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Dissecting Collective Cell Behavior in Polarization and Alignment on
Micropatterned Substrates
Shijie He,1 Chenglin Liu,1 Xiaojun Li,1 Shaopeng Ma,1 Bo Huo,1,* and Baohua Ji1,*
1Biomechanics and Biomaterials Laboratory, School of Aerospace Engineering, Beijing Institute of Technology, Beijing, China
ABSTRACT Pattern-dependent collective behaviors of cells have recently raised intensive attention. However, the underlying
mechanisms that regulate these behaviors are largely elusive. Here, we report a quantitative study, combining experiment and
modeling, on cell polarization and arrangement on a micropatterned substrate. We show that cells exhibit position-dependent
collective behaviors that can be regulated by geometry and stiffness of the patterned substrate. We find that the driving force
for these collective behaviors is the in-plane maximum shear stress in the cell layer that directs the arrangement of cells.
The larger the shear stress, the more the cells preferentially align and polarize along the direction of the maximum principal
stress. We also find that the aspect ratio of cell polarization shape and the degree to which cells preferentially align along the
direction of maximum principal stress exhibit a biphasic dependence on substrate rigidity, corresponding to our quantitative pre-
dictions that the magnitude of the maximum shear stress is biphasically dependent on the stiffness of the substrate. As such, the
driving force of these cell collective behaviors can be quantified using the maximum shear stress.
INTRODUCTION
Pattern formation is an indispensable requirement for the
process of tissue morphogenesis (1,2). Although it is
thought to be regulated primarily by spatial gradients of
chemical factors known as morphogens (2–4), recent evi-
dence shows that the mechanical factors also play crucial
roles. For instance, there is a wealth of information showing
that geometric constraints, such as systematic changes of the
area and shape of the substrate using micropatterning tech-
niques, can remarkably influence adhesion-based cell be-
haviors, regulating the structure of the cytoskeleton, cell
migration, differentiation, and apoptosis (5–13). Particu-
larly at the multicell level, the geometry of the substrate
also regulates the orchestration of cell behaviors (14–17).
For example, human adipose-derived stem cells (hASCs)
exhibit geometry- and position-specific morphology, prolif-
eration, and differentiation on patterned substrate in a col-
lective manner. The highest cell proliferation occurs in the
regions with large and well-spreading cells at the outer
edge of a ring pattern, whereas differentiation localizes in
the regions containing small and elongated cells at the inner
edge (14). Human mesenchymal stem cells (hMSCs) at the
edge of a circular pattern differentiate into osteogenic line-
age, whereas those in the center become adipogenic (16,17).
In addition, changing the shape of the cellular layer modu-
lates the locations of osteogenic versus adipogenic differen-
tiation (16). Moreover, a recent study showed that cells on
a ring pattern exhibit directional migration and biased
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alignment—the cell populations exhibit an intrinsic pheno-
type-specific left-right asymmetry or chirality (18).

Besides the geometry, the stiffness of the substrate is
another key factor influencing cell collective behaviors.
For instance, cells adhere (19–25) and spread (12,19,21,26)
better on stiff substrates than on soft ones. Cell proliferation
rate is positively correlated with substrate stiffness (21,27).
Stem-cell-lineage specification depends on substrate stiff-
ness (28), and the osteogenic lineage of hMSCs is favored
on rigid micropost arrays whereas adipogenic differentiation
is favored on soft ones (22). Moreover, cells preferentially
polarize and migrate toward or along the direction of stiffer
substrates (19,29,30). In particular, cell migration speed de-
pends on the substrate stiffness in a biphasicmanner (31–36).
Recent studies have demonstrated that increasing substrate
stiffness enhances the persistence and directionality of col-
lective cell migration and coordination among the cells (37).

The above collective behaviors of cells on patterned sub-
strates have drawn growing interest in recent years. How-
ever, the driving force for these collective manners of
pattern formation and its dependence on the geometric
and mechanical properties of the substrate remains quite
elusive. Here, we employ a combined approach with exper-
iments and quantitative analyses to investigate the effects of
geometry and rigidity of the micropatterned substrate on
cell polarization and alignment. We find that the driving
force of the collective behaviors is the in-plane maximum
shear stress in the cell layer. The larger the maximum shear
stress, the more the cells prefer to align along the direction
of the maximum principal stress, and the higher the degree
to which cells polarize. The stiffness and geometry of the
pattern can influence the magnitude of the maximum shear
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stress and thus regulate cell collective behaviors. We apply
our model to various patterns, and the predictions of cell
polarization and alignment agree with our experiments.
MATERIALS AND METHODS

Micropatterning and cell seeding

The micropatterned substrate was prepared using soft lithography tech-

niques. Briefly, the pattern with the designed geometric features was first

fabricated on a mask, which was then replicated on a master with an AR-

P3210 photoresist layer of 5 mm in thickness on a silicon wafer exposed

to ultraviolet (UV) radiation. The mixture of Dow Corning 184 gel

(Midland, MI) and curing agent (10:1) was poured onto the master in a petri

dish, which was further vacuumized for 2 h and permitted to cure at 60�C
for 8 h. The polydimethylsiloxane stamp was washed with acetone and

alcohol in a bath sonicator and then treated with oxygen-ion sputtering to

make it hydrophilic. A droplet of comb-polymer, nonadhesive to proteins

or cells (38), was placed on the stamp surface and then uniformed by centri-

fugation at 1500 rpm. The stamp with the comb-polymer was immediately

impressed onto a slide with precoated collagen. The micropatterned slide

was immersed in phosphate-buffered saline for 2 h and sterilized by UV

radiation for 2 h before seeding cells.

Osteoblast-like MC3T3-E1 cells (ATCC, Manassas, VA) were cultured

with a-MEM medium (Hyclone, Logan, UT) containing 10% FBS (Gibco,

Grand Island, NY) and 1% P/S (Invitrogen, Carlsbad, CA). After reaching

70% confluency, cells were trypsinized and seeded onto the micropatterned

surfaces. The cells were then cultured at 37�C and 5% CO2 until they

reached confluency.
Preparation of gel substrates

The polyacrylamide substrates were prepared according to protocols in the

existing literature (39). In brief, a coverslip was pretreated with a drop of

NaOH (Sinopharm Chemical Reagent, Beijing, China) and allowed to

dry in air, and then a drop of 3-aminopropyltrimethoxysilane (Sigma,

St. Louis, MO) was smeared evenly on the surface. After 4–5 min, the

coverslip was washed three times and then incubated with 0.5% glutaralde-

hyde (Sinopharm Chemical Reagent) for 30 min. Acrylamide and N,N-

methylene-bis-acrylamide (Bio-Rad, Hercules, CA) were mixed with

fluorescent beads (Sigma) and curing agent. The mixture of 50 mL was

sandwiched between the activated coverslip and a blank coverslip, which

allows a formation of a flat gel layer of ~100 mm in thickness. The surface

of the gel substrate was washed with HEPES and applied with sulfo-

SANPAH (Pierce Chemical, Rockford, IL) under UV irradiation for

30 min. Then, 300 mL type-I collagen (Sigma) solution was coated on

the substrate and stayed at 4�C overnight. The gel substrate then was

washed extensively with phosphate-buffered saline, drained off, micropat-

terned, and finally incubated with culture medium for 2 h.
Measurement of traction force and in-plane
stresses of the cell layer

To measure the traction force and the in-plane stresses, the surface deforma-

tion of the substrate should first be measured. Briefly, for a specific location,

a fluorescent image of the beads embedded within the substrate was re-

corded. Then, after the cell layer was released from the gel substrate with

trypsin, a second fluorescence image of the beads was recorded. Based

on the two fluorescent images, the displacement field in the substrate was

calculated using digital image correlation.

