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Summary Equations: Metapopulation Model of Transmission

The model comprises six patches; five to represent Mpumalanga municipalities, and one for Maputo

province, Mozambique. Each patch comprises three sub-patches: (1) the local population of patch i

currently in patch i, (2) the local population of patch i having returned from travel to a foreign place

(Maputo, if the patch is South African and vice versa) and (3) the population from the foreign place

currently in patch i. In each sub-patch, the population is divided into five compartments representing the

population susceptible to malaria (S), the population infected with malaria at the asexual blood-stage (B)

and the population at the infectious stage (I). The blood and infectious stage compartments are further

stratified according to whether the infection is treated (T) or not (U).

This system is described by a set of non-linear differential equations for which the compartment and

parameter descriptions are given in Tables 1 and 2 respectively.

The force of infection λi[t] for each patch i is a function of the level of vector control, the annual number of

mosquito bites per person x proportion of bites testing positive for sporozoites for patch i (βi) and the

proportion of infectiousness in the population lagged to reflect the infectiousness proportion at the time the

mosquito was infected.
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λi[t] = (1− vci[t] ∗ vef)βi ×
ITi,1[t− 4] + IUi,1[t− 4] + ITi,2[t− 4] + IUi,2[t− 4] + ITi,3[t− 4] + IUi,3[t− 4]

Ni
.

Population migration between the different patches is characterised by three sets of movements:

1. Movement may occur between any two of the five Mpumalanga patches i and j at a rate 1
κi,j

where

1

κi,j
=

1

k
×

1

(1+
√

(xi−xj)2+(yi−yj)2)lwgt∑5
i=1

1

(1+
√

(xi−xj)2+(yi−yj)2)lwgt

if i, j = 1, 2, 3, 4, 5 & i 6= j

= 0 if i or j = 6 (local movement only)

1

κi,j
=

1

κj,i

where (xi, yi) and (xj , yj) are the centroid coordinates for patches i and j respectively. This

movement is weighted inversely by distance so that movement between South African patches that

are closer together occurs at a higher rate than those further apart. The parameter lwgt determines

the degree of linkage between patches i and j.

2. Movement may occur when South African citizens cross the border into Maputo (from patch

i = 1− 5 in sub-patch 1 to patch 6 in sub-patch 3) and return (patch 6 in sub-patch 3 to patch

i = 1− 5 in sub-patch 2) at a rate of 1
ζi,6

where

1

ζi,6
=

1

z
×

1

(1+
√

(xi−x6)2+(yi−y6)2)fwgt∑5
i=1

1

(1+
√

(xi−x6)2+(yi−y6)2)fwgt

if i = 1, 2, 3, 4, 5

= 0 otherwise

1

ζi,6
=

1

ζ6,i

where (xi, yi) and (x6, y6) are the centroid coordinates for patches i and 6 respectively. This

movement is weighted inversely by distance so that movement between the South African patches

and Maputo that are closer together occurs at a higher rate than those further apart. The parameter

fwgt determines the degree of linkage between patches i and j.
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3. Movement may also occur when Mozambican citizens cross the border into Mpumalanga (from patch

6 in sub-patch 1 to patch j = 1− 5 in sub-patch 3) and return (patch j = 1− 5 in sub-patch 3 to

patch 6 in sub-patch 2) at a rate of 1
$6,j

where

1

$6,j
=

1

vyr
×

1

(1+
√

(x6−xj)2+(y6−yj)2)fwgt∑5
i=1

1

(1+
√

(x6−xj)2+(y6−yj)2)fwgt

if j = 1, 2, 3, 4, 5 & yr = 1, 2

= 0 otherwise

1

$6,j
=

1

$j,6

where (x6, y6) and (xj , yj) are the centroid coordinates for patches 6 and j respectively. This

movement is weighted inversely by distance so that movement between the South African patches

and Maputo that are closer together occurs at a higher rate than those further apart. The parameter

fwgt determines the degree of linkage between patches i and j.

This leads to the following set of differential equations. Footnotes have been added where needed to

describe the flows between compartments. Footnotes appear at the first occurrence of each type of flow.
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Sub-patch 1 (Local population): For each patch i moving to patch j (i, j ε{1, 2, .., 6}, j 6= i):

dSi,1
dt

= µNi︸︷︷︸
(1)

−λi[t− σ1]seasi[t]Si,1︸ ︷︷ ︸
(2)

+
1

r + τ
(BTi,1 + ITi,1)︸ ︷︷ ︸

(3)

+
1

δ
IUi,1︸ ︷︷ ︸
(4)

+
1

α
Si,2︸ ︷︷ ︸
(5)

+
∑
j

1

κi,j
(Sj,1 − Si,1)︸ ︷︷ ︸
(6)

− 1

$i,j
Si,1︸ ︷︷ ︸

(7)

− 1

ζi,6
Si,1︸ ︷︷ ︸

(8)

−µSi,1︸ ︷︷ ︸
(9)

dBTi,1
dt

= pλi[t− σ]seasi[t](Si,1 + Si,2)︸ ︷︷ ︸
(10)

− 1

σ2
BTi,1︸ ︷︷ ︸
(11)

− 1

r + τ
BTi,1 +

1

α
BTi,2 +

∑
j

1

κi,j
(BTj,1 −BTi,1)

− 1

$i,j
BTi,1 −

1

ζi,6
BTi,1 − µBTi,1

dITi,1
dt

=
1

σ2
BTi,1 −

1

r + τ
ITi,1 +

1

α
ITi,2 +

∑
j

1

κi,j
(ITj,1 − ITi,1)− 1

$i,j
ITi,1 −

1

ζi,6
ITi,1 − µITi,1

dBUi,1
dt

= (1− p)λi[t− σ1]seasi[t](Si,1 + Si,2)︸ ︷︷ ︸
(12)

− 1

σ2
BUi,1 +

1

α
BUi,2 +

∑
j

1

κi,j
(BUj,1 −BUi,1)

− 1

$i,j
BUi,1 −

1

ζi,6
BUi,1 − µBUi,1

dIUi,1
dt

=
1

σ2
BUi,1 −

1

δ
IUi,1 +

1

α
IUi,2 +

∑
j

1

κi,j
(IUj,1 − IUi,1)− 1

$i,j
IUi,1 −

1

ζi,6
IUi,1 − µIUi,1

(1) Births in patch i

(2) Local incidence arising from sub-patch 1

(3) Recovery of treated blood and infectious stage infections at a rate dependent on the time to seek treatment
and the time to recovery

(4) Recovery of untreated infections at a rate dependent on the duration of natural recovery

(5) Assimilation of population in sub-patch 2 (locals having returned from foreign travel) back into sub-patch 1
from whence they originated.

