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Supplementary Information

In this Supplementary Information, we detail the analysis, calculations and
results presented in the main text.

Extracting the strength of a potential well for a
Rouse polymer

A Rouse polymer which has one monomer interacting with a infinite potential
well, can be described by the energy potential

Φ(R) =
k

2
R2

n +
κ

2

N−1∑
i=1

(Ri+1 −Ri)
2. (1)

where R = (R1,R2, ...,RN ) is the collection of the monomers, connected by a
spring constant κ = dkBT/b

2, b is the standard-deviation of the distance be-
tween adjacent monomers [21], kB the Boltzmann coefficient, T the temperature
and d the dimensionality (dim 2 or 3), k is the strength of the external harmonic
well acting on monomer n, located at the origin.
To extract the strength of the potential well applied on monomer n from the
measured velocity of locus c (n < c), we will compute

lim
∆t→0

E{Rc(t+∆t)−Rc(t)

∆t
|Rc = x} = −D

∫
Ω

dR1..

∫
Ω

dRN (∇RcΦ)P (R|Rc = x). (2)
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The force acting on monomer c, when its position is x is given by

F c
Rc=x = −∇RcΦ(Rc−1,Rc,Rc+1)Rc=x = −κ (x−Rc−1)− κ (x−Rc+1) . (3)

The equilibrium probability distribution function is the Boltzmann distribution,
conditioned to Rc = x:

P (R|Rc = x) = N e−Φ(R1,...,Rc−1,x,Rc+1,..,RN ), (4)

with the normalization factor

N−1 =

∫
Ω

..

∫
Ω

dR1..dRc−1dRc+1..dRNP (R|Rc = x)

=

∫
exp

[
−κx2

]
exp

−1

2

N∑
p,q=1;p,q ̸=c

Ap,qRpRq +

N∑
p=1;p ̸=c

BpRp

 dR1..dRc−1...dRN

=

[
(2π)N−1

detA

]d/2
e−κx2

e
1
2B

TA−1B. (5)

The matrix A is a matrix that can be decomposed into d blocks Ai, each of size
(N − 1)× (N − 1). Ai is also a block matrix of

Ai =

(
Ai

1 0
0 Ai

2

)
(6)

with

Ai
1 =



κ −κ 0 · · · 0 0
−κ 2κ −κ · · · 0 0
...

...
...

. . .
...

...
... 0 −κ 2κ+ k −κ

...
...

...
...

. . .
...

...
... 0 0 −κ 2κ −κ
... 0 0 0 −κ 2κ


, (7)

which is of size (c− 1)× (c− 1) and

Ai
2 =



2κ −κ 0 · · · 0 0
−κ 2κ −κ · · · 0 0
...

...
...

. . .
...

...
... 0 0 −κ 2κ −κ
... 0 0 0 −κ κ


, (8)
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which is of size (N − c)× (N − c). The vector B is composed of d blocks, each
given by

Bi =



0
...

κxi

κxi

0
...


. (9)

Since Ai is a tridiagonal matrix, we compute the determinant and its inverse
using an algorithm proposed in [34]: first, the determinant of the matrix Ai is
found by solving the recurrence relation

θl = blθl−1 − alcl−1θl−2 l ≥ 1,

θ−1 = 0,

θ0 = 1, (10)

where bj are the elements on the diagonal (j = 1..N), aj are the elements
bellow the diagonal (j = 2..N) and cj are the elements above the diagonal
(j = 1..N − 1). For l < n the recurrence relation is

θl = 2κθl−1 − κ2θl−2 for n > l ≥ 2,

θ0 = 1,

θ1 = κ. (11)

The characteristic polynomial of the relation is

P (t) = t2 − 2κt+ κ2, (12)

which has one double root

r = κ. (13)

Thus, the solution of the recurrence relation (11) is

θl = k1κ
l + k2lκ

l. (14)

Substituting the initial conditions (eq.11), we find

θl = κl for l < n. (15)

We next find the series solution at position n:

θn = (2κ+ k)θn−1 − κ2θn−2 = κn + kκn−1, (16)

while

θn+1 = 2κθn − κ2θn−1 = κn+1 + 2kκn. (17)
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We solve again the recurrence relation

θl = 2κθl−1 − κ2θl−2 for l > n+ 1,

θn = κn + kκn−1,

θn+1 = κn+1 + 2kκn. (18)

Eq.(18) has the same characteristic polynomial (eq.12), thus

θl = k1κ
l + k2lκ

l (19)

and with the new initial conditions (eq.18), we find

θl = κn−1
(
κl−n+1 + (l − n+ 1)kκl−n

)
, for n ≤ l ≤ c− 1. (20)