Constrained Fourier transform traction microscopy (FTTC) (40) was

used to calculate the corresponding traction stress maps according to the

following procedure. 1) The traction field was calculated using uncon-
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strained FTTC. First, the displacement field in Fourier space was calculated

using fast-Fourier transform. The transformed displacements were multi-

plied by the Fourier transform of the Green function to get the transformed

traction. Then, we took the inverse Fourier transform of the result to obtain

the traction. 2) The new traction field was defined by setting the traction

outside the cell boundary to zero and the displacement field was calculated

using this new traction field. 3) A new displacement field was defined by

replacing the displacements of the calculated displacement field within

the cell boundary with the experimentally observed displacements. 4) Steps

1–3 were repeated until convergence was reached at a given level of toler-

ance. We chose to terminate the iteration when the relative variation in

maximal magnitude of the tractions within the cell was <0.001 in the suc-

ceeding steps.

To determine the in-plane stresses in the cell layer, a finite-element model

of the cell layer was constructed with the commercial software ABAQUS,

in which the traction obtained from the experiment was applied to the

model (41,42). The meshes of the FEM model were deliberately set to be

the same as the meshes on the substrates for calculating the traction with

FTTC, so that the position in the cell layer on which the corresponding trac-

tion should be applied can be easily determined. Once the traction was

loaded, the corresponding stress fields in the cell layer were calculated

and mapped through postprocessing with ABAQUS.
Analysis of cell alignment

Phase-contrast images of the micropatterned cells were recorded and then

analyzed using ImageJ software, by which the profile of each cell was fitted

with an ellipse. The degree of cell polarization was denoted by the aspect

ratio of the ellipse, i.e., the ratio of its major axis to its minor axis, and

cell orientation was denoted by the angle between the direction of the major

axis of the cell and the circumferential direction of the ring pattern or

the direction of maximum principal stress in the cell layer on patterns of

other geometry. All experiments were performed at least in triplicate,

and >150 cells were measured for each replicate.

The data were presented as the mean 5 SD if not specifically claimed.

One-way analysis of variance with Bonferroni’s post hoc analysis was per-

formed to determine the statistical significance among the mean values of

different groups. The difference is regarded as statistically significant if

the p value is <0.05.
Theoretical and numerical modeling

Assuming the cells are connected perfectly through the cell-cell junction,

the cell monolayer is considered as a homogeneous elastic membrane.

The cell layer adheres to the substrate via adhesion molecules at the cell-

substrate interface. It is believed that cell-cell and cell-substrate interactions

are the physical basis of cells developing and sustaining the in-plane

stresses in the cell layer via contractility of the cytoskeleton. The Young’s

modulus, Poisson’s ratio, and prestrain of the cell layer are denoted by Ec,

nc, and ε0, respectively. The magnitude of the prestrain, ε0, is thought to

be ~0.1 under physiological conditions (43–45). The two-dimensional

plane stress constitutive relation of the cell layer is written as

sij ¼ Ec

1þ nc

�
εij þ nc

1� nc
εkkdij

�
þ Ec

1� nc
ε0dij; (1)

where sij and εij are the stress and strain tensors, respectively. The second

term in Eq. 1 accounts for the cytoskeletal contractility. εij can be derived

from the displacement of the cell layer according to the small-deformation

theory.

We model the molecular bonds as elastic springs, without considering the

dynamic binding and unbinding of the bonds (46), and we consider the

mean stiffness of the molecular bond from a statistical point of view. For

simplicity, here we adopt the two-spring model (47) to effectively consider
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the stiffness of substrate and adhesion molecules, denoted by keff. For a cell

layer of ringlike shape, the strain in the cell layer in polar coordinates is

given by

εr ¼ du

dr
; εq ¼ u

r
; (2)

where u is the radial displacement. The equilibrium equation of the cell

layer can be derived as (see Section S1 and Fig. S1 in the Supporting
Material for more details)

dsr

dr
þ sr � sq

r
þ T

hc
¼ 0; (3)

where
T ¼ rkeffu: (4)

Substituting Eqs. 1, 2, and 4 into Eq. 3, we have
d2u

dr2
þ 1

r

du

dr
� 1

r2
u� a2u ¼ 0; (5)

where a2 ¼ rkeffð1� n2cÞ=ðEchcÞ, in which r is the bond density of adhe-

sion molecules, keff the effective stiffness of the substrate, and hc the thick-
ness of the cell layer. Because the inner and outer edges of the ringlike cell

layer are traction free, the boundary conditions for the governing equation,

Eq. 5, are written as

sr ¼ 0 at r ¼ R0 and r ¼ R1; (6)

where R0 and R1 are the inner and outer radii, respectively. Solving Eq. 5,

we obtain
u ¼ C1BesslIð1;arÞ þ C2BesslKð1;arÞ; (7)

where C1 and C2 are constants and are to be determined by the boundary

conditions (Eq. 6). Then, the traction can be obtained by Eq. 4. Substituting
Eq. 7 into Eq. 2, and then into Eq. 1, we can obtain the radial and circum-

ferential normal stresses, sr and sq, i.e., the in-plane minimum and

maximum principal stresses,
sr ¼ Ec

1� y2c

8>><
>>:

C1

�
aBesslIð0;arÞ � 1� yc

r
BesslIð1;arÞ

�

�C2

�
aBesslKð0;arÞ þ 1� yc

r
BesslKð1;arÞ

�
þ ε0ð1þ ycÞ

9>>=
>>;

(8)
and
sq ¼ Ec

1� y2c

8>><
>>:

C1

�
ycaBesslIð0;arÞ þ 1� yc

r
BesslIð1;arÞ

�

�C2

�
ycaBesslKð0;arÞ � 1� yc

r
BesslKð1;arÞ

�
þ ε0ð1þ ycÞ

9>>=
>>;
: (9)
The absolute value of the difference between sr and sq gives twice the in-

plane maximum shear stress as
tmax ¼ sq � sr

2

¼ Gc

8>><
>>:

C1

�
2

r
BesslIð1;arÞ � aBesslIð0;arÞ

�

þC2

�
aBesslKð0;arÞ þ 2

r
BesslKð1;arÞ

�
9>>=
>>;
;

(10)

which is a function of the radial position and stiffness of the substrate, and C1

andC2 are constants, which are given in Section S2 in the SupportingMaterial.

