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ABSTRACT Tubulin polymers, microtubules, can switch abruptly from the assembly to shortening. These infrequent transi-
tions, termed ‘‘catastrophes’’, affect numerous cellular processes but the underlying mechanisms are elusive. We approached
this complex stochastic system using advanced coarse-grainedmolecular dynamics modeling of tubulin-tubulin interactions. Un-
like in previous simplified models of dynamic microtubules, the catastrophes in this model arise owing to fluctuations in the
composition and conformation of a growing microtubule tip, most notably in the number of protofilament curls. In our model, dy-
namic evolution of the stochastic microtubule tip configurations over a long timescale, known as the system’s ‘‘aging’’, gives rise
to the nonexponential distribution of microtubule lifetimes, consistent with experiment. We show that aging takes place in the
absence of visible changes in the microtubule wall or tip, as this complex molecular-mechanical system evolves slowly and
asymptotically toward the steady-state level of the catastrophe-promoting configurations. This new, to our knowledge, theoret-
ical basis will assist detailed mechanistic investigations of the mechanisms of action of different microtubule-binding proteins and
drugs, thereby enabling accurate control over the microtubule dynamics to treat various pathologies.
INTRODUCTION
Microtubules (MTs), the cylindrical polymers of tubulin di-
mers, are a key component of the cytoskeleton. MTs have
numerous cellular functions, including maintenance of cell
architecture and intracellular transport, and they play an
essential role in mitosis (1). MTs can exhibit sudden transi-
tions between phases of slow growth and rapid shortening,
and this dynamic behavior facilitates formation and posi-
tioning of the mitotic spindle and the search and capture of
mitotic chromosomes. Moreover, MTs can work as molecu-
lar motors, producing mechanical work to move chromo-
somes (2). The dynamic instability of MTs can be observed
in vitro in a reconstituted system containing soluble tubulin
and GTP (3,4). During MT growth, tubulin dimers with the
GTP-bound b-tubulin subunits are added to the tip of the
MT, forming 13 parallel arrays called ‘‘protofilaments’’.
This GTP becomes subsequently hydrolyzed, so the major
part of the MT cylinder contains b-tubulins that are GDP-
bound, while the newly added tubulin subunits form a so-
called ‘‘GTP-cap’’ (5,6). The stochastic loss of the cap due
to hydrolysis and subunit dissociation is thought to lead to
a rapid transition fromMTgrowth to shortening, termed ‘‘ca-
tastrophe’’. However, the mechanism of this transition and
how it is linked to GTP hydrolysis is still unclear (7–10).

Since the discovery of MT dynamic instability, theoretical
modeling of tubulin polymerization played a critical role in
interpreting experimental observations and in defining the
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properties of the GTP-cap (6,11). The proposedmodels differ
significantly in their frameworks, postulates, and mathemat-
ical approaches (11–20). Earlier models represented the MT
with single or multiple protofilaments, describing their dy-
namics with kinetic constants that were different for GTP
versus GDP-tubulin dimers. The two-state model by Hill
(21), which additionally assumed random hydrolysis of the
tubulin-bound GTP, simulated well the rate of tubulin de/
polymerization as a function of soluble tubulin concentration.
However, this and other kinetic models with randomGTP hy-
drolysis (12,22) predicted a large GTP-tubulin cap and sug-
gested that the cap-promoted stabilization should depend
strongly on tubulin concentration (23). As a result, it has
been difficult with this modeling framework to recapitulate
two key experimental dependencies: a moderate suppression
of MT catastrophe by increasing tubulin concentration
(24,25); and the delay times in dilution experiments, in which
MTswere first polymerized using different tubulin concentra-
tions, then the free tubulinwas removed rapidly (26,27). In the
latter experiment, the MTs underwent catastrophes within 2–
4 s after tubulin removal, and the delay time was only weakly
dependent on the concentration of soluble tubulin. These
experimental findings prompted development of the molecu-
lar-kinetic models with different GTP hydrolysis rules. For
example, Bayley and colleagues (13,28,29) postulated that
the GTP hydrolysis was not random but coupled to tubulin
addition, thereby predicting a smaller GTP-cap that was not
sensitive to tubulin concentration.

Importantly, these pioneering models were constructed
when the high-resolution structure of the MT tip was still
http://dx.doi.org/10.1016/j.bpj.2015.10.048
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unavailable. These original and many subsequent molecular
MT models did not incorporate tubulin conformation, which
is different at the ends of growing versus shortening MTs
(30,31), preventing these models from a realistic description
of the evolvingMT tip structure. Moreover, the ability of de-
polymerizing MTs to exert a large pulling force has also
been documented only recently (32–34). Importantly, the
proposed power-stroke mechanism of MT force generation
imposes strong constraints on the possible MT energetics
and mechanics (35). To describe these effects, a complex
mechanical environment for all dimers at the MT tip should
be considered, because GTP hydrolysis in one tubulin dimer
induces a mechanical strain on its neighbors (9,36,37),
affecting formation and breakage of the nearest and to a
lesser degree more distant bonds. Recent molecular MT
models have begun approaching this complexity by consid-
ering the energy of lateral and longitudinal tubulin-tubulin
bonds (15) and approximating mechanical influences with
the neighbor-specific kinetic rate constants (20). However,
only with the development of molecular-mechanical MT
models does it became possible to directly incorporate var-
iable protofilament shapes by explicitly calculating bonds
energies and elastic tubulin deformations, linking the
behavior of the whole MT to the mechanics and energetics
of its individual subunits. The molecular-mechanical model,
constructed previously by our group, can successfully
describe structural and mechanical properties of depolyme-
rizing MTs, and, to our knowledge, is the only model today
to describe quantitatively the generation of large pulling
force by MT (17,34,38,39). However, all previous versions
of this model did not include tubulin assembly, so its appli-
cation to MT dynamic instability was not possible. The
mechanochemical model, proposed by van Buren et al.
(16), was the first molecular model to combine tubulin as-
sembly, GTP hydrolysis, and tubulin bending, allowing its
application to a broad range of experimental data. MT con-
figurations in this model are calculated with a quasi-station-
ary approach, which combines equations of chemical
thermodynamics and local energy minimization. Thermal
fluctuations, however, are lacking, so the associated me-
chanical fluctuations of protofilament shape are not
included. This model provides a good fit to various experi-
mental findings, although it appears to predict an overly
steep dependency of catastrophe frequency on tubulin con-
centration, while the ability of this model to describe the MT
pulling force has not yet been established.

Understanding the molecular events that lead to catastro-
phe is additionally difficult because the stabilizing properties
of the GTP-cap appear to change during MT lifetime, the
phenomenon called ‘‘MT aging’’. This slow evolution is
evident from the nonexponential distribution of the MT life-
times in vitro, consistent with a gradual increase in catastro-
phe frequency during the first few minutes of MT elongation
(24,40). Two differentMTmodels have so far been applied to
describe this transient effect, leading to two different mech-
anisms to explain MT aging. In a kinetic multiprotofilament
model by Bowne-Anderson et al. (11), the MT stochastically
acquires permanent molecular hits, and the accumulation of
three such hits is assumed to trigger a catastrophe (Fig. 1 A).
Because these hits are irreversible and accumulate consecu-
tively, this model predicts defects in the MTwall, e.g., elon-
gated gaps in thewalls ofMT cylinder (11). Although there is
currently no structural evidence to support presence of such
massive visible alterations in the MT lattice, it is difficult to
rule out that the slow accumulation of some less conspicuous
but permanent abnormalities within the MT wall might
cumulatively affect the structure or composition of the
GTP-cap, and hence the frequency of catastrophe. In
contrast, the mechanochemical model based on the work of
van Buren et al. (16) predicts that during tubulin assembly,
the wall of the MT polymer maintains its normal integrity,
but the MT tips become more tapered with time, exhibiting
an increasing mismatch in the length of individual protofila-
ments (Fig. 1 B) (41). This model therefore predicts visible
aging of the MT tip structure, which increases catastrophe
frequency during the first minutes of MT growth.

Importantly, while some theoretical models can recapitu-
late selected MT properties and experimental dependencies,
it has not been possible so far to reproduce quantitatively all
major kinetic, structural, and force generation properties of
tubulin polymers within the frame of one model and one set
of parameters, indicating that our understanding of the un-
derlying molecular events is still incomplete. Here we report
construction of a comprehensive molecular-mechanical
model of the MT dynamics, which implements explicit
Brownian dynamics simulation of tubulin-tubulin interac-
tions. Brownian dynamics provides stochastic trajectories
of tubulin monomers with high temporal resolution, while
taking into account the mechanics of protofilament bending
in a thermal bath. This contrasts the quasi-stationary ther-
modynamic approach, in which system behavior is approx-
imated with a series of computational steady-state steps in
the absence of thermal fluctuations; because the evolving
MT tip system is far from equilibrium, the quasi-stationary
approach may not be adequate. To simulate Brownian
dynamics on the experimentally relevant timescale, we con-
ducted massive parallel computations using the Lomonosov
supercomputer at the Moscow State University (0.9 PFlops
Linpack Performance) (42). Strikingly, this approach led to
an overall good quantitative agreement between the model
and major experimental characteristics of the dynamic
MTs. We have dissected detailed molecular events that pre-
cede and accompany the MT catastrophe in silico to derive a
comprehensive description of the underlying mechanisms
and their timescales. We show that MT catastrophe results
from random fluctuations in the number and extent of proto-
filament bending, not just in the size of the GTP-cap at a
growing tip. Importantly, MT aging in the model is not
caused by a permanent change in the MT wall or tip
tapering, but it is driven by the slow evolution of stochastic
Biophysical Journal 109(12) 2574–2591
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reversible events that take place continuously at the growing
MT end.
MATERIALS AND METHODS

Model description

Model geometry

MT is modeled as a cylindrical array of tubulin dimers arranged into 13_3

lattice with the plus MT end pointing upward (see Molodtsov et al. (17) for

details). Position and orientation of each tubulin monomer in the lattice is

fully defined by three coordinates (xi, yi, ti), where xi and yi are positions of

the center of the subunit, and ti is the orientation angle. Monomers interact

at four contact points with the neighboring subunits: there are two longitu-

dinal and two lateral bonds per monomer (Fig. 1 C; and see Efremov et al.