Thus, since detAi
1 = θc−1 [34]:

detAi
1 = κn−1

(
κc−n−1+1 + (c− 1− n+ 1)kκc−1−n

)
=
(
κc−1 + (c− n)kκc−2

)
(21)

and using eq.(15) we find

detAi
2 = κN−c. (22)

The term in the exponential in eq.(5) is given by

(Bi)T [Ai]−1Bi = (κxi)2
(
(Ai

1)
−1
c−1,c−1 + (Ai

2)
−1
1,1

)
. (23)

Since Ai
1 is a tridiagonal matrix [34]

(Ai
1)

−1
c−1,c−1 =

θc−2

θc−1
=

κ−1
(
κc−1 + (c− n− 1)kκc−2

)
(κc−1 + (c− n)kκc−2)

=
κ+ (c− n− 1)k

κ (κ+ (c− n)k)
, (24)

while [34]

(Ai
2)

−1
1,1 =

1

κ
. (25)

Substituting (24) and (25) into (23) we find

(Bi)T [Ai]−1Bi = (κxi)2
(
κ+ (c− n− 1)k

κ (κ+ (c− n)k)
+

1

κ

)
= (κxi)2

(
2

κ
− k

κ (κ+ (c− n)k)

)
. (26)

Substituting (26) into (5) we find

N−1 =

[
(2π)N−1

(κ+ (c− n)k)κN−2

]3/2
e−κx2

e
1
2B

TA−1B

=

[
(2π)N−1

(κ+ (c− n)k)κN−2

]3/2
e
−1

2
κx2

e
− x2kκ

2 (κ+ (c− n)k) . (27)
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We can now we calculate the conditional expectation of the measured velocity
of monomer c (eq.2).

lim
∆t→0

E{Rc(t+∆t)−Rc(t)

∆t
|Rc = x} =

−NDe−κx2

∫
(κ (x−Rc−1)− κ (Rc+1 − x)) e−

1
2

∑
i,p,q Ai

p,qRpRq+
∑

i,p Bi
pR

i
p

N∏
i ̸=c

dRi =

= −ND

[
(2π)N−1

detA

]3/2
e−κx2

e
1
2B

TA−1Bκ
(
2x−

(
Bc−1,c−1(A

i
1)

−1
c−1,c−1 +Bc,c(A

i
2)

−1
1,1

))
=

= −Dκ

(
2x− κx

(
2

κ
− k

κ (κ+ (c− n)k)

))
= −D

kκx

κ+ (c− n)k
. (28)

Finally

lim
∆t→0

E{Rc(t+∆t)−Rc(t)

∆t
|Rc = x} = −xDkcn, (29)

where

kcn =
kκ

κ+ (c− n)k
. (30)

For a Rouse polymer the force depends only on the distance along the chain
|c − n|. Interestingly, the restoring force decays inversely proportional to the
distance along the chain.

0.1 The variance of monomer c position

We now compute the variance of a monomer position ⟨R2
c⟩ with respect to its

average position (mean zero)

⟨R2
c⟩ =

∫
..

∫
R2

cP (R)
N∏
i=1

dRi = N
∫

R2
ce

−Φ(R)
N∏
i=1

dRi

= N
∫

R2
c exp

−1

2

N∑
p,q=1;p,q ̸=c

Gp,qRpRq

 N∏
i=1

dRi, (31)
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where the potential Φ is given by (1) and G is a matrix composed of d blocks
(Gi), each of size N ×N :

Gi =



κ −κ 0 · · · 0 0
−κ 2κ −κ · · · 0 0
...

...
...

. . .
...

...
... 0 −κ 2κ+ k −κ

...
...

...
...

. . .
...

...
... 0 0 −κ 2κ −κ
... 0 0 0 −κ κ


. (32)

Thus, rewriting eq.(31)

⟨R2
c⟩ = N

∫
R2

c exp

−1

2

N∑
p,q=1;p,q ̸=c

Gp,qRpRq

 N∏
i=1

dRi

= N

[
(2π)

d(N−1)

detG

]1/2∑
i

(Gi)−1
cc =

∑
i

(Gi)−1
cc , (33)

where [34]

(Gi)−1
cc =

θc−1ϕc+1

detG
(34)

and

ϕl = blθl+1 − al+1clθl+2 for n < l ≤ N,

ϕN+1 = 1,

ϕN+2 = 0. (35)

Since c > n, solving the recurrence relation 35, we find

ϕl = κN−l+1 for for n < l ≤ N,

(36)

Thus, using the value θc−1 (eq.20)

ϕc+1 = κN−c

θc−1 = κn−1
(
κc−n + (c− n)kκc−n−1

)
, (37)

while

θN−1 = κn−1
(
κN−n + (N − n)kκN−n−1

)
(38)
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Finally, the determinant is given by

detG = κθN−1 − κ2θN−2 = kκN−1 (39)

and the inverse element

(Gi)−1
cc =

θc−1ϕc+1

detG
=

κ+ (c− n)k

kκ
(40)

Finally, substituting (40) into eq.(33), we find the variance for the position to
be

⟨R2
c⟩ =

∑
i

κ+ (c− n)k

kκ
=

d

kcn
, (41)

where we use the definition 30 for kcn.