In the calculation, Ec ¼ 50 kPa, nc ¼ 0:45, and hc ¼ 2 mm. According to the

two-spring model (47), keff ¼ kskb=ðks þ kbÞ, where ks and kb are the spring

constants of the substrate and molecular bond, respectively. ks ¼ Esd=
ð1� y2s Þ, in which Es and ys are the Young’s modulus and the Poisson ratio

of the substrate, and d is the diameter of the adhesion molecules (48). Given

d ¼ 1 nm, kb ¼ 0:005nN=mm, ys ¼ 0:4, and Es ¼ 10~60 kPa, we can obtain

thevalue of keff .Andrkeff , the effective areal stiffness of the substrate and adhe-
sion molecules, varies from 2:5� 10�4 to 0.625 nN,mm�3 in our analysis.

The commercial softwareABAQUSwas adopted in the calculation of stress

fields in the cell layer, except on the ring pattern, where analytical solutions

could not be obtained. The cell layer was modeled as a prestrain membrane

adhering on a micropattern. The four-node linear membrane element was

used to discretize the cell layer. The element size was chosen to be 1 mm.

The contractility of cell layers was simulated by a thermal contraction with

a thermal expansion coefficient of 0.1; thus, a temperature drop of 1�C corre-

sponds to a strain of�0.1. The cell layer is connected with the substrate via a

layerofadhesionmoleculeswitharealstiffnessrkeff ¼ 0:00125nN,mm�3 that

can be set in the Interaction module of ABAQUS.
RESULTS

Collective cell alignment and polarization on the
ring pattern

To study cell alignment, we seeded the MC3T3-E1 cells
on the ring-like micropatterns of five different rigidities
(60 kPa, 40 kPa, 30 kPa, 18 kPa, and 10 kPa; see Materials
and Methods for details). The phase-contrast images of the
Biophysical Journal 109(3) 489–500
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MC3T3-E1 cell monolayer on patterns of three typical rigid-
ities, stiff (60 kPa), medium (40 kPa), and soft (10 kPa), and
the corresponding fluorescence images of actin, are shown
in Fig. 1 A. The results of all five rigidities of the pattern
are given in Fig. S2. We noted that the cells on the stiff
and medium patterns (60 kPa gel and 40 kPa gel, respec-
tively) tended to align along the circumferential direction
of the ring, especially at the ring edges, whereas cells on
the soft pattern (10 kPa gel) did not clearly show this
feature, as indicated in Fig. 1 A and shown schematically
in Fig. 1 B. To describe the position-dependent alignment
of cells on the pattern, we divided the area of the annular
ring into three regions—the inner, middle, and outer rings,
represented by I, M, and O, respectively, as shown in
Fig. 1 B. We depicted the cell alignment by an orientation
angle represented by the angle between the long axis of
the cell and the circumferential direction of the ring pattern,
q, which is in the range 0�~90�. We further divided the range
of the orientation angle into three subranges, 0�~30�,
30�~60�, and 60�~90�. We found that the proportions of
cells in the 0�~30� orientation range were significantly
larger in both the inner and outer rings than in the middle
ring (Fig. 1 C). This result suggests that cells preferred to
align along the circumferential direction at the ring edges,
A C
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FIGURE 1 Cell polarization and alignment on ring patterns of different substra

and associated fluorescence images of actin on ring patterns of three different s

(B) Schematic diagram of cell morphology and alignment corresponding to the

regions, the inner, middle, and outside regions. (C) Histograms of the statistics of

of the ring pattern on the stiffest matrix. (D) Histograms of statistics of the cell asp

on the stiffest matrix. (E) The mean aspect ratio of cells versus their distance fr

orientation angle as a function of the distance for three different stiffnesses. (G) T

a function of the distance. Note that the asterisks indicate that the differences be

statistically significant (p < 0.05). To see this figure in color, go online.
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whereas cells in the middle region exhibited more random
orientation.

To represent the polarization shape of the cell, we use the
aspect ratio, defined as the ratio of the long axis to the short
axis of the cell. We showed that in the inner and outer rings,
the mean aspect ratio of 0�~30� cells was significantly larger
than that of 30�~60� and 60�~90� cells, whereas in the mid-
dle ring, there was no marked difference in mean aspect
ratio among the three angle ranges (Fig. 1 D). In addition,
the mean aspect ratios of 0�~30� cells in the inner and outer
ring were significantly larger than that in the middle ring.
The mean aspect ratio of the 30�~60� and 60�~90� cells
showed no significant difference among the three different
regions (inner, middle, and outer) of the ring pattern
(Fig. 1 D). These results suggest that cells at the ring edges
exhibited larger aspect ratio compared with those in the
middle region. Interestingly, the mean aspect ratio exhibited
a biphasic dependence on substrate stiffness, i.e., cells adop-
ted a less polarized morphology on both the softest and the
stiffest substrates, but had more polarized morphology on
the substrate of intermediate stiffness (Fig. 1 E). Corre-
spondingly, the cell orientation angle also showed a biphasic
dependence on substrate stiffness (Fig. 1 F). The mean angle
of cells at the intermediate stiffness was smaller than that on
D

F

H

te stiffnesses. (A) Phase-contrast images of cell morphology and alignment,

tiffnesses, i.e., 60 kPa gel, 40 kPa gel, and 10 kPa gel. Scale bars,200 mm.

phase-contrast images in (A), where the ring pattern is divided into three

cell population for three different angle ranges in the three different regions

ect ratio for different angle ranges in the different regions of the ring pattern

om the center of the ring pattern at different stiffnesses. (F) The mean cell

he mean cell area as a function of the distance. (H) The alignment of actin as

tween the results on 40 kPa gel and those on both 60 kPa and 10 kPa gel are
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the softest and stiffest substrates, indicating that cells pref-
erentially aligned along the circumferential direction on
the substrate of intermediate stiffness.

We also analyzed the orientation of actin. The alignment
of actin was consistent with that of cells, i.e., the actin is
more parallel to the circumferential direction in the inner
and outer rings than in the middle region (Fig. 1 H). In addi-
tion, the larger the aspect ratio of cells, the smaller the angle
of actin, consistent with the relation between cell angle and
cell aspect ratio. There also existed a weak biphasic depen-
dence of the actin angle (Fig. 1 H) on substrate rigidity,
consistent with the biphasic dependence of the cell angle.
Of note, different from the cell shape and alignment, the
cell area did not depend on the distance from the center of
the ring, keeping a somewhat constant value on the ring
for a given substrate rigidity. However, the cell area
increased with substrate rigidity, consistent with reports in
the existing literature (12).

