Appendix

In this Appendix we present some of the lengthier mathematical results used in the main text. We include a
Mathematica notebook as part of this article, containing the following derivations.

Generating function for the BID process

The derivation of the generating function for BID dynamics in the absence of cell divisions is well known: we include
it here for completeness. We write the PDE describing the generating function G(z,t) in Laplace form:

0G(z,1) 0G(z,t)
—n (v(1—2) + A% — z))T = a(z—-1)G (1)

G(z,0) = 2™, (2)
(3)
We proceed by using the method of characteristics, writing down ODEs describing how the parameters of G, and G

itself, changes along a characteristic curve, with progress along such a curve parameterised by s. The corresponding
ODEs are

dt
@ (1)
e (/I O YEC ) (5)
dG
o = alz—1)G (6)

Eqn. 4 lets us immediately set t = s, omitting a constant of integration as the absolute value of progress along a
characteristic curve is unimportant. Using t = s throughout, Eqn. 5 is solved by

1 — pec A=v)—t(A—v)

2T ] e e —tn) (7)

where c¢; is a constant of integration, the explicit form of which will be useful later. Rearranging this into an
expression for ¢; gives

In (Azzilu)
Cc1 = t + ﬁ (8)
Finally, Eqn. 6 with Eqn. 7 gives us
G = coe 0 (e)\t+clv _ )\e)\cl+yt)a/)‘ ' 9)

¢ is a function of ¢; because the quantity c1, the constant of integration acquired when integrating z with respect
to s, is independent of s, and hence forms an independent parameter when integrating G with respect to s. We require
that G(t = 0) = 2™, so we choose

(10)

. v 1\ ™
62(61) _ (ecuz _)\ecl)\) /A (I/e ) ’

Ae(A—v)er — 1

where the first term cancels the final term in Eqn. 9 when ¢ = 0, and the final term can be seen to extract a factor
2™ from Eqn. 8 for ¢; when ¢t = 0. We then have

a/
G(Z,t) — CQ(Cl(Z,t))eiat (e)\t+c1(z,t)u _ /\e)\cl(z,t)+ut) (11)



which, after inserting Eqn. 8 and some algebra, gives

L S etz — 1) — Az v\
oo 12
G0 (/\e(’\—”)t(z —1) = Az + u) (Ae“—"”(z 1=t V) -

§(z,1)(g(z,1))™ (13)

Recurrence relations arising from induction over cell divisions

This section focusses on the solution of recurrence relations of the form

7 b . d i b
AGit1 T or equivalently, ;41 = di=b
—cGi+a

G-

= > 14
CQ‘+1 +d7 ( )

In the Main Text, both h; and z; follow relationships of this kind; we use the symbol (; here to emphasise that the
same solution strategy applies in both cases, and describe specific solutions below. This system is solved, after [1], by

defining o = ai‘d, = C%, D=ad—-bc,y; = + % and implicitly defining w; through y; = w:f”l. These changes of

variables allow us to find an expression for w;, which can then be substituted back through the above chain to find
(;- We have

B
Yi = a— 15
Yi+1 (15)
Wi _ g B (16)
Wi4-1 Wi4-1
— ,Bwi+2 —aw;y; +w; =0, (17)

which is solved by considering solutions to the characteristic equation 8k? —ak +1 = 0, which are straightforwardly
k12 = 55(a £ /a2 —45). Then

C1k] + Caok} (18)

Coki + K
Y Cokith + kit (19)
Cok} + K, d
= —o 72 2 20
G Coki™ + ki ¢ (20)

wj

where C; are constants to be determined from boundary conditions. If the boundary condition takes the form

Cn = fiig, as is the case throughout the situations we consider, we obtain

Cokt + Kb d pz +q

2 = 21
Coki™ + kSTt ¢ rz+s (21)
~ 0y - k3 k™ (kac(pz + q) + kod(rz + 8) — c(rz + s)) (22)

c(rz+s) — kic(pz + q) — kid(rz + s)

Thus, given knowledge of a, b, ¢, d from the recurrence relation and p, ¢, r, s from the initial condition, we can obtain
k1, ko through « and S and hence use Eqns. 22 and 20 to obtain a solution to the recurrence relation. Below, we use
this approach to obtain solutions for the systems of interest in the main text.