0.2 Extracting the strength of a potential well for a β-
polymer

We now derive an expression for the measured velocity of a monomer c when
monomer n further away along the chain interacts with an harmonic potential
well for the β-polymer model [24]. We recall that for the β-model, the polymer
potential is given

ϕ̃(R1, ...,RN ) =
1

2

∑
l,m

RnRmAn,m =
k

2

N−1∑
pq=0

αn
pα

n
qupuq, (42)

where

Al,m = 4κ
2

N

N−1∑
p=0

sinβ
( pπ

2N

)
cos

((
l − 1

2

)
pπ

N

)
cos

((
m− 1

2

)
pπ

N

)
. (43)

When a localized interaction acts on monomer n, the polymer energy becomes

ϕ̃(R1, ...,RN ) =
1

2

∑
l,m

RlRmAl,m +
1

2
kR2

n, (44)

which can be represented as

ϕ̃(R1, ...,RN ) =
1

2

∑
l,m

RlRmCl,m, (45)

where

Cl,m =

{
An,n + k,
Al,m, else.

(46)

The probability distribution function is the Boltzmann distribution

P (R) = N e−ϕ̃(R), (47)
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while the conditional probability distribution function is

P (R|Rc = x) = N e−ϕ̃(Rn,...,Rc−1,x,Rc+1). (48)

The normalization factor N is given by

N−1 =

∫
P (R|Rc = x)

∏
k ̸=c

dRk =

∫
e−ϕ̃(...,Rc−1,x,Rc+1,...)

∏
k ̸=c

dRk

=

=

∫
e−

1
2Cc,cx

2

exp

−1

2

 ∑
l,m ̸=c

Cl,mRlRm + 2
∑
l ̸=c

Cl,cRlx


=

∫
e−

1
2Cc,cx

2

exp

−1

2

∑
l,m

C̃l,mRlRm +
∑
l

FlRl


=

[
(2π)N−1

detC̃

]3/2
e−

1
2Bc,cx

2

e
1
2F

T C̃−1F , (49)

The matrix C̃ is the reduced matrix C (eq.46) when the row and column c is
removed. It is a block matrix with d blocks each of size (N−1)×(N−1), where
each block i given by

C̃i =



A1,1 · · · · · · · · ·
...

...
...

...
...

...
... An,n + k

...
...

...
...

...
. . .

...
...

...
...

... Ac−1,c−1 Ac−1,c+1 Ac−1,c+2

...
...

... Ac+1,c−1 Ac+1,c+1 Ac+1,c+2

...
...

...
...

...
...

...


, (50)

and the vector F is compose of d blocks, each of size (N − 1):

F i =



−A1,cx
i

...
−Ac−1,cx

i

−Ac+1,cx
i

...
−AN,cx

i


. (51)

The force acting on monomer c is given by

−∇Rc ϕ̃(R1, ...,RN ) = −Ac,cRc −
∑
l ̸=c

Al,cRl. (52)
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The conditional expectation of the velocity of monomer c at small time steps is

lim
∆t→0

E{Rc(t+∆t)−Rc(t)

∆t
|Rc = x} = D

∫ [
−∇Rc ϕ̃(R1, ...,RN )

]
Rc=x

P (R|Rc = x)
∏
i ̸=c

dRi, (53)

where the conditional force is given by (52) and the conditional probability by
(48) and (49). Thus

lim
∆t→0

E{Rc(t+∆t)−Rc(t)

∆t
|Rc = x} = D

∫ [
−∇Rc ϕ̃(Rc−1,Rc,Rc+1)

]
Rc=x

P (Rc−1,Rc,Rc+1|Rc = x)
∏
i ̸=c

dRi =

−NDe−
1
2Cc,cx

2

∫
(Ac,cx+

∑
l ̸=c

Al,cRl) exp

−1

2

∑
l,m

C̃l,mRlRm +
∑
l

F lRl

∏
i ̸=c

dRi =

−Ac,cDx−NDe−
1
2Cc,cx

2

∫ ∑
l ̸=c

Al,cRl exp

−1

2

∑
l,m

C̃l,mRlRm +
∑
l

F lRl

∏
i ̸=c

dRi =

−Ac,cDx−NDe−
1
2Cc,cx

2

[
(2π)n−1

detC̃

]3/2 ∑
i,l ̸=c

Al,c
∂

∂F i
l

e
1
2F

T C̃−1F =

−Ac,cDx−De−
1
2F

T C̃−1F
∑
i,l ̸=c

Al,c
∂

∂F i
l

e
1
2F lC̃

−1
l,mFm =

−Ac,cDx−D
∑
l ̸=c

Al,c

∑
m̸=c

C̃−1
l,mFm = −Ac,cDx−D

∑
l ̸=c

Al,c

∑
m̸=c

C̃−1
l,m(−Am,cx) =

−xD

Ac,c −
∑

l,m ̸=c

Al,cAm,cC̃
−1
l,k

 . (54)