We noted that the width of the ring pattern (i.e., the differ-
ence between the outer and inner radii) had a notable effect
on cell alignment and polarization. By increasing the inner
radius from 0 to 200 mm (see Fig. 2 A) to change the ring
width, we found that the larger the inner radius (i.e., the
thinner the ring), the larger the mean aspect ratio, and the
smaller the mean orientation angle of cells, suggesting
that more cells polarized and aligned parallel to the circum-
ferential direction with the increase in inner radius, as
shown in Fig. 2, B and C. However, the cell area depended
on neither the inner radius nor the radial position (Fig. 2 D).
The in-plane stresses in the cell layer

Here, we assumed that the above geometry- and rigidity-
induced cell responses are closely related to the mechanical
stresses in the cell layer (41,42,49). We analyzed the stresses
in the cell layer on the ring pattern (Fig. 3, A and B) and their
dependency on substrate stiffness and ring width using the
mechanical model described in this study (see Materials
A

B C D
and Methods). Fig. 3 C shows the distribution of the prin-
cipal stresses, sq and sr, and the maximum shear stress,
tmax, along the r axis for three different substrate stiffnesses,
keff . Note that the distribution of tmax shows a pattern
consistent with those of cell alignment and polarization
(Fig. 1, A and B): the value of tmax at the ring edge is larger
than in the interior region. In particular, it exhibited a
biphasic dependence on substrate stiffness, i.e., it was larger
at intermediate stiffness than at lowest and highest stiff-
nesses, corresponding to the biphasic dependence of the
aspect ratio and alignment of cells on substrate stiffness
(Fig. 1, E and F). Fig. 3 D shows the effect of the inner
radius on distribution of sq, sr, and tmax. The larger the in-
ner radius, the more uniform the principal stresses and the
maximum shear stress along the r axis.

Fig. 3, E and F, further illustrates the distribution of sr,
sq, and tmax in color maps for the various stiffnesses and in-
ner radii, respectively. Comparing with our experimental re-
sults, we found that the high shear stress (Fig. 3, E and F,
red) corresponds to the region with large aspect ratio and
small orientation angle of cells in Figs. 1 A and 2 A, respec-
tively; in contrast, the low shear stress (Fig. 3, E and F, blue)
corresponds to the region with small aspect ratio and random
orientation in Figs. 1 A and 2 A. These results suggest that
the maximum shear stress might be the driving force for
regulating collective cell polarization and alignment; the
larger the value of the maximum shear stress, tmax, the
more the cells preferentially align along the direction of
the maximum principal stress, sq, and the larger the aspect
ratio of cells as well.

Of note is that the circumferential stress also exhibits a
transition from a monotonic to a biphasic dependence on
the radial position (Fig. 3 C). The mechanism behind this
switch is that the displacement distribution observed in the
cell layer changes with the substrate stiffness. On soft sub-
strate, the entire cell layer contracts toward the center of
the ring, i.e., the displacement of the cell layer is negative,
and its absolute value linearly increases with the radial
FIGURE 2 Cell polarization and alignment on

ring patterns with different inner radii. (A) Phase-

contrast images of cell morphology and alignment

in the cell layer on ring patterns with five different

inner radii. (B and C) The mean cell aspect ratio

(B) and mean cell angle (C) as functions of cell dis-

tance from the ring center for rings of different in-

ner radius. (D) The mean cell area shows an

independence of distance and inner radius. Scale

bars, 200 mm. To see this figure in color, go online.
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FIGURE 3 Predictions of the in-plane principal

stresses and maximum shear stress in the cell layer.

(A) Side view of the mechanical model of the cell

layer adhering to the patterned substrate via adhe-

sion molecules. (B) Top view of the model. The

cell monolayer is considered as a homogeneous

membrane of a ring shape, with the inner and outer

radii denoted by R0 and R1, respectively. (C) Predic-

tions of the distribution of the in-plane minimum

and maximum principal stresses, sr and sq, as

well as the in-plane maximum shear stress, tmax,

for three different substrate stiffnesses. (D) Predic-

tions of the distribution of the principal stresses and

shear stress, sr, sq, and tmax, for rings of different

inner radius. (E) Color maps of the maximum and

minimum principal stresses and the maximum

shear stress in the cell layer on the ring pattern

for three different stiffnesses, corresponding to

the results in (C). (F) Color maps of the maximum

and minimum principal stress and the maximum

shear stress in the cell layer on ring patterns with

three different inner radii, corresponding to the re-

sults in (D). To see this figure in color, go online.
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coordinate r (see Fig. S3, A and B). However, on the medium
and stiff substrates, the deformation pattern is different. The
displacement of the inner part of the cell layer becomes pos-
itive, i.e., it expands away from the center of the ring,
whereas that at the outer edge is negative (Fig. S3 C). In
particular, on stiff substrate, there is almost no deformation
at the middle range of the ring (Fig. S3 A).

To validate our model, we further applied it to four other,
different micropatterns—a square with a hole, an indented
square, a rectangle, and an ellipse (see Fig. 4, A–D)—and
calculated the in-plane maximum shear stress in the cell
layer, as shown in Fig. 4, E–H. The inset color map of the
maximum shear stress for each pattern in Fig. 4, E–H, is
consistent with the cell alignment and polarization on the
corresponding pattern in Fig. 4, A–D. The red color indi-
cates the highest in-plane maximum shear stress, whereas
green and blue correspond to the intermediate and minimal
values (Fig. 4, E–H), respectively. Correspondingly, the
aspect ratio in the red boxes was significantly larger than
that in either the blue or the green box, whereas the aspect
ratio in the green box was larger than that in the blue one
(Fig. 4, E–H). In addition, in the red box, the cell alignment
was more preferentially along the direction of the maximum
principal stress (Fig. 4, I–L). As expected, in the region
where the maximum shear stress was small, the cells ex-
Biophysical Journal 109(3) 489–500
hibited no preferred orientation. These results again suggest
that our model predictions of the distribution of in-plane
principal stress and maximum shear stress are consistent
with the pattern of cell collective polarization and alignment
on the various micropatterns observed in our experiments.
Measured in-plane stresses in the cell layer

To further verify the role of maximum shear stress in the
collective cell behaviors, we examined the measured in-
plane stresses of the cell layer and compared them with
the predictions of our theoretical model. The in-plane
stresses were obtained based on the measured traction force.
The traction forces on patterned substrates of two different
stiffnesses, i.e., 10 kPa and 30 kPa, were measured. The
phase-contrast images of cell layers are shown in Fig. 5 A,
and the corresponding displacement fields of the substrates
are shown in Fig. 5 F. The results show that the traction
force was generally in the radial direction (Fig. 5 B), and
its radial component increased as a function of the distance
to the ring center (Fig. 5 G). There was generally a linear
relationship between the traction force and the distance to
the ring center for the soft substrate (Fig. 5 G, 10 kPa
gel), whereas the traction force concentrated at the boundary
of the ring for the stiff substrate (Fig. 5 G, 30 kPa gel). The
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FIGURE 4 Measurements of cell alignment and polarization on various geometrical patterns compared with model predictions. (A–D) Phase-contrast im-

ages of cells on a square pattern with a circular hole (A), an indented-square pattern (B), a rectangular pattern (C), and an elliptical pattern (D). The colored

boxes indicate typical regions of different magnitudes of maximum shear stress. (E–H) Histograms of the mean aspect ratios of cells at different regions in

accordance with the colored boxes labeled in (A)–(D), respectively. (E–H insets) Color maps showing model predictions of the maximum shear stress of the

corresponding pattern geometries. (I–L) Histograms of the mean cell angle in different regions are in accordance with the colored boxes labeled in (A)–(D),

respectively. Scale bars, 200 mm. To see this figure in color, go online.
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distribution of the traction force is consistent with theoret-
ical predictions in this work (Eq. 4) and with those of a pre-
vious study (50).