(6) Movement between local patches (1-5) out of and into the compartment

(7) Movement of local patch i population to foreign patch j when i=6 and j = 1-5; =0 for all other values of i as
this rate is particular to movement of Maputo population (patch 6)

(8) Movement of local patch i population to foreign patch 6 when i=1-5; =0 for i=6 as this rate is particular to
movement of the Mpumalanga population to and from Maputo (patches 1-5)

(9) Deaths in patch i from this compartment

(10) New infections destined to be treated having arisen from susceptible populations in sub-patch 1 (local
population) and sub-patch 2 (local population having returned from foreign travel) as these are infections due
to local transmission.

(11) Development of infectiousness at a rate dependent on the duration of the blood stage
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(12) New infections destined to remain untreated (having arisen from susceptible populations in sub-patch 1 (local
population) and sub-patch 2 (local population having returned from foreign travel) as these are infections due
to local transmission.

Sub-patch 2 (Local population returning from foreign travel) : For each patch i moving to patch

j (i, jε{1, 2, .., 6}, j 6= i)

dSi,2
dt

= −λi[t− σ1]seasi[t]Si,2︸ ︷︷ ︸
(13)

+
1

r + τ
(BTi,2 + ITi,2) +

1

δ
IUi,2 −

1

α
Si,2︸ ︷︷ ︸

(14)

+
∑
j

1

κi,j
(Sj,2 − Si,2)︸ ︷︷ ︸
(15)∑

j

1

$i,j
Sj,3︸ ︷︷ ︸

(16)

+
1

ζi,6
S6,3︸ ︷︷ ︸

(17)

−µSi,2

dBTi,2
dt

= − 1

σ2
BTi,2 −

1

r + τ
BTi,2 −

1

α
BTi,2 +

∑
j

1

κi,j
(BTj,2 −BTi,2) +

∑
j

1

$i,j
BTj,3 +

1

ζi,6
BTj,3 − µBTi,2

dITi,2
dt

=
1

σ2
BTi,2 −

1

r + τ
ITi,2 −

1

α
ITi,2 +

∑
j

1

κi,j
(ITj,2 − ITi,2) +

∑
j

1

$i,j
ITj,3 +

1

ζi,6
ITj,3 − µITi,2

dBUi,2
dt

= − 1

σ2
BUi,2 −

1

α
BUi,2 +

∑
j

1

κi,j
(BUj,2 −BUi,2) +

∑
j

1

$i,j
BUj,3 +

1

ζi,6
BUj,3 − µBUi,2

dIUi,2
dt

=
1

σ2
BUi,2 −

1

δ
IUi,2 −

1

α
IUi,2 +

∑
j

1

κi,j
(IUj,2 − IUi,2) +

∑
j

1

$i,j
IUj,3 +

1

ζi,6
IUj,3 − µIUi,2

(13) New infections arising from sub-patch 2 due to local transmission and not infections contracted while
travelling

(14) Assimilation of population in sub-patch 2 (locals having returned from foreign travel) back into sub-patch 1
from whence they originated.

(15) Movement between local patches (1-5) out of and into the compartment

(16) Movement of patch 6 population from foreign patch j, sub-patch 3 back into patch 6 but in sub-patch 2, when
i=6 and j = 1-5; =0 for all other values of i as this rate is particular to movement of Maputo population
(patch 6)

(17) Movement of patch i population from foreign patch 6 sub-patch 3 back into patch i, sub-patch 2, when i=1-5;
=0 for j=6 as this rate is particular to movement of the Mpumalanga population to and from Maputo
(patches 1-5)

Sub-patch 3 (Foreign population):For each patch i moving to patch j (i, j ε{1, 2, .., 6}, j 6= i):

dSi,3
dt

= −λi[t− σ1]seasi[t]Si,3︸ ︷︷ ︸
(18)

+
1

r + τ
(BTi,3 + ITi,3) +

1

δ
IUi,3 +

∑
j

1

κi,j
(Sj,3 − Si,3)︸ ︷︷ ︸
(19)
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+
1

$i,j
(Sj,1 − Si,3)︸ ︷︷ ︸

(20)

+
∑
j

1

ζi,j
(Sj,1 − Si,3)︸ ︷︷ ︸
(21)

−µSi,3

dBTi,3
dt

= pfyλi[t− σ1]seasi[t]Si,3 −
1

σ2
BTi,3 −

1

r + τ
BTi,3 +

∑
j

1

κi,j
(BTj,3 −BTi,3)

+
1

$i,j
(BTj,1 −BTi,3) +

∑
j

1

ζi,j
(BTj,1 −BTi,3)− µBTi,3

dITi,3
dt

=
1

σ2
BTi,3 −

1

r + τ
ITi,3 +

∑
j

1

κi,j
(ITj,3 − ITi,3) +

1

$i,j
(ITj,1 − ITi,3) +

∑
j

1

ζi,j
(ITj,1 − ITi,3)− µITi,3

dBUi,3
dt

= (1− pfy)λi[t− σ1]seasi[t]Si,3 −
1

σ2
BUi,3 +

∑
j

1

κi,j
(BUj,3 −BUi,3) +

1

$i,j
(BUj,1 −BUi,3)

+
∑
j

1

ζi,j
(BUj,1 −BUi,3)− µBUi,3

dIUi,3
dt

=
1

σ2
BUi,3 −

1

δ
IUi,3 +

∑
j

1

κi,j
(IUj,3 − IUi,3) +

1

$i,j
(IUj,1 − IUi,3) +

∑
j

1

ζi,j
(IUj,1 − IUi,3)− µIUi,3

(18) New infections arising from sub-patch 3 due to local transmission and not infections contracted from patch of
origin