We conclude that

lim
∆t→0

E{Rc(t+∆t)−Rc(t)

∆t
|Rc = x} = −xDkcn(β,N), (55)

where

kcn(β,N) = Ac,c −
∑

l,m ̸=c

Al,cAm,cC̃
−1
l,k . (56)

While for a Rouse polymer the force depends only on the distance along the
chain |c − n|, for a β-polymer, the effective spring coefficient depends on all
monomers.
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1 Extracting the strength of two potential wells
for a Rouse polymer

For a Rouse polymer subjected to two gradient forces, the energy Uext(R) can
now described by

Φ̃(R) =
κ

2

N∑
j=2

(Rj −Rj−1)
2
+

1

2
kn(Rn − µn)

2 +
1

2
km(Rm − µm)2. (57)

The external potentials represent the interaction of two monomers. We com-
pute here the average position ⟨Rc⟩ of monomer c, which is situated between
monomers n and m. For that goal, we rewrite the potential Φ̃(R) in a quadratic
form

Φ̃(R) =
1

2

∑
p,q

Ap,qRpRq +
∑
p

BpRp +
1

2
knµ

2
n +

1

2
kmµ2

m, (58)

where the matrix A is made of d blocks, each of size N ×N , where each block
i is given by

Ai =



κ −κ 0 · · · · · · · · · 0

−κ 2κ −κ · · ·
...

... 0
...

...
...

. . .
...

...
0 · · · −κ 2κ+ kn −κ 0 · · ·
...

...
...

. . .
...

...
...

... 0 −κ 2κ+ km −κ 0
...

...
...

. . .
...

...
...

0 0 0 · · · 0 −κ κ


(59)

and the vector B is compose of d blocks, each given by

Bi =



0
...

knµn

0
...

kmµm

0
...


. (60)

Since Ai is a tridiagonal matrix, we use the algorithm proposed in [34] to cal-
culate its determinant and inverse of matrix. For a, b < m, Ai

a,b has the same
structure as the matrix 7. Thus

θl = κl for l < n, (61)
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θn = κn + knκ
n−1, (62)

θl = κl−1 (κ+ (l − n+ 1)kn) , for n ≤ l < m. (63)

We next find the series solution at position m:

θm = (2κ+ km)θm−1 − κ2θm−2 = κm−2
[
κ2 + knκ(m− n+ 1) + km(κ+ (m− n)kn)

]
(64)

and

θm+1 = 2κθm − κ2θm−1 = κm−1
[
κ2 + knκ(m− n+ 2) + 2km(κ+ (m− n)kn)

]
. (65)

Again, we solve the recurrence relation

θl = 2κθl−1 − κ2θl−2, for m+ 1 < l < N,

θm = (2κ+ km)θm−1 − κ2θm−2 = κm−2
[
κ2 + knκ(m− n+ 1) + km(κ+ (m− n)kn)

]
,

θm+1 = 2κθm − κ2θm−1 = κm−1
[
κ2 + knκ(m− n+ 2) + 2km(κ+ (m− n)kn)

]
. (66)

Eq.(66) has the characteristic polynomial (eq.12), thus using the initial condi-
tions (eq.66), we find

θl = κl−2
(
κ2 + κ(kn(l − n+ 1) + km(l −m+ 1)) + knkm(m− n)(l + 1−m)

)
for m ≤ l < N. (67)

Using that

θN = κθN−1 − κ2θN−2, (68)

we obtain that the determinant is given by

detAi = θN = κN−2 ((km + kn)κ+ (m− n)knkm) . (69)

The inverse of the matrix Ai is given by [34]

(Ai)−1
ij =


(−1)i+jcici+1...cj−1

θi−1ϕj+1

θN
, i ≤ j

(−1)i+jajaj+1...ai−1
θj−1ϕi+1

θN
, i > j

θi−1ϕi+1

θN
i = j,

(70)

where

ϕl = blθl+1 − al+1clθl+2 for l ≤ N,

ϕN+1 = 1,

ϕN+2 = 0. (71)

Solving the recurrence relation 71 we find

ϕl = κN−l+1 for m < l < N,

ϕl = κ−m−1
[
κN+m−l+2 + (m− l + 1)kmκN+m−l+1

]
for n < l ≤ m,

ϕn = κN−n−1
[
κ2 + kmκ(m− n+ 1) + kn(κ+ (m− n)km)

]
. (72)
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The normalization factor is

N−1 =

∫
Ω

..