Binomial partitioning solution for A

We will use the substitutions { = e*~)7 I’ = e~ The original recurrence relation is



hi =g (; + hglﬂ') (23)
(Wl = Nhip1 + (=X —v(l—2))
~ (A= 1))k + v = A+ 1))
Wl =N+l
T —D))z+ (=AY (26)

hence, a = (Wl—A),b=2v—vi—X),c=AN—=XN),d=2v—-A=A),p=@l'=N),qg=w—-vl'),r =l -1)),s =
(v — Al'). Using these values to determine «, k1, k2, and after some algebra, we obtain

200 (2 = 1)(A+ (1 = 2)) + 20O = 2(L+1' = 2)) + v(I - 2)

M= A = 1) (e = 1) + 2T — 20+ T —2)) + v( = 2)) (27)
Subtractive partitioning solution for h
hi = g(th, 7) (28)
_ W =Nhip+ (v —vl)
T A= Dhis + =AY (29)
hn = g(z,1), (30)
_ W' = XNz+ (v —vl') (31)

AU =1)z+ (v =)’

Thhence a=wWl-N,b=w—-vil),ec=A1-1),d=w—-XN),p=@l'—N),q=w—-vl),r=A1'—1),s = (v — ).

"M'v(z — 1) + 1 (v — \2)

" G =) + i — ) (32)
Binomial partitioning solution for z
1 g(ziea,T)
w= gt (33)
_ (O +v) =2X )z + (2v = 1A +v))
T (@A —D)zior + (2v —2N) (34)
 Qu 2Nz + ([(A+v) —2v)
T T AT = )z + (O v) — 20 (35)
o= % * (227 : (36)
_ Oty -2+ (v —T(A+ ) .

@AV = 1)z + (2v —2X)

In Eqn. 35 we have used the equivalence in Eqn. 14 to rewrite the recurrence relation in the form we have previously
solved. Subsequently, a = (2v —2Xl),b = (I(A+v) —2v),c= (2 X1 =1)),d=({(A+v) =2\, p=(I'(A+v)—2X),q =
Qv —U(A+v)),r=02AI'—1)),s = (2v — 2\I'), leading to

T E-DIA+r) = 20) = 20N (z 1) + (1 = 2)(Az —v))
T TN -1 - 20Nz — 1) + (1 - 2)(\2 — 1))

(38)



Subtractive partitioning solution for z

i = g(zifla’r)a (39)
Wl =Nz + (v =)
AU = 1)zim1 + (v = Al)’ (40)
(v =X)zip + (vl —v)
A PTG R ) Y (41)
21 = g(z,t), (42)
_ W' = Nz+ v —vl') )

AU =1))z+ (v = A")’
Hence a= (v —=A),b=wl—v),c=A1-10),d=wl=XN),p=wWl' =N, q=w—=vl'),r=X1'-1),s = (v =),
leading to

(2= 1) + (v — Az)
LAz = 1)+ (v — A2)

Zi

Products of prefactors over the inductive process

We are concerned with an expression for the product H?zl d(z;,7) from the Main Text. We first consider
[T, &(2;,7) which occurs as a factor in this expression in every partitioning regime. We recall that £(z,¢) has
the form

vV—A o/
&(z,t) = (}\e()\u)t(z —1) -z + 1/) o

If we write z; in the form

i Aiply + Bipls
=
Azpiy + Baplp
a general form separating variables raised to the power i in z; (here represented by p), from their coefficients zzlj, Bj,
the form of Eqn. 45 gives us:

A1ply + Bipl )
1pA+ 1pB) (47)