(39) for details). Different forms of tubulin, containing GTP or GDP, are

modeled similarly but with different values of model parameters (as

described below). Free soluble tubulin dimers can incorporate into MT

by attaching longitudinally at the MT end. Importantly, the model does

not describe any motions or changes in conformation of soluble tubulins,

and calculations begin after the GTP dimer has formed the MT end attach-

ment and adopted the straight configuration (see Choice of Model Parame-

ters and Model Calibration later in the text). For simplicity, we assume that

binding occurs with equal probability to any terminal dimer, independently

of its nucleotide state or location. Although local structure can sterically

inhibit subunit association, a prior theoretical model finds that the global

structure of the tip is unlikely to affect the association rate to lagging versus

leading protofilaments (43).

Energy potentials for tubulin-tubulin interactions within the MT
wall and protofilament bending

Lateral interaction between each pair of adjacent tubulin monomers is

described with the energy potential vlat that contains a quadratic well and

a repulsion barrier (Fig. 1 C):

vlatk;nðrk;nÞ ¼ Alat �
�
rlatk;n

ro

�2

� exp

��rlatk;n

ro

�
� blat

� exp

0
B@�

�
rlatk;n

�2

d � ro

1
CA: (1)

Here, rlatk;n is the distance between two adjacent lateral interaction points

between the kth tubulin monomers located in the protofilaments n and nþ1.
See Fig. S1 A in the Supporting Material, Choice of Model Parameters and

Model Calibration later in the text, and Table 1 for description of other

model parameters.

Longitudinal bonds between tubulin monomers are modeled differently,

depending on whether they are inter- or intradimer bonds. The interdimer

bonds between the tubulin monomers that belong to adjacent, head-to-tail

attached dimers are described analogously to the lateral bonds:

vinterk;n ðrk;nÞ ¼ Ainter �
�
rinterk;n

ro

�2

� exp

��rinterk;n

ro

�

�binter � exp

0
B@�

�
rinterk;n

�2
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1
CA:

(2)

Here, rinterk;n is the distance between two adjacent longitudinal interaction

points between tubulin monomers k and kþ1, located in protofilament n be-
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tween two dimers; parameters ro and d are the same for lateral and longitudinal

bonds.All parameters inEqs. 1 and 2 are the same forGTP- andGDP-tubulins.

The intradimer longitudinal bonds (between the monomers within one

dimer) are unbreakable, modeled as Hookean springs with stiffness k:

vintrak;n ðriÞ ¼ 1

2
k � r2k;n: (3)

Here, rk,n is the distance between two adjacent longitudinal interaction

points between monomers within one tubulin dimer.

In addition to the energy of molecular bonds between tubulin monomers,

the model also takes into account the energy associated with protofilament’s

bending. In the model, the bending takes place via the subunits rotation at

the longitudinal interaction points between monomers that belong to the

same protofilament, which curls in the plane defined as in Molodtsov

et al. (17). Protofilament bending energy gbending depends on angle ck,n be-

tween the adjacent monomers in the plane of this protofilament:

gbendingk;n ¼ B

2

�
ck;n � co

�2
: (4)

Here, ck,n ¼ (tk,n – tk�1,n) is the angle between k and k�1 monomers in

the protofilament n; the tk,n value is the angle formed between this mono-

mer and the MT axis; and co is either c
D
o or c

T
o, depending on the associ-

ated nucleotide GDP or GTP, respectively. See Choice of Model Parameters

and Model Calibration later in the text and Table 1 (and see Müller-Reich-

ert et al. (44) and Melki et al. (45)) for description of other parameters.

The total energy of the MT, Utotal, is given by the sum of all its

components:

Utotal ¼
X13
n¼ 1

XKn

k¼ 1

�
vlatk;n þ vinterk;n þ vintrak;n þ gbendingk;n

�
: (5)

Here, Kn is the total number of tubulin subunits in the nth protofilament.
Numerical calculations

The computer codewas written in Cþþ and parallelized with OpenMP. The

algorithm consisted of two parts: the dynamic part describing the molecular

dynamics of polymerized tubulin monomers and the kinetic part for a

stochastic association of new tubulin dimers at the ends of MT

protofilaments.

The dynamic part of our algorithm calculates tubulin monomer coordi-

nates in space and time using a Brownian dynamics approach described

in Ermak and McCammon (46). Briefly, the initial configuration is an

MT seed of 10 tubulin monomers in length. The coordinates of these mono-

mers are used as initial conditions for Langevin equations to calculate new

coordinates for all subsequently added tubulin monomers. The coordinates

of the system at the ith computation cycle are given by8>>>>>><
>>>>>>:

qik;n ¼ qi�1
k;n � dt

gq

� vUtotal

vqik;n
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBT

dt

gq

s
� Nð0; 1Þ

tik;n ¼ ti�1
k;n � dt

gt

� vUtotal

vtik;n
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBT

dt

gt

s
� Nð0; 1Þ

;

gq ¼ 6prh;

gt ¼ 8pr3h:

(6)



TABLE 1 Model Parameters

Parameter Description Value Comments

ro width of energy potential well,

characterizing the length of

tubulin-tubulin bond

0.12 nm see Choice of Model Parameters

and Model Calibration in the text

d shape parameter 0.25 nm

Alat corresponds approximately to 2�
height of the energy barrier for a

lateral bond

16.9 kBT

blat depth of the energy potential well for

a lateral bond

9.1 kBT

Ainter corresponds approximately to 2�
height of the energy barrier for

longitudinal interdimer bond

17.6 kBT

binter depth of the potential well for

longitudinal interdimer bond

15.5 kBT

k stiffness of longitudinal intradimer

bond

517 kBT nm�2

B flexural rigidity of protofilament

bending

300 kBT rad�2 (39)

cDo equilibrium angle between

longitudinally attached GDP-tubulin

monomers

0.2 rad (44)

cTo equilibrium angle between

longitudinally attached GTP-tubulin

monomers

0 rad 0 < cTo < 0.09 (37,44)

ctub soluble tubulin concentration 6–20 mM experimental range in vitro

kon,MT on-rate constant for tubulin addition

per MT

8.3 mM�1 s�1 (6.4 s�1 per protofilament

at 10 mM tubulin)

see Choice of Model Parameters

and Model Calibration in the text

Khydrol rate of GTP hydrolysis normal 0.5 s�1 (45)

accelerated 9 s�1 this model

T temperature 300 K this model

h viscosity 0.2 Pa$s this model

dt time step for dynamic algorithm 2 � 10�10 s this value enables convergence of calculations

tkin time step for kinetic algorithm 10�3 s this model

See Fig. S1 A for illustration of bond energy characteristics.
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Here, qi¼ {xi, yi}; dt is the time step;Utotal is given by Eq. 5; gq and gt are

translational and rotational viscous drag coefficients, respectively, calculated

for a spherewith radius r¼ 2 nm; kB is the Boltzmann constant; T is the tem-

perature; and N(0,1) is a random number from the normal distribution. The

gradients vU/vqi were calculated as described in Appendix SA.

A tubulin dimer was considered detached (and was no longer simulated)

when the distance between its lower longitudinal binding site and the upper

longitudinal binding site on the neighboring dimer in the same protofila-

ment exceeded 1 nm. This separation threshold corresponds to a negligible

energy of interaction between two proteins. To speed up calculations, and

unless stated otherwise, the dynamic algorithm was applied to all dimers

located four layers below the terminal dimer of the shortest protofilaments

and to all GTP-dimers located elsewhere in the MTwall, but the coordinates

of other tubulins in the cylindrical part of the MT were not updated. This

simplification is justified by our prior analysis in Molodtsov et al. (17),

where changes in the coordinates of one tubulin dimer in the cylindrical

part of the MTwere found to have mostly a local effect, influencing the di-

mers in the immediate vicinity but not elsewhere in the MT wall.

The kinetic part of the algorithm describes the incorporation of new

tubulin dimers at the MT end. A new tubulin dimer attaches to any of the

MT-terminal tubulins everymillisecondof themodel timewith probability p:

p ¼ kon;MT � ctub � tkin: (7)

Here, kon,MT is the on-rate constant for tubulin subunits addition to the

MT, c is the concentration of soluble tubulin, and t is the time step
tub kin

for the kinetic algorithm.
This algorithm was implemented by comparing the probability of attach-

ment p with random numbers pj from even distribution for interval [0,1]

generated for each MT protofilament. A new GTP-tubulin dimer was added

to the nth protofilament when pn < p. The coordinates (xi, yi, ti) of the

newly added dimer were assigned such that it formed the unstressed longi-

tudinal bond with its bottom neighbor (co
T ¼ 0); see Choice of Model

Parameters and Model Calibration later in the text. After the GTP-tubulin

dimer was incorporated, GTP hydrolysis in this dimer occurred stochasti-

cally with the rate constant Khydrol implemented as above: a random number

pk was generated from the even distribution [0,1] for every GTP-tubulin in

the MT once per millisecond. A typical simulation of 1 s of MT dynamics

took 25–30 h. The calculation results were processed in MATLAB 2012b

(The MathWorks, Natick, MA) (see Appendix SB and Fig. S2).
Choice of model parameters and model
calibration

As in our previous versions of molecular-mechanical model, we assume

that the equilibrium conformation for the GDP-tubulin incorporated into

the MT wall is bent with equilibrium angle of 0.2 rad between the head-

to-tail attached monomers, consistent with the structure of ram’s-horns at

the end of the depolymerizing MT (30,44). The equilibrium conformation

for the GTP-tubulin in the polymerized state is known with less certainty.

