y20(2 H)
+EO[{99(_‘%}QZI(ZGHP)](29( )] -1)}

(A.42)

where the second to the last line follows from Lemma A.1. Using the fact
that r = rj= > r, > log(p), one has by similar argument as in the proof of
A .21 in Theorem 6.8 that

Eq(L2Ip) = pnp(L + o(1))

when ¢ < pfj; .. (). Hence the verification of the second claim in (A.38) will
be complete if we prove that ¢, , = 1+ o(1). Now, since § € BC?(0), there
exists a constant C; > 0 such that §%(QA) + 60*(—QA) < (1 + C1Q*A?).
Hence

2 A2 N
Pnp = QT [92<QA) +92(_QA):|7L* -0 <<1+01Q A n*> >

T

: 2t1 . 1y
Now by assumption, A% = :7%(1@ with ¢ < pjiary (@) and Qrf < log(p),

one has that C1Q?A%n, — 0 and hence 2™ [HQ(QA) + 02(—QA)]"* =1+
o(1). This justifies second equality of (A.38) and hence completes the proof
of Theorem 7.4.
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Part 2 : Proof of Upper Bound. We begin by noting that when n, = 0,
then the proof follows by very similar way as the power analysis argument
of the Higher Criticism test in Theorem 6.10 by using the fact r; > r, >
log(p) for all j = 1,...,p and hence we omit the details. The proof then
immediately follows by noting that the definition of the Higher Criticism test
does not depend on n, and solely depends on the observations corresponding
to indices in Q*, i.e, on (y;,x!);eq+ and does not even consider the data
corresponding to Xa. d
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