2,7) = : :
§lzT) <A2Pf4 + Bapj

where A1 = (AQ(V - )\)),Bl == (BQ(V - )\)),AQ = ()\l(Al - Ag) + VAQ - )\Al),BQ = ()\Z(Bl - BQ) + Z/BQ - )\Bl),
v = a/ ], following from the form of &(z,t).
The product of an expression of this form can be written

n n ; . n . Y n . -
A1py + Bipp )7 n(n+1)/2 < Ay PlA) n(n+1)/2 ( Ay pf4>
ziyt) = A PB ) = | By [T(1+ 552 B [T(1+3252 48
[1¢G ) L (Azp;, + Bapls s LT B 2Pn U "B, 0 (48)

i=1 g

Here we make use of the ¢g-Pochhammer symbol (a; q),, defined by

n—1

(a;9)n = H (1- aqk)' (49)

k=0



The terms within the brackets on the RHS of Eqn. 48 then become, by setting a = —A;/B; and ¢ = pa/ps,

7 N APZ n(n+1)/2 1
By py "2 (H”.A) = By g (S AV By palpB)ni, (50)
e El Bj plg e L+ A;/B;> 70 i
n(n _A/BPA/pB)n+1
_ pntt (n+1)/2 (—A4;/Bj; 1

and so

n v n - n+l p—n—1 v
n n(n+1)/2 Ay pa n n(nt1)/2 Az pa _ (BYT'By" (A + Ba)(— A1 /B pa/pB)nt
B I | 1+ —— B | I 1+ —=— =
( 15 ( * B pB>> < 2Pp , < * By PB)) < (A1 + B1)(—A2/B2; pa/pB)nt1 ’

i=1
(52)
yielding a simple form for the product of interest. For the binomial case, we have from Eqn. 38:

=DM +) = 20) = 2T N (2= 1) + (= 2)(Az = 1/))

TN - -1) = 2IN (e = D+ (= 2)(hs — 1) (53)

Here, the two quantities raised to the power of ¢ in z; are [ and 2, so we set p4 =, p, = 2. Then by comparing
coefficients we identify A; = (I'(z—1)({(A+v)—2v)), By = (=l(A'(z—1)+(1—2)(A\z—v))), Ay = 2X'(2—1)(I-1)), By =
(=I(N'(z=1)+ (1 —=2)(Az—v))), hence A; =2X\'(l —=1)(z — 1) (v = A), A = NI - 1)(z = 1)(v — N\),By = By =
—IN'(z=1)+ (1 —-2)(Az—v))(v — N), and finally v = o/ .

For the subtractive case, we have from Eqn. 44:

Plv(z—1)+1(v — \2)
2 = — .
LNz = 1)+ (v - A2)

(54)

Now the quantities raised to the power of ¢ are [ and 1, so we set pa =, pp = 1, and find A = ('v(z - 1)), B, =
(I(v — Xz2)), Ay = ('\N(z —1)),By = (I(v — A\z)), hence Ay = X'(z — 1)(v — N\), Ay = Xl'(z — 1)(v — A\),B; = By =
(v =N (v—2Az), and v = o/ .

Other products

We can also use this result to compute the product of exponentiated prefactors involved in the subtractive inheritance
regimes. We will first consider the product []}_, g(z;,7)~", which plays a role in the deterministic subtractive
inheritance we consider later. We recall the definitions of the recurrence relations in the Main Text

hi(z,t) = g(0(hit1),7) 5 ha(2,t) = g(2,t) (55)
ziv1 = 0(9(zi,7)); 21 = 0(g(2,1)). (56)

For both subtractive inheritance cases, 6(g(z,t)) = g(z,t), so it can straightforwardly be seen that

Zig1 = 9(2,7); 21 = g(2, 1) (57)
hi(zat) = g(hiJrlvT); hn(zat) = g(zvt) (58)
and so hy(z,t) = 21; hpn—iv1 = 2i. (59)

Thus, the product [[;_, g(zi,7)~" is equivalent to the product [j_, h;", where j = n —i+ 1. As i and j are

dummy variables, we can then identify the required solution as [];_, h; ". We have from Eqn. 32 that

Mz = 1)+ 1 (v — X2)

M= G D) 1 B~ Az) (60)
vl (—xg)" (2 — 1) + 2t (—x2) (v — A2)
N (—xo)" (2 — 1) + 2 (—x) (v — A\2) (61)
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where we have rewritten the final line to avoid a diverging factor of (2 —1)~! appearing in the Pochhammer symbol,
using

zp = —— (VN 1) (62)

Ty = (X1 1) (63)

We then see that h; " is of the form Eqn. 47, so we can use the result therein, with A; = vl'(—x2)"(z — 1), By =
By = in’(l/ - )‘Z)vAQ = )\l/(—J}Q)n(Z - 1)7PA =Z1,PB = (_'/EQ)a’Y = —-n.