∫
Ω

N∏
i=1

dRiP (R) =

∫
Ω

..

∫
Ω

N∏
i=1

dRi exp
(
− 1

2

∑
p,q

Ap,qRpRq

+
∑
p

BpRp +
1

2
k(µ2

n + µ2
m)
)
=

[
(2π)N∏
i detA

i

]3/2
e−

1
2k(µ

2
n+µ2

m)e
1
2B

TA−1B.(73)

Substituting eq.(60) in the exponential term of the last equation, we get

BTA−1B =
∑
i

(kµi
n)

2(Ai)−1
nn + (kµi

m)2(Ai)−1
mm + k2µi

nµ
i
m(Ai)−1

nm + k2µi
nµ

i
m(Ai)−1

mn. (74)

We now estimate these elements of (Ai)−1:

(Ai)−1
nn =

θn−1ϕn+1

θN
=

κ+ km(m− n)

knkm(m− n) + (kn + km)κ
,

(Ai)−1
mm =

θm−1ϕm+1

θN
=

κ+ kn(m− n)

knkm(m− n) + (kn + km)κ
,

(Ai)−1
nm = (−1)n+m(−κ)m−n θn−1ϕm+1

θN
=

κ

knkm(m− n) + (kn + km)κ
.(75)

Finally, we compute the average position of monomer c

⟨Rc⟩ =

∫
Ω

..

∫
Ω

N∏
i=1

dRiRcP (R) = N
∫
Ω

..

∫
Ω

N∏
i=1

dRiRc exp
(
− 1

2

∑
p,q

Ap,qRpRq

+
∑
p

BpRp +
1

2
knµ

2
n +

1

2
kmµ2

m

)
=
∑
i

knµ
i
n(A

i)−1
cn + kmµi

m(Ai)−1
cm, (76)

where

(Ai)−1
cn = (−1)c+n(−κ)c−n θn−1ϕc+1

θN
=

κ+ (m− c)km
knkm(m− n) + (kn + km)κ

,

(Ai)−1
cm = (−1)c+m(−κ)m−c θc−1ϕm+1

θN
=

κ+ (c− n)kn
knkm(m− n) + (kn + km)κ

.(77)

Thus

⟨Rc⟩ =
1

knkm(m− n) + (kn + km)κ

∑
i

µi
nkn(κ+ (m− c)km) + µi

mkm(κ+ (c− n)kn). (78)

We now estimate the conditional expectation of the velocity for the observed
monomer c, in the small time step regime

lim
∆t→0

E{Rc(t+∆t)−Rc(t)

∆t
|Rc = x}. (79)
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The conditional expectation of the velocity of monomer c is

lim
∆t→0

E{Rc(t+∆t)−Rc(t)

∆t
|Rc = x} = D

∫ [
−∇RcΦ̃(R)

]
Rc=x

P (R|Rc = x)
∏
i

dRi

= D

∫
(κ (x−Rc−1)− κ (Rc+1 − x))P (R|Rc = x)

∏
i

dRi = −ÑDe−κx2− 1
2knµ

2
n− 1

2kmµ2
m

∫
(κ (x−Rc−1)− κ (Rc+1 − x)) e−

1
2

∑
i,p,q Ãi

p,qRpRq+
∑

i,p B̃i
pR

i
p

∏
i ̸=c

dRi

= −Dκ
∑
i

(
2xi −

∑
l

B̃i
l

(
(Ãi)−1

c−1,l + (Ãi)−1
c+1,l

))
, (80)

where Ñ is the normalization as computed in 73 when the c column is removed.
Ãi is a block matrix of size N − 1×N − 1

Ãi =

(
Ãi

1 0

0 Ãi
2

)
(81)

with

Ãi
1 =



κ −κ 0 · · · 0 0
−κ 2κ −κ · · · 0 0
...

...
...

. . .
...

...
... 0 −κ 2κ+ kn −κ

...
...

...
...

. . .
...

...
... 0 0 −κ 2κ −κ
... 0 0 0 −κ 2κ


(82)

which is of size (c− 1)× (c− 1) and

Ãi
2 =



2κ −κ 0 · · · 0 0
−κ 2κ −κ · · · 0 0
...

...
...

. . .
...

...
... 0 −κ 2κ+ km −κ

...
...

...
...

. . .
...

...
... 0 0 −κ 2κ −κ
... 0 0 0 −κ κ


(83)
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which is of size (N − c) × (N − c). The vector B̃ is compose of d blocks, each
given by

B̃i =



0
...

knµn

...
κxi

κxi

...
kmµm

...