The maximum principal stress was in general along
the circumferential direction (Fig. 5, C and H), and the
minimum principal stress was along the radial direction
(Fig. 5, D and I). The in-plane maximum shear stress on
the ring pattern localized at the ring edge, and the shear
stress was low on the soft substrate, but high on the stiff
one (Fig. 5, E and J). This measurement of the in-plane prin-
cipal stress and maximum shear stress was also consistent
with our observation of cell alignment and polarization
along the circumferential direction, as shown in Figs. 1
and 5 A. That is, for the soft matrix, the cell alignment
was more random and the aspect ratio was relatively small,
whereas for the stiff matrix, the cell alignment was in gen-
eral along the circumferential direction and the aspect ratio
was larger. This comparison of our measurement of in-plane
principal stresses and maximum shear stress with our exper-
imental observation of cell alignment and polarization sup-
ports our theories about the driving force of cell collective
behaviors.

We note that in our experiments, the edge of the cell layer
could not be as smooth as the ideal circular edge in our theo-
retical model, and there might have been imperfections at
the boundary of the cell layer. To reduce the effect of these
imperfections, we tried our best to choose samples of cell
layers with the smallest possible boundary imperfections.
We showed that those imperfections had only a slight effect
on the value and direction of the maximum principal stress,
and that the effect was localized in a very small region near
the imperfections. The direction of the maximum principal
stress was in general along the circumferential direction,
consistent with our theoretical predictions (Fig. S4).
Biophysical Journal 109(3) 489–500
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FIGURE 5 Measurement of the traction force

and in-plane stresses in the cell layer. (A) Phase-

contrast images of cells on ring patterns on

10 kPa and 30 kPa gels. The vectorial representa-

tion of the maximum principal stress is given to

show the orientation of cells relative to the stress

tensor. (B) Color maps and vectorial representation

of traction on ring patterns of two different stiff-

nesses, showing that the traction is generally in

the radial direction. (C) Vectorial representation

of the in-plane maximum principal stress on ring

patterns of two different stiffnesses, calculated

based on the measurement of the traction force.

(D) Vectorial representation of the in-plane

minimum principal stress. (E) Color maps of the

in-plane maximum shear stress. (F) Color maps

of the displacement fields of the ring substrates

for the 10 kPa gel and the 30 kPa gel. (G) Radial

component of traction as a function of the cell dis-

tance from the center of the ring pattern for the two

different substrate stiffnesses, where the solid lines

represent model predictions, and the dots repre-

sent experimental measurements. (H) In-plane

maximum principal stress as a function of the

cell distance from the center of the ring pattern,

where the solid lines represent model predictions

and the dots represent calculations based on

experimental measurements of traction. (I) The

in-plane minimum principal stress; (J) the in-plane

maximum shear stress. To see this figure in color,

go online.
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Inhibition of actin, cell-cell adhesion, and cell-
matrix adhesion

To gain additional insight into the molecular mechanisms of
cell mechanosensing, we examined the effect of inhibition
of actin and adhesion molecules on cell alignment and
polarization. To do so, on the 60 kPa gel, we inhibited the
contractility of the cytoskeleton with cytochalasin-D,
inhibited cell-cell adhesion with the monoclonal anti-N-
cadherin antibody (N-cadherin is one of the important adhe-
sion molecules of cell-cell adhesion for MC3T3-E1 cells
(51)), and inhibited cell-substrate adhesion with the CD29
antibody of integrin (a4b1) (Fig. 6 A).

Our experiments showed that when cell contractility was
blocked by cytochalasin-D, the degree of cell alignment and
polarization both decreased (see Fig. 6 B). That is, the aspect
ratio dramatically decreased, and the cell angle with respect
to the circumferential direction increased, particularly at the
ring edge. Also, the inhibition of N-cadherin and the inhibi-
tion of integrin both suppressed the collective cell alignment
and polarization (Fig. 6, C and D). Note that all inhibition
treatments caused a significant decrease in the aspect ratio
of cells. However, the effect of inhibition on the cell angle
was less significant. The reason for this is that cell alignment
may still more or less follow the original alignment (before
the drug was added) because of a dramatic decrease in the
driving force for a new alignment due to the inhibition.
Biophysical Journal 109(3) 489–500
In addition, to examine the effect of adhesion perturbation
on the biphasic dependence, we performed further experi-
ments by inhibiting N-cadherin on substrates of different ri-
gidity, 10 kPa, 40 kPa, and 60 kPa (Fig. S5 A). The adhesion
perturbation by inhibition of N-cadherin impaired the
biphasic behaviors (Fig. S5 B). Note that in addition, the
aspect ratio of cells was dramatically reduced and its
biphasic dependence became weak, with much less statisti-
cal significance, compared with the corresponding data in
Fig. 1. In addition, the biphasic dependence of the cell angle
completely disappeared. The reason that the biphasic
behavior of the aspect ratio was not completely lost might
be that there are multiple types of cadherin for MC3T3-E1
cells, and the inhibition of N-cadherin could not completely
destroy the cell-cell adhesion. Therefore, the in-plane ten-
sion force could still be transferred via the residual cell-
cell adhesion. However, when we inhibited the actin to
block the contractility of cells, the biphasic behavior was
completely lost (Fig. S5 C).
DISCUSSION

In-plane stresses versus cell alignment and
polarization

In this study, we have demonstrated that cells preferred to
align and polarize along the direction of the maximum
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FIGURE 6 Polarization and alignment of cells

depend on cell contractility, cell-cell adhesion,

and cell-matrix adhesion. (A) Phase-contrast im-

ages of the cell layer on the ring pattern for the cases

of control, treatment by cytochalasin-D, treatment

by anti-N-cadherin, and treatment by anti-integrin.

(B) Cytochalasin-D treatment dramatically reduced

the aspect ratio of cells and increased the cell angle,

particularly at the ring edge. (C) Anti-N-cadherin

treatment also reduced the aspect ratio and

increased the cell angle, with a slightly reduced

effect compared to treatment by cytochalasin-D.

(D) Anti-integrin treatment decreased the aspect

ratio more dramatically than treatment by either

cytochalasin-D or anti-N-cadherin, but it increased

the cell angle only slightly. To see this figure in

color, go online.
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principal stress, and that the in-plane maximum shear stress
was the driving force for these pattern-determined cell
arrangements. But how are the cell behaviors related to
the in-plane principal and shear stresses? The answer to
this question lies in the intrinsic responses of the cytoskel-
eton to mechanical force. The cytoskeleton is believed to
provide structural support and shape to cells, and it mainly
sustains tensile stress, but hardly bears shear stress. Shear
stress in cells will thus induce rotation of the cytoskeleton
to align along the direction of principal stress, where the
shear stress is equal to zero. A myriad of evidence
shows that cells preferentially align along the direction
of maximum principal stress under the contractile force of
the cytoskeleton (to maintain a tensional homeostasis
in the cytoskeleton) (52–54). Therefore, the larger the
maximum shear stress, the larger the driving force for the
rotational alignment (via reconstruction of the cytoskeleton
instead of only elastic deformation). It is thus also reason-
able that the maximum shear stress determines the cell
aspect ratio in the cell layer.

