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Asymptotic Variance of the Mean Score Estimator

Consider the weighted unbiased score equation

U(β) =
N∑
i=1

U i(β) =
N∑
i=1

Riπi(Yi, Vi)−1Uβ(Yi|Xi, Vi) = 0

where we use πi = π(yi, vi) = P (Ri = 1|yi, vi) = nyivi
/Nyivi

to denote the sampling probability for an individual i. As
noted by Lawless et al. [1], under mild regularity conditions [2]

√
N(β̂ − β)

p→ N(0,A(Ψ)−1C(Ω)A(Ψ)−1),

where Ψ = (β′, α′, γ′)′, Ω = (Ψ′, δ′)′,

A(Ψ) = limE[−N−1∂U i(β)/∂β′] = EY XV [−∂Uβ(Yi|Xi, Vi)/∂β′],

and

C(Ω) = lim var(N−1/2
N∑
i=1

Riπ
−1
i Uβ(Yi|Xi, Vi))

= lim
{

varY XV (ER|Y XV [N−1/2
N∑
i=1

Riπ
−1
i Uβ(Yi|Xi, Vi)])

+ EY XV (varR|Y XV [N−1/2
N∑
i=1

Riπ
−1
i Uβ(Yi|Xi, Vi)])

}

= lim N−1

{
varY XV (

N∑
i=1

Uβ(Yi|Xi, Vi)) + EY XV (varR|Y XV [
N∑
i=1

Riπ
−1
i Uβ(Yi|Xi, Vi)])

}
.

We denote the second-order inclusion probability as πij = P (Ri = 1, Rj = 1|yi, vi, yj , vj) so πij = πi · πj =
nyivi

/Nyivi
· nyjvj

/Nyjvj
if individuals i and j are from different strata (i.e. if (yi, vi) 6= (yj , vj)), while πij =

nyivi
/Nyivi

· (nyivi
− 1)/(Nyivi

− 1) if they are from the same stratum (i.e. (yi, vi) = (yj , vj)).
So,

EY XV
[
varR|Y XV [

N∑
i=1

Riπ
−1
i Uβ(Yi|Xi, Vi)]

]
= EY XV

[ N∑
i=1

varR|Y XV (Ri)π−2
i Uβ(Yi|Xi, Vi)U ′β(Yi|Xi, Vi)+

N∑
i=1

N∑
j=1;i 6=j

cov(Ri, Rj |Yi, Xi, Vi, Yj , Xj , Vj)π−1
i π−1

j Uβ(Yi|Xi, Vi)U ′β(Yj |Xj , Vj)
]

= EY XV
[ N∑
i=1

(πi − π2
i )π−2

i Uβ(Yi|Xi, Vi)U ′β(Yi|Xi, Vi) +
N∑
i=1

N∑
j=1;i6=j

πij − πiπj
πiπj

Uβ(Yi|Xi, Vi)U ′β(Yj |Xj , Vj)
]

= EY XV
[ N∑
i=1

(π−1
i − 1)Uβ(Yi|Xi, Vi)U ′β(Yi|Xi, Vi)

]
+

N∑
i=1

EY V

[
(NY V − 1)

(
nY V − 1
NY V − 1

NY V
nY V

− 1
)
EX|Y V [Uβ(Yi|Xi, Vi)]EX|Y V [U ′β(Yi|Xi, Vi)]

]
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= EY XV
[ N∑
i=1

(π−1
i − 1)Uβ(Yi|Xi, Vi)U ′β(Yi|Xi, Vi)

]
−

N∑
i=1

EY V
[(
π−1
i − 1

)
EX|Y V [Uβ(Yi|Xi, Vi)]EX|Y V [U ′β(Yi|Xi, Vi)]

]
=

N∑
i=1

EY V
[
(π−1
i − 1)

(
EX|Y V [Uβ(Yi|Xi, Vi)U ′β(Yi|Xi, Vi)]− EX|Y V [Uβ(Yi|Xi, Vi)]EX|Y V [U ′β(Yi|Xi, Vi)]

)]
.

Therefore,

C(Ω) = E[Uβ(Yi|Xi, Vi)U ′β(Yi|Xi, Vi)] +
∑
Y V

P (Y, V )(π(Y, V )−1 − 1)varX|Y V [Uβ(Yi|Xi, Vi)],

and since E[Uβ(Yi|Xi, Vi)U ′β(Yi|Xi, Vi)] = EY XV [−∂Uβ(Yi|Xi, Vi)/∂β′] [3], the asymptotic variance of the mean score
estimator is

A(Ψ)−1 +A(Ψ)−1B(Ω) A(Ψ)−1, (1)

where
B(Ω) =

∑
Y V

P (Y, V )
[NY V
nY V

− 1
]
· varX|Y,V [Uβ(Yi|Xi, Vi)].
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