It has been suggested that soluble GTP-tubulin attaches to the MT tip in

a fully bent conformation (0.2 rad), but then it adopts a smaller bending

angle (47). However, the exact angular change, timing for this transition,
Biophysical Journal 109(12) 2574–2591
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and whether it is caused by the longitudinal or the lateral bonds or both, or

by the allosteric effects, is not yet known (48), preventing us from incorpo-

rating these transitions explicitly in a justifiable manner. Even more

impeding is the lack of knowledge about the bending rigidity of the soluble

GTP-tubulin dimer. If we assume that GTP- and GDP-bound soluble tubu-

lins have the same bending rigidity (as assumed for the polymerized tubu-

lins in our model) and that they have the same equilibrium angle (0.2 rad),

MT polymerization is not possible in our model, despite our use of the high

energy lateral and longitudinal bonds (Table 1, see below). This result does

not argue against the idea that GTP-tubulin straightens at the MT tip but it

highlights the difficulties of modeling such a transition until a strong, quan-

titative experimental base is established. In thismodel, we begin calculations

of MT dynamics downstream from a presumptive phase of GTP-tubulin

straightening. The equilibrium angle for the polymerized GTP-tubulin can

be estimated to be ~0.09 rad from theGMPCPP-containing tubulin structures

(37,44). Our previous theoretical analysis of the impact of this angle on MT

stability shows little effect for the angular range of 0–0.05 rad (17). Here, for

simplicity, we use the 0 rad angle, but model results do not change signifi-

cantly in the above angular range. Future modeling should explore larger

equilibrium angles for soluble and polymerized GTP-tubulin and a range

of GTP-tubulin stiffnesses to enable the incorporation of conformational

transitions during early steps of tubulin addition.

The flexural rigidity of protofilament bending B was estimated as in the

previous versions of the molecular-mechanical model (17,38,39). Briefly,

the entire energy of GTP hydrolysis is assumed to be stored in the strained

conformation of a polymerized GDP-tubulin dimer. Under this assumption,

the maximal thermodynamically possible force that the MT can generate is

~80 pN, but biomechanically different couplers transduce the force of

bending protofilaments with different efficiency (34). Importantly, the

MT depolymerization force is proportional to B, so smaller B implies a

smaller predicted force. The value of B in our model lies in the range of

the protofilament bending stiffness determined from nanoindentations

in silico (49). We also assume that the protofilament stiffness is the same

for GDP- and GTP-tubulins (50). The value of k, stiffness of longitudinal

intradimer bond, was chosen such that inter- and intradimer bonds had

similar rigidity. The soluble tubulin concentration ctub was varied in the

range typical for experiments in vitro (24,25). The parameter Khydrol for

simulations of MT growth and shortening (see Figs. 2, 4 B, 5, and 6) was

0.5 s�1, which represents the upper boundary for an estimated GTP hydro-

lysis rate in vitro (45). MT catastrophe calculations were done using Khydrol

¼ 9 s�1, and these data were normalized (see Figs. 3, 4, 7, and S3 and Ap-

pendix SC), except in Fig. 7, A and B, which shows plots for Khydrol ¼ 9 s�1

without the normalization.

Model calibration, during which the values of other unknown parameters

for tubulin-tubulin interaction are defined, is based on the experimental ev-

idence that during MT disassembly the lateral bonds dissociate before the

longitudinal ones (52), implying that the rate of MT disassembly is deter-

mined primarily by the characteristics of the lateral bonds. Previously esti-

mated Alat (17) was used as an initial value to find Alat and blat that in this

model give the average MT disassembly rate 24 mm/min, similar to the

experimentally observed MT shortening rate in vitro (25). The value of

Ainter was chosen roughly similar to Alat; these parameters define the height

of energy barrier for the respective bond (see Fig. S1 A). After the values of

parameters Alat, blat, and Ainter were fixed, the values of parameters kon,MT

and binter for the longitudinal bond were chosen to achieve a fit to the exper-

imental dependence of MT growth rate on tubulin concentration (Fig. 2 B)

(25). The resulting values of blat and binter used in this model are similar to

the intertubulin bond energies estimated from the coarse-grained molecular

dynamic simulations of MT nanoindentations (49). Importantly, our model

assigns the same bond energies for the GTP- and GDP-tubulins (Table 1),

consistent with a recent structural study (9) and our prior theoretical finding

that weakening lateral bonds have little effect on MT shape and stability

(17). The effect of the shape of energy potential and parameter ro have

been explored by us previously (17,38,39); ro ¼ 0.12 nm and d ¼
0.25 nm appear to be optimal for modeling interactions in the presence
Biophysical Journal 109(12) 2574–2591
of thermal fluctuations. See Appendix SD for additional information about

these parameters values and how they differ from those used in the mech-

anochemical models.
RESULTS

Construction of the molecular-mechanical model
of the dynamic MT

Our model combines the traditional kinetic approach to
tubulin assembly and the explicit Brownian dynamics simu-
lations of tubulin-tubulin interactions. Tubulin monomers
are used as unit structures; GTP tubulin dimers bind to the
tips of the 13 protofilament helical MT at the millisecond
timescale, characterized by the rate constant kon,MT (Fig. 1
C). To describe tubulin interactions, we employ the simplest
assumptions, so that the baseline behavior of this model can
be established before exploring additional complexities and
modifications. For GTP hydrolysis, we assume that after
tubulin association, the GTP is hydrolyzed randomly
regardless of this dimer’s location. GDP-tubulins in the
MT wall tend to adopt a bent conformation, consistent
with the structure of curved tubulin protofilaments at the
end of the depolymerizing MT (30,44). The interactions be-
tween the GTP- and GDP-containing tubulin subunits in the
MT wall are defined with specific energy potentials, simi-
larly to other molecular-mechanical models (16,17,39).
Lateral and longitudinal bonds between tubulin dimers can
stretch and break if the energy barriers are exceeded, but
the energy profiles are assumed to be same for GDP- and
GTP-tubulins. To our knowledge, the major novel feature
of our approach is that all molecular-mechanical interac-
tions between tubulin monomers within the MT wall and
at the tip, including formation and rupture of bonds, are
determined explicitly by solving Langevin equations of mo-
tion. Thus, the model does not assume any specific dissoci-
ation rate constant, but the tubulins dissociate only owing to
the dynamic evolution of this complex system. Conse-
quently, there are no thermodynamic penalties or imposed
rules for tubulin dimers dissociation depending on their spe-
cific location or identity of their neighbors within the tip.
MT catastrophe in this model is, therefore, a natural result
of the structure and energetic of the polymer configurations,
and the model contains no artificially introduced catastro-
phe-promoting or -inhibiting features.

Configuration of the MT lattice and its tip were deter-
mined with a 200-ps time step (42). During one computing
step, the model calculates spatial and angular coordinates
for up to 300 tubulin dimers at the MT plus-end. It takes
70–100 h to calculate 3 s of MT lifetime. The complete
model contains 17 parameters (Table 1); detailed model
description and calculation algorithms are provided in the
first two subsections under Materials and Methods. Values
of some model parameters, e.g., the typical length of a pro-
tein-protein bond, were taken or estimated by us based on



FIGURE 1 Theoretical models to study age-dependent MT catastrophes. (A) Simplified schematics of the MT aging mechanism, in which catastrophe is

triggered by the accumulating permanent catastrophe-promoting defects in the MT wall (arrowheads). (B) Simplified schematics of the MT aging mecha-

nism, in which the MT tip ages due to the persistent increase in the tip’s tapering. (C) Diagram depicting essential features of the molecular-mechanical

model, in which tubulin monomers in the MT wall interact with each other via two lateral and two longitudinal bonds with specified energy potentials.

(Brown) GTP-bound dimers; (green) GDP-dimers. See Materials and Methods for details. To see this figure in color, go online.
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Molodtsov et al. (17) and Efremov et al. (39). Those param-
eters that are currently not known were fitted with the model
(see Choice of Model Parameters and Model Calibration
earlier in the text). After all model parameters were speci-
fied, their values were fixed (Table 1) and the resulting
model behavior was examined.
Molecular-mechanical model recapitulates major
kinetic and structural features of the dynamicMTs

Typical calculation of MT dynamics started from a short
MT seed (see Movie S1), in which GTP was nonhydrolyz-
able and longitudinal bonds were unbreakable; this configu-
ration is similar to the GMPCPP-MT seeds used in vitro.
MT elongation from the seed proceeded steadily at
~2 mm/min for 10 mM tubulin (Fig. 2 A) and the rate
increased with increasing concentration of soluble tubulin
in a good agreement with experiment (Fig. 2 B). The config-
uration of MT ends during polymerization was similar to
those reported with electron microscopy for this tubulin
concentration range: the growing MT tips were fairly
straight, with no highly elongated protrusions (Fig. 2 C)
(30,31). The tips contained a mixture of tubulins in GTP-
and GDP-configurations, and the GTP-tubulin islands were
seen occasionally in theMTwall (53). The shape of the short-
ening MT tips in the model was dramatically different from
that of the growing tips (Fig. 2 D; and see Movie S1). More-
over, the shape of curled protofilaments in silico was in a
quantitative agreement with the ram’s-horns seen in electron
micrographs of the MTs depolymerizing in vitro (52) (Fig. 2
E). The distributions of the length of real ram’s-horns and of
those in the model were also similar (Fig. 2 F). This match
has not been seen with previous molecular-mechanical
models, in which the length of protofilament curls was either
too short (16) or fixed artificially (39,51). The average rate of
MT shortening in silico was 24.4 5 4.4 mm/min (mean 5
SD, N ¼ 16) and it varied considerably not only from one
simulated MT to another, but also during the shortening of
one MT (Fig. 2 G), as seen in the experiment (54). The rate
of MT shortening in vivo and in silico showed no significant
dependency on tubulin concentration (Fig. 2 H). Thus, this
model can recapitulate major aspects of the MT assembly
and disassembly.
The model predicts a nonexponential distribution
of MT lifetimes

