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Supplementary Figure 1 | Individual plots of \(T") and J.(7,sf). The temperature
dependence of the normalized penetration depth, A\(T")/A(0) (left hand scale), and critical
current density, J.(T")/J.(0) (right-hand scale), for different s-wave superconductors (red
symbols and curves): (a) Nb, (b) MgBs, (c) Ba(Fe,Co)sAsy, (d) NbN, (e) (Ba,K)BiOs,
(f) Al and (g) Sn, and different d-wave superconductors (blue symbols and curves): (h)
PrOs,Sbia, (i) YBagCuzO7 (solid symbols) and 1% Ca-doped YBasCuzO7 (open symbols),
(j) BigSraCaCuyOg + 5% Zn, (k) BigSroCasCuzOqg and (1) TlyBagCaCusOg. The dashed
red curves are the s-wave weak-coupling T-dependence of \(T'), the dashed blue curves are
the d-wave weak-coupling T-dependence of A(7) and the dashed black curve is J. calculated
from this using equations (3) or (4). Normalization parameters, T,, Jo and \g = A(0) are
listed in each panel and summarized in Supplementary Table 1. In the case of (h) both
J. and A are calculated from measurements of H.; and the calculated J. compared with

measured values (magenta data points). J.o is given in units of MA cm™2 and )\ in nm.
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(red symbols). Error bars reflect the uncertainty in reported values of A; e.g. for aluminium

Ao = 50 £+ 10 nm, as listed in Supplementary Table 1. Both axes are multiplied by (A/b) to

remove the implicit b-dependence of both of these fields.
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Type Sample Te 2b Jeco K Ao calc Ao expt Ag calc Ag expt
® | @m) [Ma em—2) (nm) (nm) (meV) (meV)
s-wave || Nb 8.3 20 61.1 [5] 1 [6] 47.5 47 [7] 59 [8] 1.26 1.55 [10]
41+4 [9]
MgBg 41.4 100 84.5 [11] 26 [12] 83.6 85 [13] 7.0 7.1/2.3 [15]
41.4 100 64.5 [11] 91.7 95, 100 [14] 7.1
Ba(Fe,Co)aAsy 23 90 2.8 [16] 90 [17] 285 |270 [17] 274 [18] 2.8 3 (s-wave),
23 90 2.5 [16] 299 307 [19] 2.9 8 (nodal) [20]
23 90 3.1 [16] 277 3.1
NbN 16.0 | 22.5 7.51 [21] 40 [22] 194 200 [22] 2.85 2.56 [24]
194 [23]
14.6 8 8.00 [25] 190 2.94
14.6 8 8.81 [25] 184 3.09
14.2 8 8.66 [26] 185 2.99
14.2 8 8.13 [26] 189 2.89
(Ba,K)BiO3 27.7 150 3.06 [27] 60 [28] 270 |289 [29] 270 [30]| 4.46 | 4.5 [32] 4.3[33]
340 [31]
amorph-W 4.7 50 0.35 [34] 90 [34] 550+£12 - 0.71+0.02 0.66 [35]
Rb3Cgo 30.5 2.15 [36] 124 [37) 319 247 [37) 3.9540.2 3.75 [39]
420 [38]
RbyNaCgo 26.3 7.0 [40] 215
YNizBoC 15.5 600 2.12 [41] 15 [42] 158+ 120 [43] 2.44+0.05| 2/2.1/2.5 [44]
Al* 1.203 89 4.15 [45) 0.03 [22) 51.3 50410 [46] 0.21 0.179 [10]
1.196 98 4.51 [45] 49.9 46-51 [47) 0.21
1.203 | 99 3.45 [45) 54.5 51.5 [48] 0.21
1.267 34 3.81 [45] 52.5 0.18
1.356 20 3.68 [45] 53.1 0.19
Sn* 3.8 50 16.3 [49] 0.23 [22] 63.3 56-68 [50] 0.62 0.593 [10]
Pb* 7.2 [51]| 47.5 | 52.6 [49] 0.48 [22] 55.3 | 39-59 [51, 52]
In* 3.41 100 41.3 [53] 0.11 [22] 36.5 | 40,38 [22, 53] 0.537 0.541 [10]
d-wave || FeSe; /5Tey /5 12.5 100 | 0.555 [54] 180 [55] 490 |491 [55] 534 [56]| 1.69 1.70 [57]
PrOsSbis 1.86 1.02 [58] |29.7 [59, 60]| 370 |353 [61] 344 [62]| 0.19 0.207 [62]
(Y,Dy)BagCuzOr 90.4 850 | 31.7 [here] 95 [22] 128 125 [63] 16.6 16.7 [64]
(Nd,Er,Gd)BayCugO7 | 91 50 30.0 [1] 95 [22] 130 118 [65] 16.9 16.7 [64]
NdBayCusO7 92.5 [100-200| 29 [2] 95 [22] 13142 18.743.3 16.7 [64]
BipSroCaCuaZng.01Os| 88  |300-420| 7.43 [66] 170 [67] 193 180 [68] 13.4  [20.5, 23 [69, 70]
BiySraCapCugzOyg 92 [100-150| 13.5 [71] 170 [72] 160 151-155 [73] 10.8 30 [70]
TlyBag CaCugOg 103 |650+50| 13.0 [74] 150 [75] 174|139 [76] 188 [65]| 15.7 16-28 [77]
HgBasCaCusOg 118 250 10.4 [78] 123 [79] 188 | 145 [80] 188 [65]| 16.1 32 [81]