(19) Movement between local patches (1-5) out of and into the compartment

(20) Movement of patch 6 population from patch 6, sub-patch 1 into patch i, sub-patch 3, when i=1-5 and j = 6
and movement from patch i, sub-patch 3 back into to patch 6, sub-patch 2. This rate =0 for all other values
of j as it is particular to movement of Maputo population (patch 6)

(21) Movement of patch j population from patch j, sub-patch 1, into patch 6 sub-patch 3 when i=6 and j=1-5 and
movement from patch 6, sub-patch 3 back into patch j, sub-patch 2 ; This rate=0 for j=6 as it is particular to
movement of the Mpumalanga population (patches 1-5) to and from Maputo
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Table 1: Model 2: Compartment Descriptions
Compartment Description

Si,k Susceptible Population in patch i and sub-patch k
BTi,k Population with Blood Stage Infections in patch i and sub-patch k that are treated
ITi,k Population with Infectious Stage Infections in patch i and sub-patch k that are treated
BUi,k Population with Blood Stage Infections in patch i and sub-patch k that are not treated
IUi,k Population with Infectious Stage infections in patch i and sub-patch k that are not

treated
Smdai,k Susceptible Population in patch i and sub-patch k receiving MDA
Bmdai,k Population with Blood stage infections in patch i and sub-patch k receiving MDA
Imdai,k Population with Infectious stage infections in patch i and sub-patch k receiving MDA
Sfsati,k Susceptible Population in patch i and sub-patch k receiving FSAT
Bfsati,k Population with Blood stage infections in patch i and sub-patch k receiving FSAT
Ifsati,k Population with Infectious stage infections in patch i and sub-patch k receiving FSAT

BT (mda)i,k Population having already received MDA, with Blood Stage Infections in patch i
and sub-patch k that are treated

IT (mda)i,k Population having already received MDA, with Infectious Stage Infections in patch i
and sub-patch k that are treated

BU(mda)i,k Population having already received MDA, with Blood Stage Infections in patch i
and sub-patch k that are not treated

IU(mda)i,k Population having already received MDA, with Infectious Stage infections in patch i
and sub-patch k that are not treated

Table 2: Values, descriptions and sources of the parameters
driving the base metapopulation model of transmission. (i =
{TC;MB;UJ ;NK;BB;MP}) Values in parentheses are the as-
sumed ranges for the parameter sensitivity analysis.

Parameter Description Value Source
Base Model Parameters

N Population size for the six
patches

2.5 × 106 [13, 14]

µ Mortality/birth Rate 105
10000 [15]

δ Natural recovery period 26 weeks (24, 28) [16–18]
σ1 Period between liver stage

and blood-stage
7 days (5-10) [19–21]

σ2 Period between blood-
stage and onset of
gametocytemia

2 weeks (1.8, 2.2) [16,22]

r AL elimination half-life 6 days (4, 8) [23]
τ Time to seek treatment 1/2 week Expert opinion
p Proportion of local in-

fected population receiv-
ing treatment

0.95 [24,25]

pfyr Proportion of foreign in-
fected population that re-
ceive treatment in a local
patch

pf1 = 0.5655(0.5652, 0.5658)
(pre April 2005)
pf2 = 0.5500 (0.5494, 0.5506)
(post April 2005)

Estimated from
model fitting
process

seasi Seasonal forcing function Derived from data [26]
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βi Annual number of
mosquito bites per
person x proportion of
bites testing positive for
sporozoites for patch i

βTC = 0.334 (0.244, 0.425)
βMB = 2.178 (2.056, 2.300)
βUJ = 0.805 (0.700, 0.910)
βNK = 1.330 (1.310, 1.350)
βBB = 8.304 (7.903, 8.705)
βMP = 94.999 (93.327, 96.671)

Estimated from
model fitting
process

1
α Rate of movement be-

tween sub-patch 2 and
sub-patch 1

2 weeks−1(1.75, 2.25) Expert opinion

1
k Rate of movement be-

tween 5 Mpumalanga mu-
nicipalities

1/48.603 (1/51.328, 1/45.787)
weeks−1

Estimated from
model fitting
process

1
vy

Maputo residents: Rate
of movement between Ma-
puto and 5 Mpumalanga
municipalities

1
v1

= 1/1258.828 weeks−1

(1/1261.249, 1/1256.407)
(pre-April 2005)
1
v2

= 1/319.042 weeks−1

(1/322.796, 1/315.333)
(post April 2005)

Estimated from
model fitting
process

1
z Mpumalanga residents:

Rate of movement be-
tween 5 Mpumalanga
municipalities and Ma-
puto

1
z = 1/765.19 weeks−1 Estimated from

model fitting
process

fwgt Foreign movement weight
intensity

8.385 (8.232, 8.537) Estimated from
model fitting
process

lwgt Local movement weight
intensity

2.613 (2.607, 2.618) Estimated from
model fitting
process

vc[i, t] vccov[i, t]× vef
vccov[i, t] Vector Control Coverage 0.22-0.90 Derived from

data
vef Effectiveness of vector

control
0.900 (0.897, 0.903) Estimated from

model fitting
process

Scale up of Vector Control
addi[t] Additional Vector Control vcaddon× vcaddi
vcaddon Additional Vector Control

Switch
Binary

vcaddi Additional Vector Control
Coverage in patch i

10%, 20%

Mass Drug Administration
mrate[t]−1 Rate of MDA Take-up mdaon(-log(1-mcov)/mdur)
mdaon Mass Drug Administra-

tion Switch
Binary

mcov MDA coverage 80%
mdur Duration of MDA cycle 8 weeks

proMDA[t] Drug Protection period 8 weeks
Focal Screen and Treat
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msprop[t] Proportion Screened and
Treated through Border
Control

mson × mscov

fsaton Focal Screen and Treat
Switch

Binary

mscov FSAT coverage × effec-
tiveness

70%

proFSAT [t] Drug Protection period 8 weeks

Summary Equations: Metapopulation Transmission model with interventions
Mass Drug Administration, Focal Screen and Treat, Scale-up of Vector Control