1
29(zi,t)
again exploit the relation between g(z;,7) and h; in Eqn. 59 to show that the kernel of the desired product is

n
Next, we wish to compute an expression for H?:l (% + ) , of use in the random subtractive regime. We

equivalent to (% + ﬁ”) Again, we use h; from Eqn. 32; after some algebra this expression reduces to

l'x’i(—;vﬁ”(z — DA+ v) + 227 (—x2) (v — \2)
2zt (—x2)v(z — 1) + 227 (—x2) (v — Xz)

(64)

whereupon we can use Eqn. 52 with 41 = I'(—xz2)"(z — 1)(A+ v), By = By = 2z} (v — Az2), A = 2U'(—x2)"v(z —
1)apA =1,PB = (_1'2)7’7 = 277

Full forms of generating functions

To recap, we use a, A, to respectively represent the rates of immigration, birth, and death in our model; mg
for initial copy number; 7 for cell cycle length, n for the number of divisions that have occurred, and ¢ for the
elapsed time since the most recent cell division. We employ simplifying symbols [ = eP=7:1" = ¢A=¥)t and
=M1 =1) /A =v)iz = A1 - 1)/(\ —v).

The general form of the generating functions was shown in the Main Text to be

Gn(z,t) = (H §(zi,7')> (H (b(zi,T)) &(z,t) ho(z,t)™°, (65)
=1 =1

) (ii) (i) ()

where z; and h; are the solutions to recursion relations defined in the Main Text. The term (iii) is the same in all
calculations and is, from Eqn. 12,

v—A /A
£zt = (Al(z—l)—Aeru) ' (66)

The generating function in the case of binomial partitioning at cell divisions involves (i) Eqn. 52 applied to the
appropriate terms described in Eqn. 53; (ii) unity; (iii) Eqn. 66; and (iv) hg from Eqn. 27, giving overall

MI(I-=1)(z=1)=I(N'(z -1 I —2)( Az — j”\l'(lfl)(zfl) L
(= (e = 1) = I (= = 1) + (1= Dz =) (e s),

(A~ 1)(z = 1) ~ 1z — 1)+ (L= 20z~ ) (o ey %)nﬂ

y v—\ a/X
AM(z—=1)—dz+v

(l"l’(z “ D)+l —2) + 22O — 2+ 1 —2)) + vl — 2))>m0
(2 — DA — 1)+ 27O\l — 2(l + I —2)) + (i — 2))

Gn(z,t) =




The generating function in the case of random subtractive inheritance involves (i) Eqn. 52 applied to the appropriate
terms described in Eqn. 54; (ii) Eqn. 52 applied to Eqn. 64 as described; (iii) Eqn. 66; and (iv) ho from Eqn. 32,
and is

oy N (—0)" (2 — X 2n
(12" (=~ 1) = 22 (A= =) (ORI =)

(IO + V) (=) (= 1) = 20 (A2 = 1)) (% =)

Gn(z,t) =

’ . . Al'(z—1)
1z = 1) + (v = 22) (5 ,l)n+1

x —AUl(z—1)
/ _ _ z—
N'(z—=1)+ (v —Az)) ( ) ’l)n+1
_ a/A njl _
" v—2A M'v(z—=1)+v— Az (68)
M(z—=1)=Az+v M'A(z—1)4+v— Az

Birth-death dynamics for the mtDNA bottleneck

For birth-death dynamics, a = 0, so for binomial partitioning the generating function takes the form of the final
term in Eqn. 67.
In the case of balanced copy number, with A =1n2/7 + v,