Supplementary Table 1 | Parameters used or calculated in the analysis. Refer-
ences for T, and film thickness, 2b, are listed by the J. values. *Type I superconductors.

fusing the (A/b) tanh(b/\) correction to MS equation (4).



Supplementary Note 1 | data for individual samples

We show in Supplementary Fig. 1 individual plots of A(T")/\(0) and J.r/Jeo versus T/T,
for each material in Fig. 1 of the MS. The red and blue dashed curves are the s- or d-
wave T-dependence of A(T")/A(0) [82], respectively, which are presented for comparison with
the calculated values. All input or calculated parameter values are individually listed in
Supplementary Table 1.

The first six examples in Supplementary Fig. 1 are s-wave superconductors. Starting
with Nb, panel (a) shows the J. data from Rusanov et al. [5], and the values of A(T)
calculated using equation (3) with x = 1 [6]. The dashed red curve shows the weak-coupling
s-wave dependence. A(0) is found to be 47.5 nm which agrees with the observed values of
47 nm [7], 59 nm [8] and 41 + 4 [9]. For the A(T") fit we used T = 8.3 K [5].

Supplementary Fig. 1(b) shows the same analysis for MgB, using J. data from Zhuang
et al. [11] and k = 26 [12] to calculate A(T"). The inferred value Ay = 91.9 nm agrees well
with the range of values reported from pSR, 85 - 100 nm [13, 14]. And there is a good fit
to the s-wave weak-coupling model except for a small divergence in the mid-temperature
range which possibly arises from two gaps coexisting on distinct bands [83]. Zhuang et al.
[11] report a second film with higher J, still. For this we find J.(0) = 84.5 MA cm™? and
Ao = 83.6 nm, again in excellent agreement with reported values.

Similarly, Supplementary Fig. 1(c) shows A(T") calculated for Ba(Fe,Co)sAsy using J.
data from Rall et al. [16] with x = 90 [17]. The deduced value of A\g = 286 nm agrees well
with the measured value of 270 nm [17] and there is a good fit to the s-wave model with the
small departure probably also arising from two-gap behavior.

Data for NbN, shown in Supplementary Fig. 1(d), is based on the J. data from Fig. 3
of Clem et al., [21], kK = 40 [22]. The calculated \(T) is fitted to the dirty s-wave model
(dashed red curve) which, with equation (3), is then used to calculate J.(7") shown by the
dashed black curve. The fits are excellent and the calculated )y value of 194 nm agrees with
reported measurements by Poole et al. [22] (200 nm) and Komiyama et al. [23] (194 nm).

Supplementary Fig. 1(e) shows the analysis for (Ba,K)BiOj using the critical current
data of Schweinfurth et al. [27] and k = 60 [28]. We calculate A\g = 270 nm which is
consistent with reported values 289 nm [29], 270 [30] and 340 nm [31] and we derive the
value Ay = 4.46 meV, again very consistent with reported values of 4.5 meV [32] and 4.3
meV [33].