The stochastic transitions from MT growth to shortening
in vitro are infrequent: 0.001–0.005 s�1 (24,25). Even
with the use of a supercomputer and parallel programming,
as of this writing, it is not possible to examine within a
reasonable timeframe the events that are so infrequent. To
overcome this technical limitation we sped up the acquisi-
tion of MT lifetime statistics using an increased rate of
GTP hydrolysis. When GTP hydrolysis was accelerated
6–18-fold, spontaneous MT catastrophes were observed,
as shown in Movie S3, which depicts 6.8 s of the MT life-
time and corresponds to the computing time of ~170 h. The
resulting catastrophe frequency was proportional to the rate
of GTP hydrolysis (Fig. 3 A), so the acquired MT catastro-
phe rates and lifetimes were normalized to compare with
experimental data in vitro. This scaling procedure is
Biophysical Journal 109(12) 2574–2591



FIGURE 2 Modeling results for MT kinetics and overall tip structure. (A)

Typical length versus time plots for in silico MTs growing at two soluble

tubulin concentrations. Each curve represents the results of one simulation

sampled with a 2 ms interval with no smoothing. All data here and in other

figures were obtained with model parameters as in Table 1, unless specified

otherwise; all panels in this figure are for Khydrol¼ 0.5 s�1. (B) Dependence

of the MT growth rate on soluble tubulin concentration. Experimental data

from Walker et al. (25). Each theoretical data point is the mean of 8–16 re-

peats; bars are SDs. (C) Typical configurations of the growing MT tips

in silico (10 mM tubulin). The growing tips are straight and contain several

protofilament extensions, typically 3–4 tubulin dimers in length.

(D) Typical configurations of the shorteningMT tips in silico (0mMtubulin).

(E) Tracings of the curled protofilaments at the ends of shortening MTs

in silico versus in vitro (in vitro data are from Mandelkow et al. (30), as

analyzed in McIntosh et al. (51)). (F) Length distributions of the curled pro-

tofilaments in silico versus in vitro. The average protofilament length (mean

5 SD) is 395 21 nm (N¼ 12,861) and 405 15 nm (N¼ 72), respectively.

See legend to (E). (G) Typical length-versus-time plots for the shortening
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justified by our findings that the normalized MT lifetime
distributions obtained with different hydrolysis rates were
similar, and that other quantitative parameters describing
the shape of a growing tip also scaled linearly with
increasing hydrolysis rate (see Fig. S3 and Appendix SC).
Using this approach, we found that the MT catastrophe fre-
quency in the model changed only weakly with tubulin con-
centration (Fig. 3 B). Although this prediction is in tune
with the experimental data from several studies (Fig. 3
B), this modeling result is unexpected because random
GTP hydrolysis has been suggested to lead to a sharp de-
pendency (11). We note that this previous conclusion was
reached using a modeling approach that lacked mechanical
aspects of tubulin-tubulin interactions, so apparently this
conclusion cannot be extended to the models with Langevin
dynamics.

We then examined N ¼ 113 dynamic MTs, recording
their elongation time before catastrophe. Strikingly, the re-
sulting distribution of the MT lifetimes was not exponential
(Fig. 3 C). Correspondingly, the catastrophe frequency
increased with characteristic time ~160 s, providing a
good fit to the experiment (Fig. 3 D). Furthermore, in our
model the increasing tubulin concentration had a stronger
effect when catastrophe frequency was plotted as a function
of the MT length, rather than lifetime (Fig. 3, E and F), as
reported from in vitro experiments (24,40). Therefore, the
MT dynamics in our model exhibits the main quantitative
features that define MT aging in vitro.
MT aging in silico is not caused by the
accumulation of permanent defects in the MT wall

One previous model to explain MT aging postulates that the
walls of the growing MTs change physically during poly-
merization, leading to a gradual accumulation of the memo-
rized defects in the MT wall and tip, eventually triggering
the catastrophe (Fig. 1 A) (11). To investigate whether
such a mechanism was at work in our model, we visually
examined the walls of the growing MTs in silico, but found
no evidence for the age-related alterations or irregularities in
the tubulin lattice. All polymers that experienced catastro-
phes had 13 cylindrically arranged protofilaments, and their
walls were visibly similar to those in the stable MT seeds.
We also note that our model contains no artificially intro-
duced defects that could be linked to a catastrophe. Addi-
tionally, we examined catastrophes in the polymers, in
which a lower portion of the wall cylinder was frozen,
MTs in silico. Each curve represents results of an individual MT simulation,

which was sampled with a 2 ms interval and displayed with no smoothing.

(H) Dependence of theMT shortening rate on soluble tubulin concentration.

Theoretical data points show mean 5 SE based on N R 6 simulations for

each tubulin concentration. Experimental data with soluble tubulin are

from Walker et al. (25); two data points with zero soluble tubulin are from

Walker et al. (27) and Tran et al. (52). To see this figure in color, go online.



FIGURE 3 Characterization of MT aging in silico. (A) Calculated catastrophe frequency (mean 5 SD) as a function of the GTP hydrolysis rate, Khydrol.

(Solid line) Linear fit. Total number of simulated catastrophe events for this graph N ¼ 551. To analyze MT catastrophes, we routinely used Khydrol ¼ 9 s�1,

but data were normalized to represent Khydrol¼ 0.11 s�1 for all other panels in this figure. (B) MT catastrophe frequency versus soluble tubulin concentration.

Each theoretical point is mean 5 SE, based on N ¼ 232 simulations. Differences in experimental data are in part due to the differences in experimental

conditions. (C) Distribution of MT lifetimes in the model based on N ¼ 113 simulations; soluble tubulin 10 mM. (D) Changes in MT catastrophe frequency

versus time for 10 mM tubulin. Experimental data are from Gardner et al. (24). Theoretical data points were calculated using Eq. 1 in Gardner et al. (24) and

our theoretical cumulative MT lifetime distribution in (E) for 10 mM tubulin. Theoretical error bars are SDs estimated by bootstrapping (n ¼ 100 samples).

(E) Cumulative MT lifetime distributions for different tubulin concentrations. Experimental data for two different tubulin concentrations from Gardner et al.

(24). (F) Cumulative distributions of MT lengths at the time of catastrophe for different tubulin concentrations. See (E) for details. To see this figure in color,

go online.
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meaning that the coordinates and angles for these tubulins
were fixed (Fig. 4 A). Thus, the dynamic changes took place
only in the terminal MT fragment, which shifted continu-
ously in the direction of MT elongation. We varied the
length of this terminal fragment, so that the frozen subunits
were located at least 4, 7, or 10 tubulin layers away from the
tip of the shortest protofilament at any given time. Interest-
ingly, the rates of MT growth, shortening, and catastrophe
frequency were highly similar for all these calculations
(Fig. 4 B), demonstrating that molecular and mechanical
changes within the MTwall have little effect on its dynamic
behavior. These results strongly suggest that the MT aging
in our model is not caused by the accumulation of perma-
nent MT wall defects.

To further test the above conclusion we sought to deter-
mine the exact time when MT commits to a catastrophe.
Such task would be difficult to accomplish with the real
MTs, but using a computational approach, one can step
back in time from a catastrophe event and start (replay)
calculations from different times before this catastrophe
(20). We used tip configurations of one original MT re-
corded at different times before this MT’s catastrophe as
the starting points for new calculations, determining
when the replayed MTs underwent new catastrophes.
Strikingly, even if the tip configuration at the exact time
of the original catastrophe was used, such replayed MTs
were not doomed. The immediate catastrophe took place
in only 90% of the replayed MTs (Fig. 4 C, time 0 s),
strongly suggesting that MT catastrophe is not a determin-
istic event even on the subsecond timescale. This original
catastrophe configuration, however, was clearly predis-
posed for this outcome, as the distribution of the MT life-
times for the replayed trials from the time ¼ 0 s
configuration could be fit well with a single exponential
function (Fig. 4 D, red line). When MT configurations
from earlier times before the original catastrophe were
used, the fraction of the replayed MTs that underwent im-
mediate catastrophe dropped quickly. For example, almost
all MTs with the tip configuration that was observed 11 s
before the original catastrophe continued to polymerize
upon the replay (Fig. 4 C, time ¼ �11 s). Consistently,
the distributions of the MT lifetimes generated for large
precatastrophe times could not be fit with single exponen-
tial functions, while simulations that started from the
Biophysical Journal 109(12) 2574–2591



FIGURE 4 Analysis of the MT wall’s role in promoting catastrophe

in silico. (A) Illustrations for two calculation schemes in which different

portions of the MTs were frozen (pale color). Numbers corresponds to

the full layers of tubulin dimers. Calculations were carried out for these

layers and their variable protofilament extensions (bright colors). These im-

ages are for MT growth with Khydrol ¼ 0.5 s�1. Similar schemes were em-

ployed to calculate the rate of shortening and catastrophe frequency. (B)

Parameters of dynamic instability calculated for MTs with different lengths

of terminal segments, as illustrated for 4 and 10 layers in (A). Each column

(mean 5 SE) is based on 9–14 polymerizing MTs, 7–16 depolymerizing

MTs, and 53–70 catastrophes. (C) Fraction of the MTs that underwent ca-

tastrophe during first 0.5 s from the start of replay calculations. First, a

routine MT simulation was carried out using a blunt MT seed as a starting

configuration. After this original MT experienced a catastrophe, the exact

time of this original catastrophe event was set as 0. Next, the MT tip con-

figurations at this time and at 3, 7, and 11 s before the original catastrophe

(indicated with negative numbers on the horizontal graph axis) were used

as the starting configurations for replay calculations to determine whether

these MT tips were already predisposed to catastrophe. Results are the av-

erages of N¼ 70 replay calculations for each time point. Error bars are SDs

estimated by bootstrapping (n ¼ 32–66 samples). (Line) Exponential fit

with characteristic decay time 4.2 s; this time is very short, indicating

that MT catastrophe is not driven by MT wall defects. (D) Histogram

distributions of the MT lifetimes generated from replay calculations

starting at the indicated times before original catastrophe, and the steady-

state original distribution (same as in Fig. 3 C). To see this figure in color,

go online.
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configuration at �11 s led to a lifetime distribution that
was highly similar to the original (Fig. 4 D, green versus
black). Together, these results argue strongly against the
slow accumulation of permanent defects in the MT walls,
and indicate that the stochastic events that lead to catastro-
phe are confined to the MT tip.
Biophysical Journal 109(12) 2574–2591
Tapering of a growing MT tip in this model does
not change considerably during the lifetime of MT