The base metapopulation model is expanded to include the impact of interventions, in particular, mass

drug administration, focal screen and treat and a scale up of vector control (Figure 1). Scaling up vector

control is modelled as an additional decrease to βi. As described in the paper, the FSAT campaign is

focused at a border entry point, where both the local and foreign populations are subject to a screening

and treating campaign. Hence three compartments are introduced into the model in sub-patches 2 and 3 of

each patch to account for locals and foreign travel into Mpumalanga. Sfsat, Bfsat and Ifsat represent the

Susceptible, Blood and Infectious stages for a population that has received treatment through an FSAT

campaign. To include MDA, three compartments are introduced into the model in each sub-patch of each

patch. Smda, Bmda and Imda represent the Susceptible, Blood and Infectious stages for a population that

has received treatment through an MDA cycle. As MDA is subjected to a population regardless of disease

status, all stages of infection must be accounted for. The period of chemoprophylaxis (the drug protection

period) is often shorter than the duration of the MDA cycle, and given that individuals in the population

can expect to receive MDA only once per cycle, it is necessary to allow for new infections during the MDA

cycle for the population who has already received MDA, but are reinfected as the drug protection period

has lapsed. BT(mda), IT(mda), BU(mda) and IU(mda) are included to account for these infections.

This leads to the following set of differential equations.

Sub-patch 1 (Local population): For each patch i moving to patch j (i, j ε{1, 2, .., 6}, j 6= i):

dSi,1
dt

= µNi − λi[t− σ1]seasi[t]Si,1 +
1

r + τ
(BTi,1 + ITi,1) +

1

δ
IUi,1 +

1

α
Si,2 +

∑
j

1

κi,j
(Sj,1 − Si,1)

− 1

$i,j
Si,1 −

1

ζi,6
Si,1 −

1

mrate[t]
Si,1︸ ︷︷ ︸

(22)

+
1

proMDA[t]
Smdai,1︸ ︷︷ ︸

(23)

−µSi,1
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BASE

FSAT

MDA

BT(mda) IT(mda)

S(mda)

BU(mda) IT(mda)

S

BU IU

S(fsat) I(fsat)

B(mda) I(mda)

B(fsat)

BT IT

inbound/local/and/
foreigners/subject/
to/FSAT/at/the/

border/

A/propor<on/of/
each/compartment/
travels/locally/to/and/

from/the/
Mpumalanga/

patches/

A/propor<on/of/each/
compartment/travels/

to/and/from/the/
Maputo/patch/

Figure 1: Transmission model with interventions for a single patch. Migration flows between patches are
not shown. Note that the full model may be depicted as this single patch model, replicated 18 times, with
migration flows between the 18 patches as described in the paper.
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dBTi,1
dt

= pλi[t− σ1]seasi[t](Si,1 + Si,2)− 1

σ2
BTi,1 −

1

r + τ
BTi,1 +

1

α
BTi,2 +

∑
j

1

κi,j
(BTj,1 −BTi,1)

− 1

$i,j
BTi,1 −

1

ζi,6
BTi,1 −

1

mrate[t]
BTi,1 +

1

proMDA[t]
BT (mda)i,1︸ ︷︷ ︸

(24)

−µBTi,1

dITi,1
dt

=
1

σ2
BTi,1 −

1

r + τ
ITi,1 +

1

α
ITi,2 +

∑
j

1

κi,j
(ITj,1 − ITi,1)− 1

$i,j
ITi,1 −

1

ζi,6
ITi,1

− 1

mrate[t]
ITi,1 +

1

proMDA[t]
IT (mda)i,1 − µITi,1

dBUi,1
dt

= (1− p)λi[t− σ1]seasi[t](Si,1 + Si,2)− 1

σ2
BUi,1 +

1

α
BUi,2 +

∑
j

1

κi,j
(BUj,1 −BUi,1)

− 1

$i,j
BUi,1 −

1

ζi,6
BUi,1 −

1

mrate[t]
BUi,1 +

1

proMDA[t]
BU(mda)i,1 − µBUi,1

dIUi,1
dt

=
1

σ2
BUi,1 −

1

δ
IUi,1 +

1

α
IUi,2 +

∑
j

1

κi,j
(IUj,1 − IUi,1)− 1

$i,j
IUi,1 −

1

ζi,6
IUi,1

− 1

mrate[t]
IUi,1 +

1

proMDA[t]
IU(mda)i,1 − µIUi,1

dSmdai,1
dt

= −λi[t− σ1]seasi[t]Smdai,1 +
1

mrate[t]
Si,1 +

1

r
(Bmdai,1 + Imdai,1)︸ ︷︷ ︸

(25)

− 1

proMDA[t]
Smdai,1

− µSmdai,1
dBmdai,1

dt
=

1

mrate[t]
(BTi,1 +BUi,1)− 1

σ2
Bmdai,1 −

1

r
Bmdai,1 − µBmdai,1

dImdai,1
dt

=
1

mrate[t]
(ITi,1 + IUi,1) +

1

σ2
Bmdai,1 −

1

r
Imdai,1 − µImdai,1

dSfsati,1
dt

= 0︸︷︷︸
(26)

dBfsati,1
dt

= 0︸︷︷︸
(26)

dIfsati,1
dt

= 0︸︷︷︸
(26)

dBT (mda)i,1
dt

= pλi[t− σ1]seasi[t](Smdai,1 + Smdai,2)− 1

σ2
BT (mda)i,1 −

1

r + τ
BT (mda)i,1 +

1

α
BT (mda)i,2 +∑

j

1

κi,j
(BT (mda)j,1 −BT (mda)i,1)− 1

$i,j
BT (mda)i,1 −

1

ζi,6
BT (mda)i,1 −

1

proMDA[t]
BT (mda)i,1

− µBT (mda)i,1

dIT (mda)i,1
dt

=
1

σ2
BT (mda)i,1 −

1

r + τ
IT (mda)i,1 +

1

α
IT (mda)i,2 +

∑
j

1

κi,j
(IT (mda)j,1 − IT (mda)i,1)