. (84)

To find the determinant detÃi
1, we use eq.(63):

detÃi
1 = κc−2(κ+ (c− n)kn) (85)

and using eq.(72)

detÃi
2 = κN−c−1(κ+ (m− c)km). (86)

The elements of the inverse matrix are given by

(Ã1
i
)−1
c−1,c−1 =

κ+ (c− n− 1)kn
κ2 + (c− n)knκ

=
1

κ
− kn

κ(κ+ (c− n)kn)
,

(Ã2
i
)−1
c+1,c+1 =

κ+ (m− c− 1)km
κ2 + (m− c)kmκ

=
1

κ
− km

κ(κ+ (m− c)km)
,

(Ã1
i
)−1
c−1,n = (−1)c+n−1(−κ)c−n−1 θn−1

θc−1
=

1

κ+ (c− n)kn
,

(Ã2
i
)−1
c+1,m =

1

κ+ (m− c)km
. (87)

Now, we estimate the term in the parenthesis in eq.(80) by substituting eqs.(87)

Ki = 2xi −
∑
l

B̃i
l

(
(Ãi)−1

c−1,l + (Ãi)−1
c+1,l

)
= 2xi −

(
κxi(Ã1

i
)−1
c−1,c−1 + κxi(Ã1

i
)−1
c+1,c+1 + knµn(Ã1

i
)−1
c−1,n + kmµm(Ã2

i
)−1
c+1,n

)
= 2xi − κxi

(
κ+ (c− n− 1)kn
κ2 + (c− n)knκ

+
κ+ (m− c− 1)km
κ2 + (m− c)kmκ

)
− knµ

i
n

κ+ (c− n)kn
− kmµi

m

κ+ (m− c)km

= 2xi − xi

(
κ+ (c− n− 1)kn
κ+ (c− n)kn

+
κ+ (m− c− 1)km
κ+ (m− c)km

)
− knµ

i
n

κ+ (c− n)kn
− kmµi

m

κ+ (m− c)km

= 2xi − xi

(
2− kn

κ+ (c− n)kn
− km

κ+ (m− c)km

)
− knµ

i
n

κ+ (c− n)kn
− kmµi

m

κ+ (m− c)km

= xi

(
kn

κ+ (c− n)kn
+

km
κ+ (m− c)km

)
− knµ

i
n

κ+ (c− n)kn
− kmµi

m

κ+ (m− c)km
(88)
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We introduce into expression eq.(88) the position of monomer c with respect to
its mean position (x̃ = x− ⟨Rc⟩) (eq.78)

Ki =

[
x̃i +

1

knkm(m− n) + (kn + km)κ

∑
i

µi
nkn(κ+ (m− c)km) + µi

mkm(κ+ (c− n)kn)

]
(

kn
κ+ (c− n)kn

+
km

κ+ (m− c)km

)
− knµ

i
n

κ+ (c− n)kn
− kmµi

m

κ+ (m− c)km

= x̃i

(
kn

κ+ (c− n)kn
+

km
κ+ (m− c)km

)
. (89)

Finally, substituting eq.(89) into expression (80), we find

lim
∆t→0

E{Rc(t+∆t)−Rc(t)

∆t
|x̃} = −D(kc,n + kc,m)x̃, (90)

where

kc,n =
knκ

κ+ (c− n)kn
(91)

and

kc,m =
kmκ

κ+ (m− c)km
. (92)

1.1 Variance of monomer c position

We now find the variance of a monomer position ⟨R2
c⟩ with respect to its average

position

⟨(Rc − ⟨Rc⟩)2⟩ = ⟨R2
c⟩ − ⟨Rc⟩2, (93)

We begin by calculating

⟨R2
c⟩ =

∫
Ω

..

∫
Ω

dR1dR2...dRNR2
cP (R) = N

[
(2π)

d(N−1)

detA

]1/2∑
i

∂2

∂(Ri
c)

2
exp

(
1

2

∑
i

∑
pq

Ai−1

pq

)
=

∑
i

(Ai)−1
cc +

(
(Ai)−1

cn knµ
i
n + (Ai)−1

cmkmµi
m

)2
, (94)

where

(Ai)−1
cc =

θc−1ϕc+1

θN
=

(κ+ (c− n)kn)(κ+ (m− c)kn)

(km + kn)κ2 + (m− n)knkmκ
. (95)

Substituting (94), (95) and (78) into eq.(93) we find

⟨(Rc − ⟨Rc⟩)2⟩ =
1

kcn + kcm
. (96)
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1.2 Two potential wells located on the left side of the
observed locus (n < m < c)

Finally, we solve for the case n < m < c. We being with the average position of
monomer c

⟨Rc⟩ =
∑
i

knµ
i
n(A

i)−1
cn + kmµi

m(Ai)−1
cm, (97)

where Ai is given in eq.(59). Thus

(Ai)−1
cn = (−1)c+n(−κ)c−n θn−1ϕc+1

θN
=

κ

knkm(m− n) + κ(kn + km)
,

(Ai)−1
cm = (−1)c+m(−κ)m−c θm−1ϕc+1

θN
=

κ+ (m− n)kn
knkm(m− n) + κ(kn + km)