The results for aluminium are summarized in Supplementary Fig. 1(f). We take x = 0.03
[22] and analyze the J. data of Romijn et al. [45] who present measurements for 6 samples.
The figure shows results for sample 3 but similar results are found for all samples. The value
of \g = 51.3 nm is in good agreement with reported values of 50 £ 10 nm [46], and the
dashed curves are the dirty s-wave calculation. For the other samples we find A\ values of
49.9 nm (#1), 54.5 nm (#2), 52.5 nm (#4) and 53.1 nm (#5). Supplementary Fig. 1(g)
shows that similar results are also found for tin. J. data are from Hunt [49] and we obtain
Ao = 63.3 nm in excellent agreement with the range 56 - 68 nm reported by Peabody [50].
The A\(T") fit seems best when intermediate between clean and dirty s-wave.

We perform the analysis of J. data for FeSeysTeq 5 [54] using x = 180 [55] (not shown in
the figure). The fit is excellent with Ay = 490 nm in good agreement with the reported Ag
values of 491 nm [55] and 534 nm [56]. However, the situation is complicated by the likely
presence of multiple gaps of differing symmetry [84] and the data of Belingeri [54] does not
extend to low enough temperature to settle the issue.

Turning now to the class of d-wave superconductors, in Supplementary Fig. 1(h) for
PrOs,Sbiy we used a slightly different approach. From reported data for H.; [58] we cal-
culated both J.(T") and A(T) from equation (4) using x = 29.66. Each of these parameters
reveals a transition to a second superconducting phase below 0.6 K which results in an ad-
ditional reduction of A(T"). With these coexisting phases we simply added d-wave superfluid
densities to achieve a fit to the data. Most importantly for our central thesis, the measured
Jo(T) (from remanent magnetization measurements [58]) shows an enhancement below 0.65
K that almost exactly mirrors our calculated J.(7').

The figure is completed by several high-T, cuprates. In Supplementary Fig. 1(i) for
YBayCuzO7 (solid data points) we used our own epitaxial MOD-deposited 2G tapes with
lithographically-etched conductance bridges and silver electrodes. The overall composition
was (YDyq5)BayCuzO7 and film thickness ~ 0.8um. We used x = 95 [22] and the calculated
Ao = 128 nm is an excellent match with the single-crystal value from pSR, Ag = 125 nm [63]
which also concurs with polycrystalline data [65] and infrared data [65, 85]. This indicates
maximum practical self-field performance of these 2G tapes. Open data points are for 1%
Ca-doped YBayCuzO; with T, = 88 K. This also shows an excellent fit with A\g = 144 nm, the
increase being due to impurity scattering and/or overdoping where the superfluid density is

known to fall [86]. The combined data shown in Supplementary Fig. 1(i) for YBCO nicely
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shows the canonical d-wave inflexion in the T-dependence of J.(T") with negative curvature
at low-T" and positive curvature at high-7'.

In Supplementary Fig. 1(j) for BisSroCaCuyOg + 0.5% Zn we use the J. data of Wagner
et al. [66] which extends to quite low temperature. Together with x = 170 (as an average
of many different reports e.g. see [67]) we find a good d-wave fit to A\(T") and the J.(T)
data again shows the distinctive d-wave inflexion. The deduced \g = 193 nm agrees quite
well with the measured value of 180 nm [68]. It is expected to be a little high due to the
suppression of superfluid density by the small fraction of Zn impurity scatterers.

In contrast Supplementary Fig. 1(k) for BipSroCasCuzOqg shows A(T') rises above the d-
wave fit at higher T" and this is likely due to the presence of intergrowths of BisSroCaCusOs.
Despite an onset at 110 K the rather low Ti. of 92 K [71] for these films would appear to
support this. A\(T") and the superfluid density are very sensitive to such intergrowth effects
and this evidently plays through into the detailed behavior of J.(T"). Here we used J. data
of Hénisch [71] along with x = 170 [72].

Finally, in Supplementary Fig. 1(¢) for Tl,Bay;CaCusOg the J. data from Holstein [74]
and k = 150 [75] gives a good d-wave fit across the full T-range for both A\(T") and J.(T')
indicating a good quality single-phase film. The calculated value A\g = 174 nm is in reason-

able agreement with the experimental values of 139 nm [76] and 188 nm [65].