− 1

$i,j
IT (mda)i,1 −

1

ζi,6
IT (mda)i,1 −

1

proMDA[t]
IT (mda)i,1 − µIT (mda)i,1
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dBU(mda)i,1
dt

= (1− p)λi[t− σ1]seasi[t](Smdai,1 + Smdai,2)− 1

σ2
BU(mda)i,1 +

1

α
BU(mda)i,2

+
∑
j

1

κi,j
(BU(mda)j,1 −BU(mda)i,1)− 1

$i,j
BU(mda)i,1 −

1

ζi,6
BU(mda)i,1

− 1

proMDA[t]
BU(mda)i,1 − µBU(mda)i,1

dIU(mda)i,1
dt

=
1

σ2
BU(mda)i,1 −

1

δ
IU(mda)i,1 +

1

α
IU(mda)i,2 +

∑
j

1

κi,j
(IU(mda)j,1 − IU(mda)i,1)

− 1

$i,j
IU(mda)i,1 −

1

ζi,6
IU(mda)i,1 −

1

proMDA[t]
IU(mda)i,1 − µIU(mda)i,1

(22) Take-up of MDA at a rate dependent on duration of the MDA cycle and the target coverage

(23) Assimilation back into the Susceptible population after MDA cycle is complete

(24) Recovery of infections treated during MDA

(25) Assimilation back into the Blood stage treated population after MDA cycle is complete

(26) As FSAT is modelled to be conducted at the Mpumalanga-Maputo border, only locals returning from
Maputo (movement from sub-patch 3 to sub-patch 2) or foreigners entering Mpumalanga (movement from
sub-patch 1 to sub-patch 3) are affected. Thus residents of sub-patch 1 are not affected by FSAT.

Sub-patch 2 (Local population returning from foreign travel):For each patch i moving to patch j

(i, j ε{1, 2, .., 6}, j 6= i)

dSi,2
dt

= −λi[t− σ1]seasi[t]Si,2 +
1

r + τ
(BTi,2 + ITi,2) +

1

δ
IUi,2 −

1

α
Si,2 +

∑
j

1

κi,j
(Sj,2 − Si,2)

+
∑
j

1

$i,j
Sj,3 +

1

ζi,6
Sj,3 −

1

mrate[t]
Si,2 +

1

proMDA[t]
Smdai,2 +

1

proFSAT [t]
Sfsati,2︸ ︷︷ ︸

(27)

−µSi,2

dBTi,2
dt

= − 1

σ2
BTi,2 −

1

r + τ
BTi,2 −

1

α
BTi,2 +

∑
j

1

κi,j
(BTj,2 −BTi,2) + (1− fsaton ∗mscov[t]) ∗ 1

ζi,6
BTj,3︸ ︷︷ ︸

(28)

+
∑
j

1

$i,j
BTj,3︸ ︷︷ ︸

(29)

− 1

mrate[t]
BTi,2 +

1

proMDA[t]
BT (mda)i,2 − µBTi,2

dITi,2
dt

=
1

σ2
BTi,2 −

1

r + τ
ITi,2 −

1

α
ITi,2 +

∑
j

1

κi,j
(ITj,2 − ITi,2) + (1− fsaton ∗mscov[t]) ∗ 1

ζi,6
ITj,3

∑
j

1

$i,j
ITj,3 −

1

mrate[t]
ITi,2 +

1

proMDA[t]
IT (mda)i,2 − µITi,2

dBUi,2
dt

= − 1

σ2
BUi,2 −

1

α
BUi,2 +

∑
j

1

κi,j
(BUj,2 −BUi,2) + (1− fsaton ∗mscov[t]) ∗ 1

ζi,6
BUj,3

∑
j

1

$i,j
BUj,3 −

1

mrate[t]
BUi,2 +

1

proMDA[t]
BU(mda)i,2 − µBUi,2
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dIUi,2
dt

=
1

σ2
BUi,2 −

1

δ
IUi,2 −

1

α
IUi,2 +

∑
j

1

κi,j
(IUj,2 − IUi,2) + (1− fsaton ∗mscov[t]) ∗ 1

ζi,6
IUj,3

∑
j

1

$i,j
IUj,3 −

1

mrate[t]
IUi,2 +

1

proMDA[t]
IU(mda)i,2 − µIUi,2

dSmdai,2
dt

= −λi[t− σ1]seasi[t]Smdai,2 +
1

mrate[t]
Si,2 +

1

r
(Bmdai,2 + Imdai,2)− 1

proMDA[t]
Smdai,2

− µSmdai,2
dBmdai,2

dt
=

1

mrate[t]
(BTi,2 +BUi,2)− 1

σ2
Bmdai,2 −

1

r
Bmdai,2 − µBmdai,2

dImdai,2
dt

=
1

mrate[t]
(ITi,2 + IUi,2) +

1

σ2
Bmdai,2 −

1

r
Imdai,2 − µImdai,2

dSfsati,2
dt

=
1

r
(Bfsati,2 + Ifsati,2)︸ ︷︷ ︸

(30)

− 1

proFSAT [t]
Sfsati,2 − µSfsati,2

dBfsati,2
dt

= fsaton ∗mscov[t] ∗ (
1

ζi,6
BTj,3 +

1

ζi,6
BUj,3)︸ ︷︷ ︸

(31)

−1

r
Bfsati,2 −

1

σ2
Bfsati,2 − µBfsati,2

dIfsati,2
dt

= fsaton ∗mscov[t] ∗ (
1

ζi,6
ITj,3 +

1

ζi,6
IUj,3) +

1

σ2
Bfsati,2 −

1

r
Ifsati,2 − µIfsati,2

dBT (mda)i,2
dt

= − 1

σ2
BT (mda)i,2 −

1

r + τ
BT (mda)i,2 −

1

α
BT (mda)i,2 +

∑
j

1

κi,j
(BT (mda)j,2 −BT (mda)i,2)

+ (1− fsaton ∗mscov[t]) ∗ 1

ζi,6
BT (mda)j,3︸ ︷︷ ︸

(28)