.(98)

The average position of c is

⟨Rc⟩ =
1

knkm(m− n) + κ(kn + km)

∑
i

knµ
i
nκ+ kmµi

m(κ+ (m− n)kn). (99)

The conditional expectation of the velocity of monomer c for a small time step
is defined as

lim
∆t→0

E{Rc(t+∆t)−Rc(t)

∆t
|x} = D

∫ [
−∇RcΦ̃(R)

]
Rc=x

P (R|Rc = x)
∏
i

dRi

= −Dκ
∑
i

(
2xi −

∑
l

V i
l

(
(U i)−1

c−1,l + (U i)−1
c+1,l

))
, (100)

where U i is also a block matrix of size N − 1×N − 1

U i =

(
U i
1 0
0 U i

2

)
(101)

with

U i
1 =



κ −κ 0 · · · 0 0 0
−κ 2κ −κ · · · 0 0 0
...

...
...

. . .
...

...
...

... 0 −κ 2κ+ kn −κ 0
...

...
...

...
...

. . .
...

...
...

... 0 0 −κ 2κ+ km −κ
...

...
...

...
. . .

...
...

...
... 0 0 0 −κ 2κ −κ
... 0 0 0 0 −κ 2κ



(102)

16



which is of size (c− 1)× (c− 1) and

U i
2 =



2κ −κ 0 · · · 0 0
−κ 2κ −κ · · · 0 0
...

...
...

. . .
...

...
... 0 0 −κ 2κ −κ
... 0 0 0 −κ κ


(103)

which is of size (N − c)× (N − c). The vector V is composed of d blocks, each
given by

V i =



0
...

knµn

...
kmµm

...
κxi

κxi

...


. (104)

To find the determinant detŨ i
1, we use eq.(67):

detU i
1 = θc−1 = κc−3

(
κ2 + ((c− n)kn + (c−m)km)κ+ (m− n)(c−m)knkm

)
(105)

and using eq.(61), we get

detU i
2 = κN−c. (106)

The (c-1,c-1) term of the inverse matrix is given by

(U i)−1
c−1,c−1 =

θc−2ϕc+1

det(U i
2)det(U

i
1)

=
κ2 + ((c− n− 1)kn + (c−m− 1)km)κ+ (m− n)(c−m− 1)knkm

κ (κ2 + ((c− n)kn + (c−m)km)κ+ (m− n)(c−m)knkm)

=
1

κ
− κ(kn + km) + (m− n)knkm

κ (κ2 + ((c− n)kn + (c−m)km)κ+ (m− n)(c−m)knkm)
,(107)

where we used eqs.(72),(67). For simplicity we name the indices of the matrix
U (i = 1, 2..c− 1, c+ 1, ..N)

(U i)−1
c+1,c+1 =

θc−1ϕc+2

det(U i
2)det(U

i
1)

=
1

κ
, (108)
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(U i)−1
c−1,n =

(−1)c+n−1(−κ)c−n−1θn−1

det(U i
1)

=
κ

κ2 + ((c− n)kn + (c−m)km)κ+ (m− n)(c−m)knkm
(109)

and

(U i)−1
c−1,m =

(−1)c+m−1(−κ)c−m−1θm−1

det(U i
1)

=
κ+ (m− n)kn

κ2 + ((c− n)kn + (c−m)km)κ+ (m− n)(c−m)knkm
.(110)

We estimate the term in the parenthesis in eq.(100) by substituting eqs.(107)-
(110)

J i = 2xi −
∑
l

V i
l

(
(U i)−1

c−1,l + (U i)−1
c+1,l

)
= 2xi −

(
κxi(U i)−1

c−1,c−1 + κxi(U i)−1
c+1,c+1 + knµn(U

i)−1
c−1,n + kmµm(U i)−1

c+1,n

)
= 2xi − κxi

(
2

κ
− (kn + km)κ+ (m− n)knkm

κ (κ2 + ((c− n)kn + (c−m)km)κ+ (m− n)(c−m)knkm)

)
− κknµ

i
n + (κ+ (m− n)kn)kmµi

m

κ2 + ((c− n)kn + (c−m)km)κ+ (m− n)(c−m)knkm

= xi

(
(kn + km)κ+ (m− n)knkm

κ2 + ((c− n)kn + (c−m)km)κ+ (m− n)(c−m)knkm

)
− κknµ

i
n + (κ+ (m− n)kn)kmµi

m

κ2 + ((c− n)kn + (c−m)km)κ+ (m− n)(c−m)knkm
. (111)