(27 —1)(z — 1)v7 — 2zIn?2
2t/7(2 — 1) (v +1In2) — 2In2 —v1(2 — 1)

g(Zﬂf) =

The corresponding solutions for z;, h; are

2T (z = 1) ((i 4+ 1)v7 +iln2) — 2(z — 1)vr — 2In4
 2/(z—1)(i+ 1) (v +1n2) — 2(2 — 1)vT — zIn4
2UT(z = 1)((i —n — 2wt + (i —n)In2) + 2vr(2 — 1) + zIn4
2U/7(z = 1)(i —n —2)(vT +In2) + 2v7(2 — 1) + zIn4

SO

Gn(z,t) =

1 x 1 x 1 x wr(z —1) =297 (z = 1)((n + 2)vr + nIn2) + 2In4\ "™
2ur(z —1) = 2t/7(2 = 1)(n + 2)(v7 +1n2) + zIn4
— '

@ G G (iv)

Relaxed replication of mtDNA dynamics

The generating function for a single cell cycle (involving immigration and death dynamics) can straightforwardly
be found

G(z,t) =exp ((1 - e P mgpi (2 — 1) (1+ e Ptz — 1))mO , (73)

and so
&(z,t) = exp ((1 - e_Bt)mopt(z - 1)) (74)
g(zt) = 1+e % (z 1) (75)

For binomial partitioning, we have ¢(z,t) = 1 and 0(g(z,t)) = (1/2 4 g(#,t)/2). The solutions of the appropriate
recurrence relations are then:



zi = 1427 P05 )
hi -1 +2i—ne—ﬂ(t+(n—i)7)(2 _ 1)

So the overall generating function is

9-ne=Bt(PT — 1)(2 — e=BnT)

Gn(z,t) = exp <mopt(z —1) ( S 1 )) x 1x exp ((1 — e Ymgp(z — 1))

——

R (i) (iii)
m
X (1 4o BltEnT) (4 1)) °,

(iv)

which after some simplification can be written as

G(2,t) = e T(cz +d)™,

with

9—n —pBt BTil on _ —pBnT
a = Mept <166t+ G X ¢ )>,

2efT — 1
b = —a;
27n675(t+n'r),

=1-c

In particular, the mean copy number is (ae®**°(cz + d)™ + e**mgc(cz + d)m“_l)zzl, giving

o—n —pBt 57_1 mn _ —BnT
E(m, 1) = 2" P mg 4 gy, (1—e-ﬂt+ il ))

2ebT — 1

and setting ¢t = 7 (at the end of a cell cycle), we obtain

1+ 2—n(e—,8'm— _ e—,B(n+1)T>

E(m,7) — mept = Mopt — 2 e ATt ) .

2ePT — 1
The n — oo limit of this expression is
1
E(m, T) — Mopt 7H—OO> mmopt.

In this n — oo limit the generating function reduces to

—Bt(e—Bt _1q
G(z,t) 2225 exp (mopt(z -1) (1 —e Pty 622;7_1)>> ’

so that

T - —T m T - —T
Pl 1) "2 1 <m0pt(1zeﬁ + e A ))) exp<mo,,t(12eﬂ + e B >)>.

m! 1 — 2eP7 1 — 2eP7

Using Eqn. 79 and Leibniz’s rule, the general probability distribution function is given by

(85)

(86)



1 0mG

P(m.t) = m! 9zm

z=0
|

1 <= /m “k azib  TMa! ke
- m az dmo
m@(k) -t

az+b(_ . \m dm,g—m
_ ¢ (=0)™(cz + d) U(—m,l—m+m0,

z=0

—a(ez + d))

m/!

= (1/m!)(=c)™d™~™e’U (—=m, 1 — m + mg, —ad/c)

where U(a, b, z) is the confluent hypergeometric function.

z=0

)

(89)

(90)

(91)

(92)