+
∑
j

1

$i,j
BT (mda)j,3︸ ︷︷ ︸
(29)

− 1

proMDA[t]
BT (mda)i,2

− µBT (mda)i,2

dIT (mda)i,2
dt

=
1

σ2
BT (mda)i,2 −

1

r + τ
IT (mda)i,2 −

1

α
IT (mda)i,2 +

∑
j

1

κi,j
(IT (mda)j,2 − IT (mda)i,2)

+ (1− fsaton ∗mscov[t]) ∗ 1

ζi,6
IT (mda)j,3 +

∑
j

1

$i,j
IT (mda)j,3 −

1

proMDA[t]
IT (mda)i,2

− µIT (mda)i,2

dBU(mda)i,2
dt

= − 1

σ2
BU(mda)i,2 −

1

α
BU(mda)i,2 +

∑
j

1

κi,j
(BU(mda)j,2 −BU(mda)i,2)+

(1− fsaton ∗mscov[t]) ∗ 1

ζi,6
BU(mda)j,3 +

∑
j

1

$i,j
BU(mda)j,3 −

1

proMDA[t]
BU(mda)i,2

− µBU(mda)i,2

dIU(mda)i,2
dt

=
1

σ2
BU(mda)i,2 −

1

δ
IU(mda)i,2 −

1

α
IU(mda)i,2 +

∑
j

1

κi,j
(IU(mda)j,2 − IU(mda)i,2)

+ (1− fsaton ∗mscov[t]) ∗ 1

ζi,6
IU(mda)j,3 +

∑
j

1

$i,j
IU(mda)j,3 −

1

proMDA[t]
IU(mda)i,2

− µIU(mda)i,2
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(27) Assimilation back into the Susceptible population after MDA cycle is complete

(28) Movement of patch i population not subjected to FSAT from foreign patch 6 sub-patch 3 back into patch
i, sub-patch 2, when i=1-5; =0 for j=6 as this rate is particular to movement of the Mpumalanga population
to and from Maputo (patches 1-5)

(29) Movement of patch 6 population from foreign patch j, sub-patch 3 back into patch 6 but in sub-patch 2, when
i=6 and j = 1-5; =0 for all other values of i as this rate is particular to movement of Maputo population
(patch 6)

(30) Recovery of infections treated during FSAT

(31) Take-up of FSAT (of locals entering Mpumalanga) at a rate dependent on duration of the FSAT cycle and
the target coverage

Sub-patch 3 (Foreign population): For each patch i moving to patch j (i, jε{1, 2, .., 6}, j 6= i):

dSi,3
dt

= −λi[t− σ1]seasi[t]Si,3 +
1

r + τ
(BTi,3 + ITi,3) +

1

δ
IUi,3 +

∑
j

1

κi,j
(Sj,3 − Si,3)

+
1

$i,j
(Sj,1 − Si,3)︸ ︷︷ ︸

(32)

+
∑
j

1

ζi,j
(Sj,1 − Si,3)︸ ︷︷ ︸
(33)

− 1

mrate[t]
Si,3 +

1

proMDA[t]
Smdai,3 − µSi,3

dBTi,3
dt

= pfyλi[t− σ1]seasi[t]Si,3 −
1

σ2
BTi,3 −

1

r + τ
BTi,3 +

∑
j

1

κi,j
(BTj,3 −BTi,3)

+ (1− fsaton ∗mscov[t]) ∗ 1

$i,j
BTj,1︸ ︷︷ ︸

(34)

− 1

$i,j
BTi,3︸ ︷︷ ︸

(35)

+
∑
j

1

ζi,j
(BTj,1 −BTi,3)− 1

mrate[t]
BTi,3+

1

proMDA[t]
BT (mda)i,3 − µBTi,3

dITi,3
dt

=
1

σ2
BTi,3 −

1

r + τ
ITi,3 +

∑
j

1

κi,j
(ITj,3 − ITi,3) + (1− fsaton ∗mscov[t]) ∗ 1

$i,j
ITj,1

− 1

$i,j
ITi,3) +

∑
j

1

ζi,j
(ITj,1 − ITi,3)− 1

mrate[t]
ITi,3 +

1

proMDA[t]
IT (mda)i,3 − µITi,3

dBUi,3
dt

= (1− pfy)λi[t− σ1]seasi[t]Si,3 −
1

σ2
BUi,3 +

∑
j

1

κi,j
(BUj,3 −BUi,3)+

(1− fsaton ∗mscov[t]) ∗ 1

$i,j
BUj,1 −

1

$i,j
BUi,3 +

∑
j

1

ζi,j
(BUj,1 −BUi,3))− 1

mrate[t]
BUi,3+

1

proMDA[t]
BU(mda)i,3 − µBUi,3

dIUi,3
dt

=
1

σ2
BUi,3 −

1

δ
IUi,3 +

∑
j

1

κi,j
(IUj,3 − IUi,3) + (1− fsaton ∗mscov[t]) ∗ 1

$j,i
IUj,1

− 1

$j,i
IUi,3) +

∑
j

1

ζj,i
(IUj,1 − IUi,3))− 1

mrate[t]
IUi,3 +

1

proMDA[t]
IU(mda)i,3 − µIUi,3

dSmdai,3
dt

= −λi[t− σ1]seasi[t]S(mda)i,3 +
1

mrate[t]
Si,3 +

1

r
(Bmdai,3 + Imdai,3)− 1

proMDA[t]
Smdai,3
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− µSmdai,3
dBmdai,3

dt
=

1

mrate[t]
(BTi,3 +BUi,3)− 1

σ2
Bmdai,3 −

1

r
Bmdai,3 − µBmdai,3

dImdai,3
dt

=
1

mrate[t]
(ITi,3 + IUi,3) +

1

σ2
Bmdai,3 −

1

r
Imdai,3 − µImdai,3

dSfsati,3
dt

=
1

r
(Bfsati,3 + Ifsati,3)− 1

proFSAT [t]
Sfsati,3 − µSfsati,3

dBfsati,3
dt

= fsaton ∗mscov[t] ∗ (
1

$i,j
BTj,1 +

1

$i,j
BUj,1)︸ ︷︷ ︸

(36)