We then examined whether in our MTmodel the tip changed
progressively during MT growth, as predicted by the model
in Coombes et al. (41). The difference in length between the
shortest and the most protruding protofilaments in the MT
tip, referred to as the ‘‘tip extension’’, was used as a measure
of tip-tapering. Fig. 5 A shows that the tip extension of an
individual MT end is highly variable; it initially increases
but plateaus ~2 s after the initiation of polymerization. How-
ever, protofilament protrusions remain relatively short dur-
ing the entire lifetime of the MT: at 10–20 mM soluble
tubulin concentration, the mean tip extension at steady state
is ~60–90 nm or 8–12 tubulin dimers. These extensions are
similar to those seen at the polymerizing MTends with cryo-
electron microscopy (30); moreover, the MT increment
lengths measured with low force in vitro are also matched
well with this model (see Fig. S1 C and Schek et al. (55)).
Importantly, our MT model does not predict the unbounded
increase in tip extension during MT lifetime, in contrast to
Coombes et al. (41). To test this conclusion further, we
examined the behavior of the tips of three different MTs,
which had the same number of GTP tubulins but their tips
differed in shape: tapered, slightly ragged as in a typical
MT polymerizing at steady state in our model, and a blunt
tip as in the MT seed (see Movie S4). Fig. 5 B illustrates
that during tubulin assembly, the blunt and tapered tips
evolve to adopt the configurations with mean tip extensions
as in the ragged MTs at steady state. Thus, the shape of the
MT tip in this model is robust: the tips tend to reach a sta-
tionary level of raggedness regardless of the initial tip
configuration, implying that such tip structure is energeti-
cally favorable.

We have also compared the extent and kinetics of MT end
tapering in our model and in experimental studies of MT tips
with electron and fluorescent microscopy. Model predic-
tions are in tune with several studies that report an increase
in protofilament extensions when MTs polymerize in the
presence of increasing tubulin concentration (Fig. 5 C)
(31,41,56). Different experimental approaches, however,
disagree on the kinetics of tapering in MTs over time for a
constant tubulin concentration. The prediction of this model
that the tapering increases within seconds from the begin-
ning of polymerization but then remains constant (Fig. 5
A) is inconsistent with conclusions in Coombes et al. (41),
but it is in tune with results in Chrétien et al. (31). Indeed,
our analysis of the electron microscopy measurements of
Chrétien et al. (31) found no statistically significant changes
in the tip extensions of MTs sampled at different times from
the start of polymerization (see Appendix SE and Fig. S5).
While the exact kinetics of MT tip tapering in vitro remain
controversial, it is clear that the age-dependent MT catastro-
phe in our model cannot be attributed to the slow evolution
of the MT tip structure.



FIGURE 5 Evolution of protofilament extensions at the growing MT tip. (A) MT tip extensions (difference between the shortest and the longest protofila-

ments) as a function of time for two representative simulations. (Smooth lines) Exponential fits. (B) Evolution of the MT tip extensions in simulations that

started from different initial tip configurations: tapered, steady-state (as in Fig. 2 C) and blunt (MT seed). Each curve is the mean of N ¼ 32 simulations.

(C) Characteristic time to achieve a steady state for tip extension length during MT assembly and the steady-state tip extension length. Data are mean5 SE

based on N ¼ 32 simulations for each tubulin concentration; lines are linear fits. To see this figure in color, go online.
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MT with no GTP-cap is metastable if the tip is
blunt, lacking the curled protofilament
protrusions

To gain further insight into the mechanisms of MT catastro-
phe and molecular causes of aging, we then investigated the
role of the GTP-cap. After beginning of a simulation from a
stable seed, the size of the GTP-cap in our model increased
quickly, and in 4–7 s it reached a steady state with 8–10
tubulin layers enriched in GTP-tubulins, corresponding to
the total of ~120 GTP-tubulins per MT end (10 mM tubulin,
Figs. 2 C and 6 A). The exact size of the GTP-cap in MTs
in vitro is not known, but our theoretical prediction lies
within the range of the experimental as well as other theoret-
ical estimates (7,15,20,57,58). The GTP-cap size increased
in the model proportionally to tubulin concentration, but
the characteristic time of cap formation did not change
appreciably (1.9 5 0.1 s for 10 mM tubulin; Fig. 6 B).
The model could also match well the experimental depen-
dency of EB1 comet size on tubulin concentration, assuming
that the comet size was simply proportional to the number of
GTP-tubulins (see Fig. S1 D and Appendix SB).

To probe the stabilizing properties of the GTP-cap, we
next modeled a dilution experiment by simulating a sharp
drop in soluble tubulin concentration after the MT has poly-
merized for some time. In the absence of soluble tubulin, the
MTs underwent catastrophes, but the onset of MT short-
ening was delayed. The range of the lag times before the
catastrophes as a function of tubulin concentration
in silico was highly similar to the experiment in vitro
(Fig. 6 C) (26,27), so the model describes the dilution exper-
iment without additional assumptions or parameter changes.
Interestingly, after removal of soluble tubulin in silico, the
MT stopped elongating immediately and switched into a
phase of slow shortening (Fig. 6, D and E). During this
phase, tubulin dimers and short protofilament protrusions
dissociated from the MT tip in the absence of the simulta-
neous loss of the lateral bonds between all protofilaments,
the hallmark of the postcatastrophic MT shortening (see
Movie S5). During this slow shortening phase, the GTP-
containing cap decayed exponentially (Fig. 6, D and E), as
expected for random GTP hydrolysis. Surprisingly, the ca-
tastrophe commenced only 1.7 5 0.5 s after a loss of
most of the GTP dimers, indicating that the capless MT is
metastable. Previous experimental work has suggested that
MT metastability can be associated with the blunt geometry
of the MT tip (59). Consistently, in our model the slow
shortening tended to pause briefly if the tip lacked the curled
protofilament protrusions, delaying the onset of catastrophic
shortening (see Movie S5). To further test this hypothesis,
we calculated the delay time before catastrophe using the
GDP-MTs with two different tip configurations: with a blunt
end (see Movie S6), and with 13 curled protofilaments, as in
a typical depolymerizing MT. The latter MT disassembled
immediately after the start of simulation (<0.1 s, N ¼ 32),
while the catastrophic shortening of the capless blunt MT
took place ~2 s later (N ¼ 32), consistent with a marked
metastability of this tip configuration.
Curled protofilaments tend to destabilize the MT
and predispose it to catastrophe

The results described in the previous section imply that the
conformation of protofilament extensions at the MT tip, not
just the GTP-cap, play an important role in controlling the
onset of catastrophic MT shortening. They also suggest
that curled protofilaments may represent a catastrophe-pro-
moting factor. To test this hypothesis, we examined poly-
merization from the MT tips that lacked GTP-caps
completely but contained different numbers and arrange-
ments of curled GDP-protofilaments. When soluble tubulin
was present, the blunt tip supported continuous MT poly-
merization in 100% of trials (Fig. 6 F, configuration 1.0),
consistent with its metastability in the absence of soluble
tubulin. Adding one curled protofilament atop the blunt
Biophysical Journal 109(12) 2574–2591



FIGURE 6 Metastability of a blunt MT tip that has no GTP-cap. (A) Total number of GTP-tubulin dimers in the MTas a function of time for two different

tubulin concentrations. Each curve corresponds to an individual simulation; smooth lines are exponential fits to the average of the displayed curves. (B) Char-

acteristic time to achieve a steady state for the GTP-cap size and the steady-state GTP-cap size. (Data points) Mean 5 SE based on N ¼ 32 simulations for

each tubulin concentration; (lines) linear fits. (C) Time between removal of soluble tubulin and the onset of rapid MT disassembly as a function of the MT

polymerization rate before tubulin removal. (Solid blue line) Linear fit to experimental points (data fromWalker et al. (27)), showing no significant slope (p¼
0.052). (Red points) Predicted delay times for individual MTs. Three seconds were added to the calculated delay times to mimic a relatively slow removal of

tubulin in experiments in vitro. (D) Typical length-versus-time plots for three MTs growing at 10 mM tubulin in silico. Tubulin concentration was set to zero

after 6.5 s of growth (arrow). Number of GTP-tubulin dimers (black curves) for the same MTs is plotted on the right axis. (E) Same simulations as in (D) but

for two MTs growing at 20 mM tubulin. Two distinct phases of MT shortening are clearly visible in all these examples. (F) Schematic of MT tip configu-

rations (numbered at the bottom) used to examine MT stability in 10 mM tubulin. Purple curled protofilaments had GDP-dimers as in ram’s-horns. Each red

protofilament had four GTP-dimers placed atop one bent GDP-dimer. See text for more details and Table 2 for the results of these simulations. To see this

figure in color, go online.

