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1 OAM BEAM IN APLANATIC SYSTEM  

  In this section, we give expressions of  l
inc



E  for the OAM beam in the aplanatic system. 

The OAM beam      ( ) ( )

0 , , , zik zl l

inc inc x x y yz E e p p    E = e e  with LG mode focused by an 

object with a numerical aperture of NA can be expressed by using the vectorial Debye 

theory
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where 
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  E  represents the amplitude of the Fourier plane-wave spectrum, which can 
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Here zk
 
is the z component of the wave vector, ( ,  )x yp p = (1, 0) or (0, 1) describe 

linearly-polarized beams, and  ( ,  ) 1,   x yp p i  represents, respectively, left-circularly 

and right-circularly polarized beam. Here f  is the focal distance of lens while 
0  is the 

beam waist radius before focusing, 
max

 
is related to the numerical aperture through

2 maxsinNA n  , 
1n  and 

2n
 
are the refractive indices in the object and imagine regions, 

respectively.  l

pL x  is the associated Laguerre polynomials. At the same time

sin cosx y    e e e , and cos cos cos sin sinx y z       e e e e . The field is now 

expanded into series of VSFs as the form given by the following relation: 
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The 
(1)

vM
 
and 

(1)

vN  are VSFs of the first kind whose definition can be found in ref S4. 

Here  0 0 0 0 0cos , sin ,d z   r  is the position of the chiral molecule, and the expansion 

coefficients should be written as
S3,S5

 

 

 
 

2 2 2max
0 0 0

1/2

( ) cos sin /1

0
2

0 00
0

00

2 sgn 1, cos sin (sin )

cos sin( ) ( sin ) (cos )
' ( sin ) (cos )

cos ssin

l

v i l m ikz fn m

f mn pll

v

x ym l mn
m l mn

y x

ia n
i e m d e e

nb

p pm l J k
J k

p pk


        

    
   

 

  






   
   

   

   
       

 P

0

0 00
0

0 00

in

sin cos( ) ( sin ) (cos )
+ ' ( sin ) (cos )

sin cossin

x ym l mn
m l mn

y x

p pm l J k
i J k

p pk



    
   

  




 
 
 

   
        

 . (S1-8) 



with 

2 2

2

0 0

2 sin 2 sin
(sin )

l

l

pl p

f f
L

 


 

   
    

  
P ,               (S1-9) 

(cos ) (cos )
sin

m

mn n

m
P  


  ,                         (S1-10) 

(cos ) (cos )m

mn n

d
P

d
  


  ,                           (S1-11) 

where 
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nP   being the 

associated Legendre functions. (sin )pl P  is a function related to the associated Laguerre 

polynomials, whose expression is given by 

2 2

2

0 0

2 sin 2 sin
(sin )

l

l

pl p

f f
L

 


 

   
    

  
P .               (S1-12) 

Without loss of generality, here we limit our discussion on x polarized waves with

( ,  ) (1,0)px py  , and fix the beam center at the origin of the coordinate. ( ) ( )l

inc



E r  is defined 

as the electric field which is related to ( ) ( )l

incE r  through the space inversion at dr , which is 

still an OAM beam but possessing a topological index of l . 
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Here P̂  is the parity operator. The minus sign in the subscript represents the direction of 

propagation, which is opposite with that of ( )l

incE . If ( ) ( )l

inc



E r  is expressed as form of sum of 

VSFs functions like Eq.(S1-7), the expansion coefficients are written as 



       1( 1) ; ( 1)
l l l ln n

v v v va a b b
   

       .                   (S1-14) 

 

2 VALUES OF INTEGRATIONS 
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In this section, we give the expressions for ( ) ( ) ( ) ( )
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