−1

r
Bfsati,3 −

1

σ2
Bfsati,3 − µBfsati,3

dIfsati,3
dt

= fsaton ∗mscov[t] ∗ (
1

$i,j
ITj,1 +

1

$i,j
IUj,1) +

1

σ2
Bfsati,3 −

1

r
Ifsati,3 − µIfsati,3

dBT (mda)i,3
dt

= pfyλi[t− σ1]seasi[t]S(mda)i,3 −
1

σ2
BT (mda)i,3 −

1

r + τ
BT (mda)i,3+∑

j

1

κi,j
(BT (mda)j,3 −BT (mda)i,3) + (1− fsaton ∗mscov[t]) ∗ 1

$i,j
BT (mda)j,1︸ ︷︷ ︸

(34)

− 1

$i,j
BT (mda)i,3︸ ︷︷ ︸

(35)

+
∑
j

1

ζi,j
(BT (mda)j,1 −BT (mda)i,3)− 1

proMDA[t]
BT (mda)i,3

− µBT (mda)i,3

dIT (mda)i,3
dt

=
1

σ2
BT (mda)i,3 −

1

r + τ
IT (mda)i,3 +

∑
j

1

κi,j
(IT (mda)j,3 − IT (mda)i,3)+

(1− fsaton ∗mscov[t]) ∗ 1

$i,j
IT (mda)j,1 −

1

$i,j
IT (mda)i,3) +

∑
j

1

ζi,j
(IT (mda)j,1 − ITi,3)

− 1

proMDA[t]
IT (mda)i,3 − µIT (mda)i,3

dBU(mda)i,3
dt

= (1− pfy)λi[t− σ1]seasi[t]S(mda)i,3 −
1

σ2
BU(mda)i,3 +

∑
j

1

κi,j
(BU(mda)j,3 −BU(mda)i,3)

+ (1− fsaton ∗mscov[t]) ∗ 1

$i,j
BU(mda)j,1 −

1

$i,j
BU(mda)i,3

+
∑
j

1

ζi,j
(BU(mda)j,1 −BU(mda)i,3))− 1

proMDA[t]
BU(mda)i,3 − µBU(mda)i,3

dIU(mda)i,3
dt

=
1

σ2
BU(mda)i,3 −

1

δ
IU(mda)i,3 +

∑
j

1

κi,j
(IU(mda)j,3 − IU(mda)i,3)+

(1− fsaton ∗mscov[t]) ∗ 1

$j,i
IU(mda)j,1 −

1

$j,i
IU(mda)i,3) +

∑
j

1

ζj,i
(IU(mda)j,1 − IUi,3))

− 1

proMDA[t]
IU(mda)i,3 − µIU(mda)i,3

(32) Movement of patch 6 population from patch 6, sub-patch 1 into patch i, sub-patch 3, when i=1-5 and j = 6
and movement from patch i, sub-patch 3 back into to patch 6, sub-patch 2. This rate =0 for all other values
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of j as it is particular to movement of Maputo population (patch 6)

(33) Movement of patch j population from patch j, sub-patch 1, into patch 6 sub-patch 3 when i=6 and j=1-5 and
movement from patch 6, sub-patch 3 back into patch j, sub-patch 2 ; This rate=0 for j=6 as it is particular to
movement of the Mpumalanga population (patches 1-5) to and from Maputo

(34) Movement of patch 6 population not subjected to FSAT from patch 6, sub-patch 1 into patch i, sub-patch
3, when i=1-5 and j = 6. This rate =0 for all other values of j as it is particular to movement of Maputo
population (patch 6)

(35) Movement from patch i, sub-patch 3 back into to patch 6, sub-patch 2 when i=1-5 and j = 6. This rate =0
for all other values of j as it is particular to movement of Maputo population (patch 6)

(36) Take-up of FSAT (of foreigners entering Mpumalanga) at a rate dependent on duration of the FSAT cycle
and the target coverage

where the force of infection is given by

λi[t] = (1− vci[t] ∗ vef)βi ×
∑3
k=1(ITi,k[t− 4] + IUi,k + Imdai,k[t− 4] + Ifsati,k[t− 4])

Ni
.

Vector Control

Indoor Residual spraying is the primary vector control intervention employed in Mpumalanga. The data on

the number of structures sprayed in Mpumalanga is provided by the Malaria Elimination Programme and

has already been presented in Ngomane and de Jager (2012) and is depicted in Figure 2 [34]. Given that

IRS is not 100% effective, a parameter on the effectiveness of IRS vef has been estimated in the

data-fitting process.

0	  

100000	  

200000	  

300000	  

400000	  

500000	  

600000	  

700000	  

2002	   2003	   2004	   2005	   2006	   2007	   2008	   2009	   2010	   2011	   2012	  

IRS:	  No.	  of	  Structures	  sprayed	  

Figure 2: Number of structures sprayed in Mpumalanga between 2002 and 2012
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Data Fitting Method

The model is fitted to weekly incidence data of treated cases from 2002 to 2008, and then validated with

data from 2009 to 2012. The model is run from 1990 to reach a steady state before being fitted to data

from 2002. IRS coverage and drug treatment are included in the model for the data fitting. The number of

treated cases in each sub-patch k are fitted to the data using the maximum likelihood approach assuming

an underlying Poisson distribution with canonical parameter λ as the average number of treated cases per

week. The metapopulation non-linear differential equation model is expressed in terms of average rates of

movement between compartments, thus λ is a function of the parameters to be estimated (listed in Table 2)

The Poisson probability of observing x counts when the average number of counts per week is λ given by

P (x|λ) =
λx exp−λ

x!
.

As the model is being fitted to time series data with N time bins, λ, the expected number of counts per bin

is a function of time. Assuming the independence of data from different time bins, the likelihood reduces to

L(λi|xi) =

N∏
i=1

λxi
i exp−λi

xi!

and the log likelihood becomes

ln(L(λi|xi)) =

N∑
i=1

xiln(λi)− λi − ln(xi!).