2584 Zakharov et al.
MT tip did not change this outcome (Table 2, configuration
2.1, and Fig. S4). This curl broke off quickly, resulting in a
blunt tip, which then elongated robustly. Even six curled ex-
tensions placed atop the every other protofilament consis-
tently resulted in polymerization: only 1 out of 32 such
MTs underwent catastrophe within 0.5 s from the start of
simulation (Fig. 6 F, configuration 2.6). Interestingly, the ef-
fect from the same number of protofilament curls was very
different when they splayed out from the blunt MT tip adja-
cently or intermittently with the straight GDP-tubulin proto-
filaments (Fig. 6 F, configurations 3.6 and 4a.6). Instead of
promoting the rescue of curled protofilaments, the straight
GDP-protofilaments became destabilized by a loss of lateral
bonds on one side and these protofilaments curled rapidly
(compare Movies S7 and S8). Strikingly, 70–80% of MTs
with such starting configurations experienced catastrophe
(Table 2). These data demonstrate that for some tip config-
urations, curling protofilaments can indeed exert a strong ca-
tastrophe-promoting effect even in the presence of soluble
tubulin. This destabilizing activity is not caused by a
different association of soluble tubulin with the tips of
curled versus straight protofilaments, because our model
Biophysical Journal 109(12) 2574–2591
uses the simplifying assumption that tubulin binds with
equal probability to any terminal dimer, independently of
its nucleotide state. Moreover, addition of straight GTP-tu-
bulins to the tips of the curls does not improve MT stability,
as demonstrated by the high catastrophe frequency pre-
dicted for the tip in which GTP-tubulin extensions were
added on top of one dimer layer containing bent GDP-tubu-
lins (Fig. 6 F, configuration 5; Table 2). Together, these re-
sults emphasize the importance of directly calculating the
tubulin-tubulin bond energies, elastic deformations, and
thermal fluctuations of protofilament protrusions, because
it is difficult to guess or deduce the stability rankings for
numerous configurations that arise stochastically during
MT growth.
MT aging correlates with the frequency of
encountering multiple curled protofilaments, but
not with the kinetics of the GTP-tubulin cap

Importantly, curled tubulin protofilaments with variable
nucleotide content (e.g., having a bent GDP-tubulin at the
base of the protofilament plus an extension with a mixture



TABLE 2 Stability of MTs with Various Tip Configurations

Group MT Configuration No. of Curls at the MT Tip Configuration No.a MT Catastrophes

1 blunt GDP-MT end 0 (Movie S6) 1.0 0

2 curled GDP-protofilaments, separated by

one-protofilament gaps, on top of the blunt

GDP-MT end

1 2.1 0

2 (Movie S7) 2.2 0

4 2.4 1

6 (Fig. 6 F) 2.6 1

3 adjacently located curled GDP-protofilaments

splaying out from the blunt GDP-MT end

2 3.2 29

4 3.4 29

6 (Fig. 6 F) 3.6 21

8 3.8 21

10 3.10 26

12 3.12 26

4a curled GDP-protofilaments (alternating with straight

GDP-protofilaments) splaying out from the blunt

GDP-MT end

2 (Movie S8) 4a.2 26

4 4a.4 23

6 (Fig. 6 F) 4a.6 25

4b curled GDP-protofilaments (alternating with two

straight protofilaments that are connected with

lateral bonds) splaying out from the blunt

GDP-MT end

2 4b.2 20

4 4b.4 21

5 composite protofilament extensions on top of the

blunt GDP-MT; each extension has one bent

GDP-tubulin and four GTP-tubulin dimers

13 (Fig. 6 F) 5 24

6 GTP-protofilaments (four dimers each) on top of

the blunt GDP-MT end

13 6 0

Calculations started from indicated configurations in 10 mM soluble tubulin, and the fate of MTs was examined 0.5 s later (Khydrol ¼ 9 s�1). Numbers for MT

catastrophes in the last column are based on N ¼ 32 trials for each configuration. Curled protofilaments contained four GDP-tubulin dimers. Group 2 had

curled protofilaments added on top of the blunt GDP-MT end; in groups 3 and 4, the curled protofilaments splayed out in different arrangements from the

blunt GDP-MT ends. Protofilament extensions in groups 5 and 6 contained four GTP-tubulins, so these segments were straight. Calculations for group 6

started with the straight protofilaments initially separated with cracks (no lateral bonds), but these protofilaments adhered to each other immediately, healing

the cracks and preventing MT catastrophe. In Group 5, each straight GTP-protofilament segment was positioned on top of one bent GDP-tubulin dimer (i.e.,

forming 0.2 rad with the GDP-tubulin belonging to the top layer of blunt GDP-MT end). The layer of bent GDP-tubulins tilted the straight GTP-protofila-

ments, so their adhesion was unlikely (Fig. 6 F, configuration 5). See Fig. S4 for detailed diagrams of all tip configurations. Movies in the Supporting Material

illustrate behavior of the indicated tip configurations but in calculations with no soluble tubulin, so the difference in stability is evident from the duration of

lags before catastrophic shortening.
aSee Figs. 6 F and S4.
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of GDP- and GTP-tubulins) are found occasionally at the
tips of polymerizing MTs in our model, so we hypothesize
that such curls may represent the short-lived repairable de-
fects of the MT tip. Their number at the polymerizing MT
tips fluctuates considerably, sometimes reaching the
maximal value of 13 (Fig. 7 A). Consistent with the above
analyses, even 10–13 protofilament curls do not necessarily
trigger a catastrophe because these destabilizing defects can
repair quickly, as the curls break off and the new GTP-tubu-
lins are added in their place (see Movies S1 and S3). Inter-
estingly, the number of GTP tubulins in the cap also
fluctuates significantly (Fig. 7 B), and occasionally the cap
disappears completely in simulations with accelerated
GTP hydrolysis, because in this case the total number of
GTP subunits is very low. Many of such events also do
not result in catastrophe, likely because of the metastability
of certain tip configurations. The rapid kinetics of the GTP-
cap size and the number of protofilament curls do not corre-
late with each other, emphasizing the remarkable
complexity and stochasticity of the MT tip system. To study
in more details the molecular events preceding MT catastro-
phe, we synchronized these data for N ¼ 52 simulated MTs
using the time of their catastrophes (enlarged in insets in
Fig. 7, A and B). Interestingly, we found no significant
trends in the size of the GTP-cap immediately before or af-
ter catastrophe. In contrast, the number of the protofilament
curls at the MT tip increased rapidly just before the onset of
catastrophic shortening. Thus, MT catastrophe is preceded
by the transient formation of multiple curled protofilaments
but not by the loss of GTP-tubulin cap.

With this insight we sought to examine whether the sto-
chastic fluctuations in the number of curled protofilaments
at the growing MT tip correlated with MT aging, which
takes place on a much longer timescale relative to the catas-
trophe-preceding molecular events. Strikingly, the probabil-
ity to encounter a large number of curled protofilaments at
the growing MT tip increased slowly over the lifetime of
the MT (Fig. 7 C). Moreover, the timing for this increase
was similar to the kinetics of MT aging (Fig. 3 D). In
contrast, the average size of the GTP-cap in the same MTs
reached the steady state much more rapidly, and the size
of the cap did not change during the subsequent MT growth.
Thus, the gradual increase in the probability to encounter a
fluctuation with the large number of curled protofilaments
Biophysical Journal 109(12) 2574–2591



FIGURE 7 Transient fluctuation in the number of curled protofilaments as a catastrophe-promoting factor. (A) Kinetics of the formation of protofilament

curls (left axis) before the catastrophe. (Thin colored lines) Number of curled protofilaments in 10 individual MTs synchronized at the time of catastrophe

(time 0). (Thick black line) Average number of protofilament curls based on N¼ 52 simulations. (Thick red line) Average length of these MTs (right axis), so

the onset of shortening at time 0 is evident. (Inset) Zoom of a 0.9-s time window encompassing catastrophe. Data in (A) and (B) are for Khydrol ¼ 9 s�1.

(B) Kinetics of the GTP-cap size before the catastrophe. (Thin colored lines) Number of GTP-tubulin dimers in the same in silico experiments as in (A);

see legend to (A) for more details. (Thick black line) Average number of GTP-tubulins. (C) Top image is an example of the growing MT tip (Khydrol ¼
0.5 s�1) with numerous protofilament curls that have variable nucleotide content (arrows). Graph below shows the kinetics of changes in MT tip configu-

rations from the start of polymerization: the frequency of encounteringR10 protofilament curls (in gray, left axis), frequency of encountering 2–4 protofila-

ment curls (in green, right axis), and the relative size of the GTP-cap (in blue, right axis). (Variable curves in lighter colors) Average data from N ¼ 79

simulated MTs. (Thick smooth lines) Best fits based on exponential functions (for green and blue curves). (Fitting curve in black) Sigmoidal Hill function:

C � th/(th þ th), where C ¼ 2.9 � 10�3 s�1, t ¼ 185.4 5 50.4 s, and h ¼ 4.2. To see this figure in color, go online.
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can explain the asymptotic increase in the MT catastrophe
frequency during tubulin assembly.
DISCUSSION

Brownian dynamics modeling of tubulin-tubulin
interactions

Molecular nature of the sudden transitions between phases
of tubulin assembly and disassembly remain one of the
most enigmatic aspects of MT physiology. Previous experi-
mental studies have provided compelling evidence for the
importance of the GTP-tubulin cap in governing MT catas-
trophe. However, it has not been possible to recapitulate in a
quantitative manner the full spectrum of experimental ob-
servations of MT behavior in vitro within the frame of a sin-
gle theory using one set of parameters, indicating the
significant gaps in knowledge. Many of these discrepancies
between the experiment and modeling became exposed
recently, thanks to a renewed interest in MT aging
(11,24,40,41). Here, we have extended previous modeling
efforts in this field to build a realistic molecular-mechanical
model to study the causes of MT catastrophe and aging. To
our knowledge, our model is the first to take advantage of
the Brownian dynamics approach, accelerated by a super-
computer and parallel programming. Importantly, the model
has no thermodynamic penalties or predetermined rules for
Biophysical Journal 109(12) 2574–2591
tubulin dimers dissociation depending on their specific loca-
tion or the identity of neighboring subunits within the tip.
The key simplifying assumptions in the model posit that
1) GTP hydrolysis is random; 2) bond energies and protofi-
lament stiffness do not change after GTP hydrolysis; and 3)
GDP-tubulins in the MT wall tend to form curled protofila-
ments or ram’s-horns. Despite these and other simplifica-
tions (see Materials and Methods), this modeling
framework is sufficient to provide a robust match to major
experimental MT observations in vitro, including 1) typical
rates for MT disassembly and assembly for 6–20 mM tubulin
concentration range (Fig. 2, A, B, G, and H); 2) character-
istic shapes of the shortening and growing MT tips
(Fig. 2, C–F), including MT increment lengths and EB1
comet length (see Fig. S1, C and D); 3) quantitative features
of MTaging (Fig. 3, C–F); 4) weak dependence of the catas-
trophe rate on soluble tubulin concentration (Fig. 3 B); and
5) the delay times before MT catastrophe after sudden
tubulin dilution (Fig. 6 C). The results of the previous theo-
retical analyses of the force development by depolymerizing
MTalso remain valid (34,39). We explain this modeling suc-
cess by our use of Langevin equations of motion, which
represent adequately a tremendous complexity of the molec-
ular events that underlie MT dynamics and stability. Even
relatively simple two-state models using macroscopic rate
constants can mimic the kinetics of MT growth and short-
ening (11,21), but describing a wider range of quantitative