To validate our findings that the in-plane maximum shear
stresses induced collective cell alignment and polarization,
we examined the evolution of the cell layer from a very early
stage of its formation on the pattern. We observed that at the
early stage, before the cells filled the surface of the pattern,
the cells exhibited random alignment because the in-plane
stress had not been developed due to the lack of cell-cell
connection. Once the cells completely filled the surface of
the pattern via proliferation and migration and the cells
were connected through cell-cell adhesion, cells started to
reorientate and polarize preferentially along the maximum
principal stress driven by the in-plane shear stress and
finally reached a steady state (Figs. S6 and S7). However,
when cell-cell interaction was inhibited, the collective cell
alignment and polarization were suppressed. These results
reveal the important roles of the in-plane stress and cell-
cell interaction for position-dependent polarization and
arrangement of cells.

Our predictions and experiments are consistent with recent
studies of collective migration of cells by Trepat and co-
workers (41,42,49,55), showing that cells align and migrate
along the direction of maximum principal stress. The authors
denoted the in-plane maximum shear stress as the degree of
anisotropy of the local in-plane stress field. They showed
that the region of higher-stress anisotropy exhibits stronger
alignment between the direction of the maximum principal
stress and that of the cellular migration velocity. Here we
further showed that the cell shape (aspect ratio) was corre-
lated with the in-plane maximum shear stress, i.e., the higher
the maximum shear stress, the larger the aspect ratio of the
cells.We also showed that the in-planemaximum shear stress
as the driving force of cell alignment and polarization could
bemodulated bymatrix stiffness and geometry from both the
theoretical and the experimental standpoint.
Effect of the stiffness and geometry of the
patterned substrate

Our experiments showed that the collective behavior of cell
alignment and polarization depended on the stiffness
(Fig. 1) and geometry (Figs. 2 and 4) of the patterns, and
in particular, they exhibited biphasic dependence on sub-
strate stiffness. What are the mechanisms underlying these
cell responses? We showed that these behaviors were attrib-
uted to the effect of the stiffness and geometry of the micro-
pattern on the in-plane stresses in the cell layer. It has been
Biophysical Journal 109(3) 489–500
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shown that substrate stiffness has a significant impact on the
magnitude and distribution of cell traction force (cell-matrix
interaction) (50,56), as well as on the in-plane stresses (cell-
cell interaction) (57,58). Consistent with those prior works,
this study showed that the stiffness of the substrate influ-
enced the in-plane principal stresses and in-plane maximum
shear stress. Because the maximum shear stress was the
driving force for the collective cell behaviors, directing cells
to align along the direction of maximum principal stress, the
level of the alignment and polarization was positively corre-
lated with the magnitude of maximum shear stress. In addi-
tion, according to our quantitative analyses, it is rational to
have biphasic behavior of cells in alignment and polariza-
tion, since the maximum shear stress biphasically depended
on the substrate stiffness (Fig. 3). We also demonstrated that
different geometries of the micropattern induced different
distributions of the in-plane principal stresses and maximum
shear stress, which thus caused different patterns of cell
alignment and polarization (Fig. 4).
Effect of the orthotropic property of the cell layer

When cells polarize and align along the circumferential di-
rection on the ring pattern, the cell layer might become
orthotropic because there would be more cytoskeletons par-
allel to the circumferential direction than in the radial direc-
tion, which renders the cell layer orthotropic. This raises a
question as to whether our predictions using the isotropic
model are still valid. To answer this question, we remodeled
the cell layer as an orthotropic membrane, with the Young’s
moduli in the radial direction, Er, and the circumferential di-
rection, Eq, to study the effect of the orthotropic property on
the principal stresses and maximum shear stress. Note that
Er=Eq<1 because of cell polarization along the circumferen-
tial direction. The details of themodel are given in Section S3
in the Supporting Material. Our results showed that the
decrease in Er=Eq did not change the general distribution of
maximum shear stress and the principal stresses. In partic-
ular, in most areas of the pattern, except near the inner
edge, the smaller theEr=Eq ratio, the largerwas themaximum
shear stress (Fig. S8). This result ensures stable cell polariza-
tion and alignment driven by the maximum shear stress.
Effect of curvature of the ring edge

Of note is that our model prediction of the maximum shear
stress is higher at the inner edge than at the outer edge.
Inconsistent with that, in Figs. 1 and 2, the angles in the in-
ner radius are higher than in the outer radius, whereas the
aspect ratio of cells at the inner edge seems to be smaller
than that at the outer edge. The difference between our
model predictions and Figs. 1 and 2 may be caused by the
high curvature of the inner edge of the pattern. The radius
of curvature of the inner edge is close to the size of a single
cell. Thus, the bending resistance of the cytoskeleton makes
Biophysical Journal 109(3) 489–500
it difficult for the cell to align along the inner edge to follow
the direction of maximum principal stress and to comply
with such high curvature. However, in our theoretical model,
the cell layer is considered as a continuum membrane, and
the bending rigidity of the cytoskeleton was not considered,
which might account for the difference between our
model predictions and the experimental results. This effect
of bending rigidity decreased for a larger inner radius, as
shown in Fig. 2 C (for R0 ¼ 200 mm), where the cell angle
is smaller at the inner edge than at the outer edge. Therefore,
our model predictions of cell alignment in general agree
with experimental results, except in the case of the ring
pattern with a small inner radius. Improvements of our
model, such as taking into consideration the bending rigidity
of the cytoskeleton, will be left for future efforts.
CONCLUSIONS

Collective cell arrangement, as a key component in the pro-
cesses of tissue formation, has now been a focus of inquiry.
In this study, we determined that the driving force for the
collective alignment and polarization of cells was the in-
plane maximum shear stress, which originates from active
contractility of the cells in the cell layer and can be regu-
lated by altering the stiffness and geometry of the patterned
substrate. This finding was achieved via a combination of
experiments and theoretical modeling, which enables us to
construct a quantitative relationship between the driving
force and the mechanical and geometric properties of the
substrate, and to predict howmechanical force drives collec-
tive cell behaviors. This relationship has been demonstrated
by the close correlation of the cell alignment and polariza-
tion with the distribution of the in-plane maximum principal
stress and maximum shear stress, as well as by the consis-
tency between the biphasic dependence of the degree of
cell alignment and cell polarization on substrate stiffness
and the corresponding biphasic behavior of the maximum
shear stress. This study demonstrates the important role of
quantitative modeling in predicting collective cell behaviors
and pattern formation, which will provide powerful tools for
precise control of the pattern formation in tissue engineering
for potential biomedical applications.
SUPPORTING MATERIAL

Supporting Materials and Methods and eight figures are available at http://

www.biophysj.org/biophysj/supplemental/S0006-3495(15)00669-4.
AUTHOR CONTRIBUTIONS

S.H., B.H., and B.J. designed the research; C.L., X.L., and S.H. performed

the research; C.L. and X.L. performed the experiment; S.H. contributed

to the development of the model and numerical calculations; S.M. contrib-

uted the tools for measuring surface deformation; C.L., X.L., and S.H.

analyzed data; and C.L., S.H., B.H., and B.J. wrote the article. All authors

reviewed the manuscript.

http://www.biophysj.org/biophysj/supplemental/S0006-3495(15)00669-4
http://www.biophysj.org/biophysj/supplemental/S0006-3495(15)00669-4


Collective Cell Behaviors on Micropatterns 499
ACKNOWLEDGMENTS

This research was supported by the National Natural Science Foundation of

China through grants 11025208, 11372042, 11221202, and 11372043.
REFERENCES

1. Salazar-Ciudad, I., J. Jernvall, and S. A. Newman. 2003. Mechanisms
of pattern formation in development and evolution. Development.
130:2027–2037.