For subtractive partitioning, we have ¢(z,t) = (1/2 4+ 1/(2g(z,t)))?" and 6(g(z,t)) = g(z,t). The solutions of the

appropriate recurrence relations are then:

zi = 14 POFEDT () (93)
hi = 14 A=), _7q) (94)
So the overall generating function is
z—14+ eﬁ(t+n7) ie—ﬁ(t-&-nf) 2—1 ;eBT 2n
Gn(z,t) = exp (mopt(z ~1) (e—ﬁt _ e—ﬁ(t-‘rnr))) A ( t ) (5 - )( ) )n+1
(2 = 1+ 2e80+n7)) (—e=BlHnT) (2 — 1);€P7) |
(@ (i4)
X exp (Mopt(z — 1)(1 — e#1)) (1 p e BT () 1)) ’ (95)
D) ()
In particular,
E(m7 t) = mopt + e_ﬂ(t+nT) (mO - mopt + 77(1 + (07 e[%—):htl))' (96)
It follows straightforwardly from the definition of the g-Pochhammer symbol that
n+1
_ ¢ -1
(05@)n41 = -1 (97)
(" — D" —1)
0;q)0 , = 98
( ),+1 (q+1>(q_1)2 ( )
Using these results and setting ¢ = 7 (at the end of a cell cycle), we obtain after some manipulation
Cprusny (L= €7IT) G (e~ P DT o)
E(m; T) — Mopt = Mo€ Br(n+1) + 1 ieﬂ‘r (99)
and the only term retained in the n — oo limit is
E(m7 T) - mopt n*>00) U (100)

1—efm’



10

Different dynamic phases

We are concerned with the extension of the generating function for the birth-death process over n cell divisions
with the same rate parameters A, v to the case where we have different dynamic phases described by parameters
{A1,v1},{ A2, 2}, .... The generating function for the birth-death process, without immigration, is the final term in
Eqn. 67. We will write this expression in the form

Pz+Q)m°

G(z,tmg) = (M (101)

with coefficients

= NI4T —2) = "V (A +v(l—2)) (102)
U+ v(l—2)) — 28\ + (i — 2)) (103)
= N =1 +2°A(1+ 1 —2) (104)
= 2N (1 — 1) — 2" + v(l — 2)). (105)

n O
|

If we now label these coefficients with an index r denoting the appropriate dynamic phase, so that, for example, P,
is Eqn. 102 with \,, v, n, replacing A, v, n, we can write:

P z4+Q,
hr — max max 106
i RT'm,azZ + S7'7naz ( )

Prhr—i-l + Qr
hy = ————— 107
" RrhrJrl + Sr ( )

Pyz + )

Yoverall = hO = .Z;()Z'F%))’ (108)

where P,,...S, are given by the recurrence equations

P. = PPy +Q R4y (109)
Qr = QrQry1+ QrSri (110)
R, = R Py + SRy (111)
Sr = S,Qri1+ SrSria, (112)

with P, = P,,....S, = S,. If we write the matrix

M, — (g: g: ) (113)

the general solutions to these equations can compactly be given by
]50 QO Tmax
~ 2 = M, 114
(B @)=TIm (114)
7=0
Birth-death-binomial extinction probabilities without balance and/or cell divisions

The birth-death-binomial generating function is given by setting o = 0 in Eqn. 67. We set A =k + v+ In2/7 and
only consider times immediately after cell divisions, hence setting t = 0 and I’ = 1, giving
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Gon(z,0) = <21/(l;€ — D)4+ 7 -1k +rr(2l — 1)+ In2) + (1 + 2 — 2lp2)(k + v + 1n2/7)>m° ()

2wl —1)+ 77z — )2l — 1) (k7 +v7+1In2) + (1 + 2 — 2lp2)(k + v+ 1In2/7)

where [, = e"". Extinction probability is thus

" — 1) (kT + 720, — 1) +1In2 mo
PBD(m _ O) _ ( — ( k )( ( k ) ) — > (116)
kT =10 = 1)+ vl — 1)1 —1) =In2 = [} In2 4+ 1" In4
which reduces to
Pgp(m =0) ( L=l )mo (117)
m = — - Kk
By L4 1p — 27T

for v = 0, as given in the Main Text.
In the absence of cell divisions, the birth-death generating function is simply Eqn. 12 with @ = 0. Setting z = 0
gives the general extinction probability

(118)

peA=t _ "
NeOA -t _ V) :

Ppp/(m =0) = (

Copy number balance can be enforced in the absence of cell divisions by taking the A = v limit, from which follows
the generating function

z2+vt—vzt\"
Gpp g(zt) = 22—V 119
B0 (%) <1+Vt—1/zt) (119)
from which straightforwardly follows the extinction probability
vt \™°
Ppp =0) = 120
ool =0) = () (120)