Supplementary Note 2 | Silsbee’s hypothesis demonstrated

We now show explicitly that, for b < A, the field on the flat face of a thin film conductor
when J = J.(sf) is indeed the critical field as proposed by Silsbee [87]. From equation (12)
of Brojeny and Clem [88] the z-component of B at y = +b for a uniform current density
is —pubJ.. Because this field is b-dependent we multiply by the factor (A/b) to remove
this dependence. Similarly, as noted in equation (11) of the MS B, scales as (b/A) when
b < A, so again we remove this b-dependence by multiplying by (A/b). Thus, for type II
superconductors (A/b) x B,(.J.) is plotted in Supplementary Fig. 2 versus (A/b) x B given
by equation (2) (black symbols), or for type I superconductors versus (\/b) x B. given by
equation (1) (red symbols). The correspondence is excellent over nearly two orders of magni-

tude, and since both axes are multiplied by the same factor this confirms Silsbee’s hypothesis.

Supplementary Note 3 | Temperature dependence of «
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We now consider the effect of the until-now ignored T-dependence of k. For this we adopt
the weak-coupling s-wave T-dependence of A\(T') x A(T) [82]. The result is shown in Sup-
plementary Fig. 3 for the type I superconductors Al and Sn. Without this correction both
show a good fit to the dirty s-wave model (see Supplementary Fig. 1(e) and (f)). With the
correction the calculated A(7T') shifts towards the clean-limit behaviour. The effect is small,
amounting to half the shift between the dirty- and clean-limits, and we conclude that our

initial approximation of a constant  is not unreasonable.

Supplementary Note 4 | Further comments on pinning

A key conclusion of our work is that J.(sf) is fundamentally limited by A and not by pinning
when the thickness is comparable to A. As noted, this challenges a prevailing view [89, 90, 91].
In addition to the literature examples discussed in the MS which support our view we note
here further examples where marked increases in pinning, and associated improvement in
in-field J., are demonstrated while there is no observed change in J.(sf). These include
MacManus-Driscoll, et al. [92], Strickland et al. [93], Birlick et al. [94], Lu et al. [95] and
Haruta et al. [96].

The remaining exceptional example is that of Dinner et al. [91] in which the introduction
of nanopores in Nb raises J.(sf) by a factor of 30. But here the film thickness is of the order
of the coherence length, £, and the nanopore spacing is just a few times £. The nanopores
therefore represent radical modification and it is not impossible that ion milling through
the Al,O3 capping layer results in the formation of NbsAl with consequent increase in J.(sf)
due to a smaller A value. In any case, this enhanced J.(sf) is still less than that reported by
Rusanov et al. [5] at the same temperature, as presented in Supplementary Fig. 1(a) and
Supplementary Table 1. It thus remains to be demonstrated that pinning centres created

by any means actually increase J.(sf).

Supplementary Note 5 | London versus Ginzburg-Landau depairing currents
We note that equation (3) is identical to the London depairing current density J¥ [97] and
a criticism could arise from the fact that it is actually larger than the so-called Ginzburg-

Landau pairbreaking current density [97]

GL __ Pok
Y= 3V37po N3 (T) W
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by a factor (3/2)%/? = 1.84. Were one to adopt this as the fundamental J, limit then after
taking the cube root A values calculated in Fig. 1(a) of the MS for type I superconductors
will be reduced by a factor 0.82. Actually, this could possibly be accommodated in the fig-
ure. On the other hand the relative merits of the two depairing limits have not been tested
and, moreover, the theoretical calculation of J§ requires an approximation in neglecting
the gradient term [97]. For the time being equation (3) seems to be well satisfied and we

retain it as an effective measure of J, for this class of superconductor.

Supplementary Note 6 | Increase in J. over time for YBCO

Finally, the improvement in J.(sf) over time for YBasCuzO7_s is summarized in Supplemen-
tary Fig. 4 [1, 2, 3, 4]. Notably all the recent data return values of Ay close to the observed
value and all data retain essentially the same T-dependent shape. Even the early data from
1990 show the distinctive d-wave linear-1T" temperature dependence several years before this
particular symmetry was established. Some however, display a possible T2 dependence at
low-T more characteristic of the superfluid density in a dirty d-wave scenario. This suggests
a critical test of our hypothesis, namely, to establish, by systematic measurements of J(sf),
a crossover from linear-T' to T behavior with increasing impurity scattering. This work is

proceeding.
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