FIGURE 8 Proposed mechanism of MT catastrophe and aging. (A)

Simplified schematics of the canonical mechanism to explain MT catastro-

phe. This mechanism emphasizes the stochasticity in the number and loca-

tion of the GTP-tubulin dimers at the MT tip. The complete or partial loss of

the GTP-cap in this model leads to imminent catastrophe, followed by the

curling of protofilaments and MT shortening. (B) Simplified schematics of

the proposed mechanism underlying MT catastrophe. This study modifies

the canonical view by demonstrating that in addition to the randomness

of GTP-tubulin content, MT stability is strongly affected by stochastic fluc-

tuations in the conformation of a growing MT tip. In this view, the catastro-
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dependencies appears to require the explicit incorporation
of the impact of thermal motions on tubulin protofilament
mechanics and on the stability of tubulin-tubulin bonds.

This modeling approach should benefit from future re-
finements, because some of the model simplifications may
be limiting. Most notably, current computer technology
does not allow calculating MT dynamics within a reason-
able timeframe using a realistic rate of GTP hydrolysis.
We overcame this technical limitation by using the acceler-
ated rate of GTP hydrolysis, but future analysis should aim
to incorporate a physiological GTP hydrolysis rate,
requiring ~20-fold increase in computational power.
Another notable simplification in this model is that protofi-
lament bending is limited by two dimensions (in the plane of
the protofilament), preventing examination of more com-
plex tip configurations, such as multiprotofilament protru-
sions and sheets. We estimate that incorporating realistic
three-dimensional motions of tubulin assemblies will
require an approximately fivefold additional increase in
computing speed. Removing these limitations should
expand the application range of this model but it is unlikely
to change current conclusions significantly, because this
model demonstrates a solid match to several key experi-
mental dependencies and this comprehensive description
is internally consistent. Importantly, analysis of MT
behavior using this model has already led, to our knowledge,
to new insights into the molecular mechanisms of catastro-
phe and has provided a conceptually novel view of MT ag-
ing, as discussed below.
phe is a rare random fluctuation of multiple molecular and mechanical tip

features, among which the protofilament curls may represent a major catas-

trophe-promoting factor. Aging of the MT is an emerging property of a

complex stochastic system, representing fluctuating MT tip, to evolve

slowly toward the steady-state level of the occurrence of configurations

with the higher frequency of protofilament curls and therefore higher catas-

trophe probability. To see this figure in color, go online.
MT catastrophe as a stochastic fluctuation of the
conformation and composition of tubulin
protofilament extensions

The canonical model for the molecular causes of MT catas-
trophe postulates that loss of the GTP-containing tubulin
cap exposes GDP-tubulin core of the MT, which is inher-
ently unstable and undergoes unavoidable, catastrophic
shortening (1,3,8) (Fig. 8 A). Assuming that GTP hydrolysis
is random with the rate constant 0.5 s�1 (45), the probability
to lose all GTP-tubulin subunits at the MT tip is vanishingly
small and requires years to observe, while the characteristic
time to observe MT catastrophe in vitro is on the order of
minutes. This discrepancy suggests that either the GTP-
cap is much smaller than what is expected with random
GTP hydrolysis or the MT catastrophe can take place even
when the GTP-cap loss is incomplete but exceeds some
threshold. This notion and the apparent inability of past
models with random GTP hydrolysis to recapitulate some
key experimental dependencies have focused previous theo-
retical efforts on identifying specific GTP hydrolysis rules,
e.g., induced or vectorial (11), which would provide a better
experimental description. It is interesting in this respect that
our model performed well despite our simplifying assump-
tion that GTP hydrolysis is entirely random. This does not
argue against the idea that GTP is hydrolyzed with a
different rate in some tubulins, but prohibiting GTP hydro-
lysis in the terminal dimers in our model did not change its
behavior significantly (not shown), so this feature does not
appear to be essential.

We also do not find evidence for a specific GTP-cap size
threshold. In the model, a smaller GTP-cap is more prone to
catastrophe (Figs. 3 A and S3 B), fully consistent with its
overall importance. However, even the complete loss of
GTP tubulins is not sufficient to trigger catastrophe, as
seen from the lack of imminent catastrophes of blunt MTs
in the presence of soluble tubulin (Table 2), and from the
1–2 s lag between the loss of GTP-tubulins and catastrophic
shortening in simulated dilution experiments (Fig. 6, D and
E, and Movies S5 and S6). These results strongly indicate
that other features of the MT end, not just its GTP content,
govern the probability to catastrophe. This conclusion is
consistent with theoretical findings in Margolin et al. (20);
however, unlike in this previous model, the precatastrophe
Biophysical Journal 109(12) 2574–2591
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MT tips in our model do not have the laterally unbonded
segments (cracks) between protofilaments. In the molecu-
lar-mechanical model, which incorporates thermal protofila-
ment motions, the cracks are unstable and they heal quickly,
as seen from the lack of catastrophes in MT that have a
GTP-cap in which all GTP protofilaments are initially not
bonded (Table 2, configuration 6). Instead, the MT catastro-
phes in our model correlate with the conformation of proto-
filament protrusions, which are highly variable during MT
growth. Indeed, with no protrusions, the blunt end of the
capless GDP-MT does not undergo catastrophe in the pres-
ence of soluble tubulin because this metastable configura-
tion is readily rescued by addition of new GTP-tubulin
subunits. However, the MT end that has multiple splayed
protofilaments is highly unstable even if it has high GTP-
tubulin content. Moreover, adding straight GTP-tubulins
on top of the already kinked GDP subunits increases MT
stability only slightly, because the probability that thermal
noise straightens several protofilaments simultaneously,
allowing them to adhere to each other, is very low (compare
stability of MT tip configurations 5 and 6, Table 2). Impor-
tantly, during normal MT assembly, the configuration of the
tip fluctuates quickly and continuously, exhibiting not only
different GTP-tubulin content but also marked variability
in the number, length, and conformation of protofilament
protrusions (Fig. 7, A and B). We propose that in real MT,
as in our model, MT catastrophe results from the rare coin-
cidences of such multiple stochastic molecular and mechan-
ical features, most important of which is the thermally and
mechanically induced bending of protofilaments away
from the MT cylinder (Fig. 8 B).
Evolution of the short-lived reversible molecular
events at the MT tip underlies the MT aging

In our model the MT exhibits aging, i.e., a slow asymptotic
increase in catastrophe frequency during the first few mi-
nutes of MT elongation, in a quantitatively similar manner
to what is seen in vitro (24). Yet, we ruled out the previously
proposed causes of MTaging, which postulated the accumu-
lation of visible permanent alterations in either the MTwall
or tip (Fig. 1, A and B). Our analysis also shows that the ca-
tastrophe in the model is a highly stochastic, nondetermin-
istic event up until the commencement of rapid
shortening. Indeed, even the MT configuration that was
found at the start of the catastrophe in one MT, is not fully
committed, as using this configuration to start new calcula-
tions leads to catastrophe in only ~90% of trials (Fig. 4 C).
This situation creates a paradox, in which the highly dy-
namic and stochastic MT tip appears to have a memory of
a previous MT lifetime. This memory lasts for minutes
(Fig. 3, C and D), while the characteristic timescale of the
elementary processes associated with the MT assembly is
much shorter. For example, tubulin subunits exchange at
the MT tip in the model and in vitro on the millisecond time-
Biophysical Journal 109(12) 2574–2591
scale. A similarly short time characterizes the tubulin-
tubulin bond dissociation, while the characteristic time of
GTP hydrolysis is on the order of seconds, which is still
much faster than MT aging. A common perception of aging
is that it is accompanied by the accumulation of permanent
features, i.e., lasting from the time of their appearance until
the process ends, so the mismatch between the slow aging of
the MT as a whole and the transient nature of molecular
events at the tip is not intuitive. There is, however, no
paradox in this mismatch, because, in complex stochastic
systems, the short-lived events can affect a system’s
behavior on a much longer timescale. We illustrate this
idea with a simplified stochastic model, in which a system
(a highly simplified representation of the MT tip) can un-
dergo reversible transitions between N different states, while
transition into a final state is irreversible (mimicking a catas-
trophe) (Fig. 9 A and Appendix SF). We further hypothesize
that each transition adds temporarily a specific molecular
feature to the MT tip, which can be called a repairable
defect, although we avoid using this term because we
believe that these transient features reflect natural variability
of the molecular events at the MT tip. It is easy to see that
when N ¼ 1, the catastrophe in this scheme is a single-
step process and the distribution of MT lifetime is described
with exponential function. When N ¼ 3 and the time of
backward transitions is infinitely large, this scheme corre-
sponds to the previously proposed 3-hits model, in which
three permanent, irreversible defects trigger a catastrophe
(11,24). The distribution of MT lifetimes in this case is non-
exponential, and it fits well the experimental MT lifetime
distribution (Fig. 9 B). A similarly good fit, however, can
be obtained with this scheme using multiple parameter
sets corresponding to numerous reversible transitions.
Importantly, the elementary transition time decreases with
the increasing system’s complexity as 1/N2 (Fig. 9 C).
Thus, the nonexponential distribution of MT lifetimes can
simply arise owing to the complexity of the MT tip, which
quickly acquires and loses different highly transient molec-
ular features. During the MT assembly, the probabilities for
the occurrence of different transient features change gradu-
ally toward their specific steady states with different charac-
teristic times (Fig. 9 D). In this sense, MT aging is an
emerging property of the complex system, representing a
fluctuating MT tip, to evolve slowly and asymptotically to-
ward the steady-state levels of occupancy for some rare de-
stabilizing configurations. Our analysis shows that these
destabilizing configurations cannot be described in simple
terms, as we could not find any prominent visible features
that were typical for precatastrophe MT tips. However, the
model predicts that the frequency of the configurations
with a large number of curled protofilament protrusions
changes over time with kinetics similar to the observed
changes in catastrophe frequency (Fig. 7 C). Because proto-
filament curls represent a strong catastrophe-promoting fac-
tor, and there is a stochastic increase in their number



FIGURE 9 A simplified stochastic model to illustrate MT aging.