Other partitioning regimes

We have derived results for the case where a binomially-distributed random number of agents is lost at each cell
division. We now consider the case where this number is a fixed constant. We will denote this constant loss number
by n. In this case,

Pts(mi,a‘mi,b) = 5mi,a,mi,b—7]; (121)
S ECat) [ol= )™ Palmialmyy)
m;,q=0
= &(z,t)g(z, 1) "g(z, 1) (122)
and so ¢(z,t) = g(z,t)7 (123)
0(9(z,1)) = g(z1). (124)

As 0, £ and g take the same form as for the random loss case, the solutions for z; and h; are the same as before. The
difference (due to the different form of ¢) is in the second product in the general generating function form, which is
now [, g(z;,7)~". By Eqn. 61 we have that this factor takes the form of Equn. 52, with Ay = vi(z—1)(—z2)", By =
By = 27 (v — Az), A = Nl(2 — 1)(=22)", pa = 71, pp = (—2),7 = —1.

The generating function in the case of deterministic subtractive inheritance involves (i) Eqn. 52 applied to the
appropriate terms described in Eqn. 54; (ii) Eqn. 52 applied to Eqn. 61 as described; (iii) Eqn. 66; and (iv) hg from
Eqgn. 32, and is
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n n — vl (z=1)(—=z2)" . 2 -1
V(s = 1)(—a)" + (v = A2)) (P =)
n —A'(z=1)(—z2)" . =z
W' (z = 1)(=x2)" + 2T (v — A2)) (W’ —é)nﬂ
a/X
, Ao,
Wiz = 1) 1 = 32) (Fsgh)

o _ —Al(z—1)
(N/(2 — 1) + (v — A2)) ( it ,z)n+1

v—\ XYz — 1) v — Az 195
% (/\l(z—l)—)\z—i—u) (l"l’A(z—l)—i—u—/\z) (125)
Now we briefly explore two other inheritance regimes of potential biological applicability. In these cases we have not
been able to obtain closed-form solutions for an arbitrarily large number of cell divisions: however, the appropriate
recursion relations may be followed for as many divisions as required in order to obtain a closed-form solution for the
generating function.

First we consider deterministic partitioning of agents, where each daughter inherits exactly half of a parent’s
population. In this case:

Gn(z,t) =

X

Ps(mialmip) = Om,oimin)/2; (126)
S €(t) gl 0™ Pa(mialmyy)
mi,qa=0
= &(z,t)g(z,t)m/? (127)
and so ¢(z,t) = 1; (128)
0(9(2,t)) = 9(z,1), (129)

leading to the recurrence relations

zi = V9(zie1,7); 21 = Vg(z,1). (130)
hi =g (\/ hi+177') s by = g(2,1). (131)

Next we consider the binomial inheritance of clusters of agents. We will assume that these clusters are of fixed size
n.. In this case, we consider the new variables Cj, = m; p/n¢, Cq = Mj q/n¢ (denoting the number of clusters before
and after a cell division), and write

™mib

oo
Z gmL uPJ mz a|mz b)Pifl(mi,ln T|m0)

m; p=0m;, =0

i CZ ( )2 P,y (neCh, 7mo) (132)

0C,=
1 gre
= (2 ) z 1(TLCCb,’T|m0> (133)
™mi,b

Z (2+92“> Py (mig, TImo) (134)

m;,p=0

The resultant generating function analysis yields a very similar outcome to those previously considered, with the
altered recurrence relation
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1
1 g(zioy, 7))\ e L gz t)he\me
i = | s t+t—F s =+ )
’ (2 ’ 2 =27 (135)

1 A\ e
90 ((2 + 2“) ,T> she = go(z,1). (136)

We have been unable to reduce the recurrence relations Eqns. 130-131 or Eqns. 135-136 to a closed-form solution
for birth-death dynamics, but the corresponding problems may be solved for an arbitrary number of cell divisions by
writing out the recurrence explicitly, thereby obtaining the generating function for a given number of cell divisions.
The figure in the main text uses this approach.
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