The model is fitted to 16 sets of data for each weekly time bin: treated cases for three sub-patches in five

Mpumalanga municipalities and treated cases for Maputo. Under the assumption of independence, the log

likelihood to be maximised is

ln(L(λs,i|xs,i)) ∝
N∑
i=1

16∑
s=1

xs,iln(λs,i)− λs,i

The log-likelihood is negated and minimised using the hydroPSO function implementing a version of the

Particle Swarm Optimisation algorithm in the R package hydroPSO v0.3-3 [29,30]. Particle Swarm

Optimisation is a global stochastic optimisation technique initially inspired by social behaviour of birds
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and fish [31,32]. It shares similarities with evolutionary optimisation techniques like Genetic Algorithms

(GA) but explores the multi-dimensional solution space on the basis of individual and global best-known

“particle positions” without evolution operators. Problems are optimised by moving particles (the

population of candidate solutions) around the search-space based on the particles’ position and velocity.

Particle movements are a function of local best positions and other best particle positions in the

search-space. Thus the particles ”swarm” towards the best solutions in the search-space.

The parameters estimated through the model fitting process are presented in Table 2. The model with the

estimated parameter values is run for a further 3 years to be further validated by comparison to data

between 2009 and 2012. Model development, fitting and subsequent analysis was performed in R

v3.02 [33]. The particle swarm optimization routine was performed using the R package hydroPSO

v0.3-3 [29,30]. Figure 3 shows the data fitting and validation for all 16 sets of data with 95% confidence

intervals. The differential equation model predicts the average number of treated cases per time point,

whereas the data is one observation in time. Running the model several times, sampling parameter

estimates from their 95% confidence ranges and treating model flows as a random realisation of a Poisson

distribution, the average prediction at each time point is computed and plotted (solid red and blue lines).

The shaded envelope around the average prediction is a 95% pseudo confidence interval for an individual

prediction (computed by averaging the lower and upper bounds over each of the 95% confidence intervals

calculated for every model run) as opposed to an interval for the average prediction. The latter, by default,

would be narrower. The model fits the data in sub-patches 1 and 2 well, capturing the level and timing of

transmission. Sub-patch 3 data is over-estimated before 2006 and captured relatively well thereafter for all

municipalities except Nkomazi, where the prediction of infections is over-estimated. Sub-patch 3 for

Bushbuckridge appears to be over-estimated, but as the scale of the graph is small compared to Nkomazi,

this is less of an ”over”-estimation. Both the timing and level of malaria transmission in Maputo is

captured by the model fitting process.

The model is made stochastic by treating each flow between compartments at time t as a random

realisation of a Poisson process with rate λ as the deterministic flow value at that time and by simulating

the parameter values from their 95% confidence intervals.

18



0
5

15

0
2

4
6

8

0
2

4
6

0
20

40

0
20

40
60

0
5

10

0
5

10
15

0
5

15

0
5

10
15

0
10

0
20

0

0
10

0
20

0

0
40

10
0

0
40

80

0
5

10
15

0
5

10

0
30

00
0

Sub−patch 3Sub−patch 1 Sub−patch 2

Tr
ea

te
d 

ca
se

s 

T
C

M
B

U
J

N
K

B
B

M
P

2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012

Figure 3: Modelling fit and validation with 95% uncertaintly range for individual predicitons

Migration rate sensitivity analysis

A test on the sensitivity of model predictions to changes in the migration rate was conducted. The model

results as depicted in Figure 4 in the manuscript have been simulated at different levels of migration (-90%,

-50%, -25%, base case, +25%, +50%, +100%). Figure 4 shows that the model predictions are stable for

varying levels of migration for all interventions modelled.

Additional results

The graphs below depict the impact of the various interventions on infections in each of the five local

municipalities.
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Figure 4: Predicted percentage change (increase or decrease) in point estimates of local infections due to the interventions
between 2013 and 2018 for varying levels of the foreign migration rate. (1) Local Scale-up: Increase in local vector control
so as to reduce the mosquito-human contact rate by a further 10% (red)& three consecutive two-monthly rounds of MDA
in Mbombela, Nkomazi and Bushbuckridge Municipalities (green). (2) FSAT at the border: at 70% coverage for 26 weeks
(red), 39 weeks (green), 52 weeks (blue) and 52 weeks at 100% coverage (purple). (3) Reducing Vector Control: FSAT at
the border at 70% coverage administered all year round while simultaneously reducing vector control by 10% (red), 20%
(green) and stopping vector control altogether (blue). (4) Source Reduction: 10% scale up of vector control in Maputo
(red), three consecutive two-monthly rounds of MDA in Maputo (green) and eliminating malaria in Maputo (blue).
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Figure 5: Predicted impact of interventions on local infections in the five local municipalities through time compared to
the base case of no interventions (black). Local Scale-up: Increase in local vector control so as to reduce the mosquito-
human contact rate by a further 10% (red)& three consecutive two-monthly rounds of MDA in Mbombela, Nkomazi and
Bushbuckridge Municipalities (green).
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Figure 6: Predicted impact of interventions on local infections in the five local municipalities through time compared to
the base case of no interventions (black). FSAT at the border: at 70% coverage for 26 weeks (red), 39 weeks (green), 52
weeks (blue) and 52 weeks at 100% coverage (purple).
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Figure 7: Predicted impact of interventions on local infections in the five local municipalities through time compared to
the base case of no interventions (black). Reducing Vector Control: FSAT at the border at 70% coverage administered all
year round while simultaneously reducing vector control by 10% (red), 20% (green) and stopping vector control altogether
(blue).

23



0
20

40
60

0
50

15
0

0
40

80
0

50
15

0
0

20
0

40
0

0
10

00
00

Lo
ca

l i
nf

ec
tio

ns

T
C

M
B

U
J

N
K

B
B

R
M

A
P

2013 2014 2015 2016 2017 2018

Figure 8: Predicted impact of interventions on local infections in the five local municipalities through time compared
to the base case of no interventions (black). Source Reduction: 10% scale up of vector control in Maputo (red), three
consecutive two-monthly rounds of MDA in Maputo (green) and eliminating malaria in Maputo (blue).
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