2. Keller, R. E. 1980. The cellular basis of epiboly: an SEM study of deep-
cell rearrangement during gastrulation in Xenopus laevis. J. Embryol.
Exp. Morphol. 60:201–234.

3. Nilsson, O., E. A. Parker, ., J. Baron. 2007. Gradients in bone
morphogenetic protein-related gene expression across the growth plate.
J. Endocrinol. 193:75–84.

4. Huang, S., and D. E. Ingber. 1999. The structural and mechanical
complexity of cell-growth control. Nat. Cell Biol. 1:E131–E138.
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S1. Derivation of equilibrium equation of cell layer 

 
Consider the equilibrium of an infinitesimal element of the ring-like cell layer shown in Fig. S1A. 
The free-body diagram of the infinitesimal element is illustrated in Fig. S1 B (top view) and S1 C 
(side view). 
 

 

Figure S1. Free body diagram of the element in cell layer 
 
 
Because of symmetry of the cell layer, we only need to consider the equilibrium of the element in 
radial direction. According to the illustration in the side view of the element, the equilibrium of 
the element in radial direction should satisfy 

 ( ) ( )2 sin 0
2 2

r
r c r c c

rd r dr dd ddr r dr d h rd h drh T dr
dr θ

θ θσ θ
σ θ σ θ σ

+ +⎛ ⎞ ⎛ ⎞+ + − − + =⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

   (s1.1) 

 

where effT k uρ= −  is the cell-matrix interaction, i.e., the traction stress. Because dθ  is 

infinitesimal, ( )sin 2 2d dθ θ= . Neglecting the higher order infinitesimal terms of dθ  and 

dr , Eq. (s1.1) is simplified into 

 0rr

c

d T
dr r h

θσ σσ −
+ + = 	      (3) 
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Figure S2. Cell polarization and alignment on a ring pattern of different stiffnesses. (A) Phase 
contrast images of cell morphology and alignment, and associated fluorescence images of actin 
on the ring pattern of five different stiffnesses, i.e. 60kPa, 40kPa, 30kPa, 18kPa and 10kPa; Scale 
bars =200µm; (B) The mean aspect ratio of cells versus the distance of cell to the center of the 
ring pattern; (C) The mean cell angle as function of the distance of cell to the center of ring; (D) 
The alignment of actin as function of the distance of cell to the center of ring. (E) The mean cell 
area as function of the distance of cell to the ring center. 
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Figure S3. The distribution of deformation in cell layer changing with the stiffness of substrate 
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Figure S4. The effect of the imperfections of pattern edge on the reconstructions of the in-plane 
stresses. A) Cell layer with perfect boundary; (B) Cell layer with multiple small imperfections at 
the boundary; (C) Cell layer with one large imperfection; Vectorial representation of the in-plane 
maximum principal stress on the perfect cell layer (A), and its comparison with the direction of 
the maximum principal stress on the cell layer having several small imperfections (B) and that 
having one large imperfection (C). (D) and (E) show the comparison of magnitude of the 
principal stresses (maximum & minimum) and the maximum shear stress between the perfect cell 
layer and that with imperfections of the two kinds, respectively. 
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Figure S5. The perturbation of adhesions and contractility of cells impaired the biphasic 
dependence of polarization and alignment of cells on stiffness of substrate. (A) Phase contrast 
images of the cell layer on the ring pattern for the cases of control, treatment by Anti-N-cadherin 
and treatment by cytochalasin-D for three typical stiffness of substrate, 10kPa, 40kPa and 60kPa. 
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(B) Anti-N-cadherin treatment significantly weakened the biphasic dependence of aspect ratio, 
and caused the biphasic behaviors of cell angle to disappear with no statistical significance. C) 
Cytochalasin-D treatment brought more severe perturbation and thus destroyed the biphasic 
behaviors of aspect ratio and cell angle completely. 
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Figure S6.  Time evolution of cell arrangement and polarization on ring pattern (inner radius 
100µm) during the period of 24-hour of cell seeding/culture. (A) The evolution of aspect ratio of 
cell. (B) The evolution of cell orientation denoted by the cell angle with respect to the direction 
of the maximum principle stress. 
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Figure S7. The snapshots of evolution of arrangement and polarization of osteoblasts on the ring 
pattern with inner radius of 100 µm over a period of 24 h.   
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S2. Coefficients C1 and C2 in Eq. 7 in the text 

With boundary conditions Eq. 6, 1C  and 2C  can be determined as 

 ( ) ( )11 22
1 0 2 0

10 12 10 12

1 , 1C CC C
C C C C

ε υ ε υ= − + = +
+ +

. (s2.1) 

where 

 

  

C10 = υ −1( )K11 −αR1K01( )αR0I00 + αR0K00 + 1−υ( )K10( )αR1I01

C12 = 1−υ( ) αR1K01+ 1−υ( )K11( ) I10 − αR0K00 + 1−υ( )K10( ) I11
$
%

&
'

C11 =αR0R1 K00 −K01( )+ R1 1−υ( )K10 + R0 υ −1( )K11

C22 =αR0R1 I01 − I00( )+ R1 1−υ( ) I10 + R0 υ −1( ) I11

, (s2.2) 

in which 
  
I00 =BesslI 0,αR0( ) , I10 =BesslI 1,αR0( ) , I01=BesslI 0,αR1( ) , I11=BesslI 1,αR1( ) , and 

  
K00 =BesslK 0,αR0( ) , K10 =BesslK 1,αR0( ) , K01=BesslK 0,αR1( ) , K11=BesslK 1,αR1( ) . 
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S3. Orthotropic model of cell layer 

Considering the effect of cell polarization along the circumferential direction, the cell layer is 

modeled as an orthotropic membrane with Young’s modulus in radial direction Er  and that in 

circumferential direction Eθ . The plane stress constitutive relation for an axial symmetric 

problem of the orthotropic membrane in polar coordinate is written as 

 ( )
( )

0

0

r rr r r rr r

r r r

E E E E
E E E E

θ θ θ

θ θ θθ θ θ θθ

σ ε ε ε

σ ε ε ε

= + + +⎧⎪
⎨

= + + +⎪⎩
 (s3.1) 

where  

 , , ,
1 1 1

r rr
rr r r

r r r r r r r

E E EEE E E
E

θ θ θ θ θ
θθ θ θ

θ θ θ θ θ θ

µ µ
µ

µ µ µ µ µ µ
= = = =

− − −
 (s3.2) 