We introduce into expression eq.(111) the position of monomer c with respect
to its mean position (x̃ = x− ⟨Rc⟩) (eq.99)

J i =

[
x̃i +

1

k(m− n) + 2κ

∑
i

µi
nκ+ µi

m(κ+ (m− n)k)

]

×
(

(kn + km)κ+ (m− n)knkm
κ2 + ((c− n)kn + (c−m)km)κ+ (m− n)(c−m)knkm

)
− κknµ

i
n + (κ+ (m− n)kn)kmµi

m

κ2 + ((c− n)kn + (c−m)km)κ+ (m− n)(c−m)knkm

= x̃i
(kn + km)κ+ (m− n)knkm

κ2 + ((c− n)kn + (c−m)km)κ+ (m− n)(c−m)knkm
. (112)

Finally, substituting eq.(112) into expression (100) we find

lim
∆t→0

E{Rc(t+∆t)−Rc(t)

∆t
|x̃} = −Dkc,nmx̃, (113)

where

kc,nm = κ
κ(kn + km) + (m− n)knkm

κ2 + ((c− n)kn + (c−m)km)κ+ (m− n)(c−m)knkm
. (114)
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2 Computing the auto-correlation function of
the tagged locus when a force is applied

We now study the effect of the potential well on the second moment of the locus
dynamics by calculating its auto-correlation function. The external potential
can be written in term of the modes up

Uext(Rn) =
1

2
k(µ−Rn)

2 =
1

2
k

(
µ−

∑N−1

p=0
αn
pup

)2

, (115)

where we used the orthogonal transformation which diagonalize the Rouse po-
tential [21]

αc
p =


√

1
N , p = 0√

2
N cos

(
(c− 1/2)pπN

)
, otherwise.

(116)

In the presence of the potential, the Langevin equations for the modes are

dup

dt
= D

(
kαn

pµ− ((αn
p )

2k + κ̃p)up

)
−Dkαn

p

N−1∑
q=0,q ̸=p

αn
quq +

√
2D

dw̃p

dt
, (117)

with κ̃p = 4κ sin
(
pπ
2N

)β
(β > 1) [24]. Thus, the potential on monomer n couples

the dynamical equations for the modes. When the strength of the coupling term
is relatively weak (αn

p )
2k ≪ κ̃p, we can neglect the coupling term. This will be

the case for the higher modes given that k < κ and N large. In this case, the
Langevin equations 117 can be approximated by

dup

dt
= D

(
kαn

pµ− ((αn
p )

2k + κ̃p)up

)
+
√
2D

dw̃p

dt
,

du0

dt
= Dcmα

n
0 (µ− αn

0u0) +
√
2Dcm

dw̃0

dt
. (118)

We denote bp = (αn
p )

2k + κ̃p. The solutions of the eqs.(118) is

up(t) = up(0)e
−Dbpt +

kαn
pµ

bp

(
1− e−Dbpt

)
+
√
2Dp

∫ t

0

eDbp(s−t)dw̃p(s), (119)

while the expectation values are

⟨up(t)⟩ = up(0)e
−Dbpt +

kαn
pµ

bp

(
1− e−Dbpt

)
, (120)

⟨u0(t)⟩ = u0(0)e
−Dcmk(αn

0 )
2t +

µ

αn
0

(
1− e−Dcmkαn

0 t
)
.

The time auto-correlation function of mode p in the spatial direction i is [26]

⟨
[
ui
p(t1)− ⟨ui

p(t1)⟩
] [

ui
p(t2)− ⟨ui

p(t2)⟩
]
⟩ = 2D

⟨∫ t1

0

eDbp(s1−t1)dωi
p(s1)

∫ t2

0

eDbp(s2−t2)dωi
p(s2)

⟩
=

1

bp

(
e−Dbp(t2−t1) − e−Dbp(t1+t2)

)
≈ 1

(αn
p )

2k + κ̃p
e−D((αn

p )
2k+κ̃p)(t2−t1), (121)
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for t2 > t1, where we approximated for long times and introduced back the
expression for bp. Similarly, for the center of mass we have

⟨
[
ui
0(t1)− ⟨ui

0(t1)⟩
] [

ui
0(t2)− ⟨ui

0(t2)⟩
]
⟩ ≈ 1

(αn
0 )

2k
e−Dcm(αn

0 )
2k(t2−t1). (122)

Thus, the auto-correlation function of monomer c is

⟨[Rc(t1)− ⟨Rc(t1)⟩] [Rc(t2)− ⟨Rc(t2)⟩]⟩ =
d

k
e−D(αn

0 )
2k(t2−t1)

+
N−1∑
p=1

d(αc
p)

2

(αn
p )

2k + κ̃p
e−D((αn

p )
2k+κ̃p)(t2−t1), (123)

where (αn
0 )

2 = 1
N .
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