
File S3: Estimating the βi’s and the Bayes Factors
(BF) under the core model using an Importance

Sampling algorithm

Here we detail the Importance Sampling algorithm used to estimate the βi’s and the Bayes Factors
under the STD model (Figure 1B in the main text) using MCMC samples drawn from the posterior
distribution of the core model. Proposed in Coop et al. (2010) for the Bayes Factors (Appendix B), this
approach is computationally efficient and allows to consider simultaneously any number of covariates.
However it suffers from some limitations (see the main text).

For the sake of simplicity, derivations are only presented here for allele count data. Notations are the
same as in the main text but locus indices i are omitted.

1 Estimation of the BF’s

1.1 Derivation
We hereby elaborate on the results described in the Appendix B by Coop et al. (2010) By definition:

BF =
P (M1 | y,n,Z)
P (M0 | y,n)

Here:
P (M1 | y,n,Z) ∝

∫
P (y | n,α) f

(
α? | Λ,π, β,Z

)
f (Λ) f (π) f (β)dΛdπdβ

and
P (M0 | y,n,Z) ∝

∫
P (y | n,α) f

(
α? | Λ,π

)
f (Λ) f (π)dΛdπ

Hence

BF =

∫
P (y | n,α) f

(
α? | Λ,π, β,Z

)
f (Λ) f (π) f (β)dΛdπdβ∫

P (y | n,α) f
(
α? | Λ,π

)
f (Λ) f (π)dΛdπ

=

∫
f
(
α? | Λ,π, β,Z

)  P (y | n,α) f (Λ) f (π) f (β)∫
P (y | n,α) f

(
α? | Λ,π

)
f (Λ) f (π)dΛdπ

 f (Λ) f (π) f (β)dΛdπdβ

=

∫ f
(
α? | Λ,π, β,Z

)
f
(
α? | Λ,π

)  P (y | n,α) f
(
α? | Λ,π

)
f (Λ) f (π) f (β)∫

P (y | n,α) f
(
α? | Λ,π

)
f (Λ) f (π)dΛdπ

 f (Λ) f (π) f (β)dΛdπdβ

=

∫ f
(
α? | Λ,π, β,Z

)
f
(
α? | Λ,π

) f
(
α?,Λ,π | y,n,M0

)
f (Λ) f (π) f (β)dΛdπdβ

=

∫
β

(∫
ω

(
α?,Λ,π, β,Z

)
f
(
α?,Λ,π | y,n,M0

)
f (Λ) f (π)dΛdπ

)
f (β)dβ

= Eβ
[
EM0

[
ω

(
α?,Λ,π, β,Z

)]]
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Note that denoting (as in File S1), α̈i = Γ−1
{

α?i j−πi
√
πi(1−πi)

}
(1..J)

and Φ̃ =
{
φ j

}
(1..J)

= Γ−1
{

βiZ j
√
πi(1−πi)

}
(where Γ results from the Choleski decomposition of Ω = Λ−1, i.e., Ω = tΓΓ):

ω
(
α?,Λ,π, β,Z

)
=

f
(
α? | Λ,π, β,Z

)
f
(
α? | Λ,π

) =
f
(
α̈? | Λ,π, β,Z

)
f
(
α̈? | Λ,π

) = e

 j=J∑
j=1

φ̃i jα̈i j

− 1
2

 j=J∑
j=1

φ̃i j
2


Therefore, the Bayes Factor can simply obtained from posterior samples of the parameters α?,Λ
and π obtained under the null model (M0) that corresponds to core model (Figure 1A).

1.2 Computation (as in BayPass)
The Importance Sampling approximation of the BF of a given locus is simply the expectation ofω

(
α?,Ω,π, β,Z

)
integrated over the core model. Hence, BF might simply be obtained by averaging ω

(
α?,Λ,π, β,Z

)
over the MCMC (Coop et al., 2010) and integrating on the whole support of the β parameter, i.e.
(βmin; βmax). To that end numerical integration is performed over a grid of nintβ uniformly distributed
values of β.

Let:

• βp =
βmax−βmin

nintβ
the grid step

• βinf
g = βmin + (g − 1)βp and βinf

g = βmin + gβp the boundaries of the gth grid interval

• P
(
βg

)
=

β
sup
g∫

βinf
g

f (β) dβ the prior over interval g. If the prior is uniform, then P
(
βg

)
= 1

nintβ

• ωg =

β
sup
g∫

βinf
g

ω
(
α?t ,Λt,πt, β,Z

)
f (β)dβ for all g interval.

• ω̂g = 1
2

(
ω

(
α?,Λ,π, βinf

g ,Z
)

+ ω
(
α?,Λ,π, β

sup
g ,Z

))
P
(
βg

)
approximates ωg

If the support β is bounded, then:

BF =

∫
β

(∫
ω

(
α?,Λ,π, β,Z

)
f
(
α?,Λ,π | y,n,M0

)
f (Λ) f (π)dΛdπ

)
f (β)dβ

=

∫ (∫
β
ω

(
α?,Λ,π, β,Z

)
f (β)dβ

)
f
(
α?,Λ,π | y,n,M0

)
f (Λ) f (π)dΛdπ

=

∫ g=nintβ∑
g=1

ωg

 f
(
α?,Λ,π | y,n,M0

)
f (Λ) f (π)dΛdπ

=

g=nintβ∑
g=1

(∫
ωg f

(
α?,Λ,π | y,n,M0

)
f (Λ) f (π)dΛdπ

)

Hence, with ω̂(t)
g = 1

2

(
ω

(
α?t ,Λt,πt, β

inf
g ,Z

)
+ ω

(
α?t ,Λt,πt, β

sup
g ,Z

))
P
(
βg

)
at iteration t of the

MCMC (under the core model), we obtain:

B̂F =
g=nintβ∑

g=1

1
niter

(
t=niter∑

t=1
ω̂(t)

g

)
= 1

niter

t=niter∑
t=1

g=nintβ∑
g=1

ω̂(t)
g
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2 Estimation of the βi’s
As for the BF, the moments of the posterior distribution of each βi can be estimate via Importance
Sampling as exemplified for the posterior mean below: β̂ =

∫
β f (β | data)dβ. where:

f (β | data) ∝ f (α? | β,Λ,π) f (Λ) f (π) f (β)

∝ ω f (β) f (α? | Λ,π) f (Λ) f (π)

Using the same notations as above, and further defining:

• βg = 1
2

(
βinf

g + β
sup
g

)
• Pg =

β
sup
g∫

βinf
g

f (β | data)dβ approximated by P̃g = 1
2

(
f (βinf

g | data) + f (βsup
g | data)

)

• bg =

β
sup
g∫

βinf
g

β f (β | data)dβ approximated by b̃g = βgP̃g

P̃g can be estimated from MCMC samples as P̂g = 1
niter

niter∑
t=1

pg(t)
g=nint∑

g=1
pg(t)

where pg(t) = ω
(
αt,Ωt,πt, β

inf
g ,Z

)
f (βinf

g )+

ω
(
αt,Ωt,πt, β

sup
g ,Z

)
f (βsup

g )
Hence,

β̂ =
g=nintβ∑

g=1
βg

1
niter

niter∑
t=1

pg(t)
g=nint∑

g=1
pg(t)

= 1
niter

niter∑
t=1

 1
g=nint∑

g=1
pg(t)

g=nint∑
g=1

βg pg(t)
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