Considering Eq. s3.1, 2 and 3, the equilibrium equation is obtained as 

 
2 2 2

2
02 2

1 1 0d u du a au b u
dr r dr r r

ε
−

+ − − + =  (s3.3) 

where ra E Eθ= ,	  and	  
 
b= ρkeff Errhc .	  Solving Eq. s3.3, we obtain 	  

 ( ) ( ) ( )3 4BesslI , BesslK ,u C a br C a br f r= + +  (s3.4) 

where f(r) is a particular solution. The constants 3C  and 4C  can be determined using the 

boundary conditions Eq. 6 in the main text, i.e. 0rσ =  at 0r R=  and 1r R= . Substituting Eq. 

s3.4 into Eq. 2 and then Eq. s3.1, we obtain the radial and circumferential normal stresses rσ  

and θσ , i.e., the in-plane minimum and maximum principle stresses as,  

 

( ) ( )

( ) ( )

( ) ( ) ( )

3

42 2

0

C BesslI , BesslI 1,

1 C BesslK , BesslK 1,
1

r
r

r
r r

r

r
r r r

aE a br b a br
r

aE a br b a br
a r

df r
E E E f r

dr r

θ

θ

θ

θ
θ θ

υ

υ
σ

υ

υ
υ ε

⎧ ⎫+⎡ ⎤
+ +⎪ ⎪⎢ ⎥⎣ ⎦⎪ ⎪

⎪ ⎪+⎪ ⎪⎡ ⎤
= + − +⎨ ⎬⎢ ⎥− ⎣ ⎦⎪ ⎪

⎪ ⎪⎛ ⎞
⎪ ⎪+ + + +⎜ ⎟
⎪ ⎪⎝ ⎠⎩ ⎭

              (s3.5) 

and 
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( ) ( )

( ) ( )

( ) ( ) ( )

3

42 2

0

1C BesslI , BesslI 1,

11 C BesslK , BesslK 1,
1

r
r

r
r

r

r r

aE a br b a br
r
aE a br b a br

a r
df r f r

E E E
dr r

θ
θ θ

θ
θ θ θ

θ

θ θ θ θ θ

υ
υ

υ
σ υ

υ

υ ε υ

⎧ ⎫+⎡ ⎤
+ +⎪ ⎪⎢ ⎥⎣ ⎦⎪ ⎪

⎪ ⎪+⎪ ⎪⎡ ⎤
= + − +⎨ ⎬⎢ ⎥− ⎣ ⎦⎪ ⎪

⎪ ⎪⎛ ⎞
⎪ ⎪+ + + +⎜ ⎟
⎪ ⎪⎝ ⎠⎩ ⎭

            (s3.6) 

thus, we obtain the in-plane maximum shear stress as  

( )( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

3 4

max 3 42

0

C BesslI , C BesslK ,
1 1 C BesslI 1, C BesslK 1,

2 2 1
1 1

r r r

r
r r

r r

r r r r

E a a E
a br a br

r
bE a br a br

E E
df r f r

E E E E
dr r

θ θ θ

θ
θ

θ θ

θ θ θ θ

υ υ

σ σ
τ υ

υ

ε υ υ

⎧ ⎫− − +
+⎡ ⎤⎪ ⎪⎣ ⎦

⎪ ⎪− ⎪ ⎪
= = + − + − +⎡ ⎤⎨ ⎬⎣ ⎦− ⎪ ⎪

⎪ ⎪+ − + − + −
⎪ ⎪⎩ ⎭

  (s3.7) 

   Similarly, 3C  and 4C  can be determined as 

 33 44
3 4 0

34 34

,C CC C
C C

ε= = . (s3.8) 

where 

  

C34 = a+υθr( )Ka
1 −bR1Ka+1

1( ) R0Ia+1
0 +

a+υθr

b
Ia

0
$

%
&

'

(
)

+ bR0Ka+1
0 − a+υrθ( )Ka

0( ) R1Ia+1
1 +

a+υθr

b
Ia

1
$

%
&

'

(
)

C33 = a+υθr + aυθr +υθr
2( )b−1ε0 R1Ka

0 − R0Ka
1( )+b−1 a+υθr( ) fR1R1Ka

0 − fR0R0Ka
1( )

+b−1υθr a+υθr( ) f R1( )Ka
0 − f R0( )Ka

1( )−ε0R0R1 1+υθr( ) Ka+1
0 −Ka+1

1( )
−R0R1 fR1Ka+1

0 − fR0Ka+1
1( )−υθr f R1( )R0Ka+1

0 − f R0( )R1Ka+1
1( )

C44 = − a+υθr + aυθr +υθr
2( )b−1ε0 R1Ia

0 − R0Ia
1( )−b−1 a+υθr( ) fR1R1Ia

0 − fR0R0Ia
1 −( )

−b−1υθr a+υθr( ) f R1( ) Ia
0 − f R0( ) Ia

1( )−ε0R0R1 1+υθr( ) Ia+1
0 − Ia+1

1( )
−R0R1 fR1Ia+1

0 − fR0Ia+1
1( )−υθr f R1( )R0Ia+1

0 − f R0( )R1Ia+1
1( )

+

,

-
-
-
-
-
-
-
-
--

.

-
-
-
-
-
-
-
-
-
-

         (s3.9) 

where   
Ia

0 =BesslI a,bR0( )，  
Ia+1

0 =BesslI a+1,bR0( )，   
Ia

1 =BesslI a,bR1( )，   
Ia+1

1 =BesslI a+1,bR1( ) , 

  
Ka

0 =BesslK a,bR0( )，   
Ka+1

0 =BesslK a+1,bR0( )，   
Ka

1 =BesslK a,bR1( )，   
Ka+1

1 =BesslK a+1,bR1( )
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( )

0

0 =R
r R

df r
f

dr
=

 and ( )

1

1=R
r R

df r
f

dr
=

.  

 

   The expression of the particular solution is 

 

  

f r( ) = − ε0r
2asin aπ( )Γ a( )

a a+1( )2a b−aΓ a( )2
sin aπ( )BesselI a,br( )r−a hypergeom 1− a

2
, 1− a, 3− a

2

%

&
'

(

)
*,4b2r 2

+

,
-

.

/
0

+ a−1( )ba 2−aπ BesselI a,br( )+21−a sin aπ( )BesselK a,br( )%
&

(
)r

a

hypergeom 1+ a
2

, 1+ a, 3+ a
2

%

&
'

(

)
*,4b2r 2

+

,
-

.

/
0

+

,

-
-
-
-
-
-
-

.

/

0
0
0
0
0
0
0

 (s3.10) 

where the functions “hypergeom” and “ Γ ” can calculated through commercial software 

MAPPLE. In the calculation, we set   Eθ =10kPa and µθr = 0.45 , 30.00125effk nN umρ = in Fig. 

S8, and chose three value for rE Eθ  as 1, 2 and 10/3 in our model (Fig. S8).  
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Figure S8. Predictions of the radial distribution of maximum shear stress using the orthotropic 
model. The numerical solutions are obtained through commercial software ABAQUS. 
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