(A) Schematic of the simplified MT model, in which N different states of

the tip are connected with reversible transitions (arrows). (Black dots at

the tip) Molecular features (i.e., defects); each transition either adds or re-

moves one feature. Transition from state (N�1) to state N is irreversible,

mimicking catastrophe. (B) Experimental distribution of MT lifetimes

from Gardner et al. (24) and theoretical model fits with three parameter

sets, which differ in the total number of states N and transition times.

The infinitely large backward transition time for N ¼ 3 corresponds to irre-

versible transitions. ForN> 3, the best fit is obtained when the ratio tb/tf lies

in the 1.0–1.3 range, so the underlying defects are highly reversible. (C)

Time for a forward transition tf as a function of the total number of states

N for the parameter sets that match well the experimental distribution of

MT lifetimes. (Black line) Fitting with tf ~ 1/N2. (D) Kinetics of the occu-

pancy of different states during calculations that started from the state with

n ¼ 0 features (S0 state, see Appendix SF); N ¼ 13, tf ¼ 12.5 s, and tb ¼
20 s. Occupancy of the initial state with zero features decreases exponen-

tially. The occupancy of states with larger number n of reversible features

increases with the progressively slower kinetics. The slow kinetics for the

occurrence of final state (catastrophe) in this simplified model indicates

the system’s aging. This is analogous to the slow kinetics of the occurrence

of fluctuations with the large number of protofilament curls in the molecu-

lar-mechanical MT model (Fig. 7 C). To see this figure in color, go online.
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immediately prior catastrophe, we propose that slow change
in this transient and short-lived feature (the lifetime of the
protofilament curls at the growing MT tip is <100 ms) rep-
resents a molecular cause of MT aging. Future computa-
tional analysis should examine this hypothesis in detail,
seeking the accurate and quantitative predictor for the prob-
ability of a growing MT tip to switch into rapid shortening.

Our study reveals the importance of thermal and mechan-
ical deformations of the protofilament protrusions in deter-
mining quantitative characteristics of MT dynamics. In the
future, this major new insight, will hopefully assist the ana-
lyses of the mechanisms of action of different agents that
affect MT stability. In the frame of this model, the MT-asso-
ciated proteins that stabilize and increase the length of
curled protofilaments at the ends of growing MT should pro-
mote catastrophe, while factors that reduce the lifetime of
these transient curls are expected to stabilize MT growth.
Simultaneously accelerating the GTP hydrolysis rate and
increasing the occurrence of curled protofilaments may
have synergistic effect, as indeed suggested by the recent
study that combined MT-destabilizing agent vinblastine
with the EB proteins (60). We hope that the developed theo-
retical model will promote detailed mechanistic investiga-
tions of the mechanisms of action of different MT-binding
proteins and drugs.
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Appendix A.    Calculating gradients of the total MT energy 
   

The derivative of the total energy of the system with respect to independent variables 𝑞𝑘,𝑛
𝑖  is given by the 

following equation:  
 

 
𝜕𝑈𝑡𝑜𝑡𝑎𝑙

𝜕𝑞𝑘,𝑛
𝑖 =

𝜕𝑣𝑘,𝑛
𝑙𝑎𝑡

𝜕𝑞𝑘,𝑛
𝑖 +

𝜕𝑣𝑘,𝑛
𝑖𝑛𝑡𝑒𝑟

𝜕𝑞𝑘,𝑛
𝑖 +

𝜕𝑣𝑘,𝑛
𝑖𝑛𝑡𝑟𝑎

𝜕𝑞𝑘,𝑛
𝑖 +

𝜕𝑔𝑘,𝑛
𝑏𝑒𝑛𝑑𝑖𝑛𝑔

𝜕𝑞𝑘,𝑛
𝑖                                                               (Eq. S1) 

 
It includes terms corresponding to the lateral interactions, inter and intra longitudinal interactions 
between tubulin subunits and the bending energy (see Eqs. 1-5 in Materials and Methods). To accelerate 
calculations we used explicit analytical expressions for all energy gradients: 
 

𝜕𝑣𝑘,𝑛
𝑙𝑎𝑡

𝜕𝑞𝑘,𝑛
𝑖 = (𝐴𝑙𝑎𝑡 ∙

𝑟𝑘,𝑛
𝑙𝑎𝑡

𝑟0
2 ∙ exp (

−𝑟𝑘,𝑛
𝑙𝑎𝑡

𝑟𝑜
) ∙ (2 −
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𝑙𝑎𝑡

𝑟𝑜
) +

2∙𝑏𝑙𝑎𝑡∙𝑟𝑘,𝑛
𝑙𝑎𝑡
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∙ exp (

−(𝑟𝑘,𝑛
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2
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𝜕𝑟𝑘,𝑛

𝜕𝑞𝑘,𝑛
𝑖                                                                                                                          (Eq. S2) 
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𝜕𝑞𝑘,𝑛
𝑖 =

𝜕𝑔𝑘,𝑛
𝑏𝑒𝑛𝑑𝑖𝑛𝑔

𝜕𝜒𝑘,𝑛
·

𝜕𝜒𝑘,𝑛

𝜕𝑞𝑘,𝑛
𝑖 = 𝐵 · (𝜒𝑘,𝑛 − 𝜒𝑜) ·

𝜕𝜒𝑘,𝑛

𝜕𝑞𝑘,𝑛
𝑖                                            

 
 
 

See Materials and Methods and Table 1 for details. The gradient for inter-dimer longitudinal bond was 
written analogously to the gradient for lateral bond. 
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Appendix B.   Determining parameters of MT dynamic instability  
from theoretical data and other model analyses 

 
The output of numerical calculations, i.e. the coordinates and angles of tubulin monomers as a function 
of time, were analyzed using custom-written MATLAB programs (2012b, MathWorks). MT length at each 
time was defined as the average z-coordinate of the most distant dimers in each protofilaments. The onset 
of MT growth was defined as the time point when MT length increased by at least 20 nm. Introducing this 
rule was necessary for a consistent comparison between MT starting from a blunt “seed” and MT re-
growing from the “seed” after a previous cycle of polymerization-depolymerization. Often, MTs 
depolymerized incompletely, leaving the residual protofilament curls less than 20 nm in length, so the 
growth was assumed to take place when MT length exceeded the 20 nm threshold.  
 
Polymerization rate was calculated as a slope of the length vs. time dependency smoothed by applying 80 
ms moving average. The depolymerization phase was defined as the time period during which the MT 
length decreased by at least 32 nm (8 monomer layers). Thus, fluctuations in the MT length less than 8 
monomer layers were attributed to the variability in MT length during its growth, rather than to 
depolymerization and rescue. MT catastrophe time was defined using an automated algorithm written in 
MATLAB (Fig. S2B inset). MT rescues were infrequent, consistent with a rare occurrence of these events 
in vitro.  
 
Fluctuations in MT length were calculated as the length increments for a leading protofilament during 
simulated MT growth with 0.1 s sampling intervals, as in experiments with low force in (55) (Fig. S1C). EB 
comet profiles were simulated via a convolution of the calculated GTP-tubulin dimer distribution with the 
Gaussian point-spread function corresponding to 512 nm emission wavelength of GFP (61, 62). EB comet 
size was calculated as the characteristic length of the resulting exponentially decaying profile. A good 
match to data in (63) was obtained for Khydrol, = 0.11 s-1, same value as used elsewhere in the paper for 
model comparison with experimental data; other model parameters were as in Table 1 (Fig. S1D).  
 
 

Appendix C. Normalizing results of the calculations with accelerated rate of GTP hydrolysis 
 
The catastrophe frequency in our model is proportional to Khydrol  in the range from 3 to 11 s-1 (Fig. 3A),  
implying that modeling results obtained with high hydrolysis rates can be used to study MT catastrophes 
at normal hydrolysis rate 0.1 - 0.5 s-1 (7, 45), which are not computationally accessible with current tools. 
When the linear fit in Fig. 3A is extrapolated to this hydrolysis rate range, the predicted catastrophe 
frequency is (3 - 15)·10-3 s-1, similar to the experimental range (24, 25, 31, 40, 64, 65). Differences in the 
reported catastrophe frequencies often reflect different experimental conditions, such as buffer 
composition or temperature. Unless stated otherwise, theoretical results reported here have been scaled 
to represent Khydrol, = 0.11 s-1, because this value provides the best match to experimental catastrophe 
frequency (3 - 3.5)·10-3 s-1 reported in (24), where MT aging was studied in details. Specifically, data 
obtained in our model with Khydrol = 9 s-1 were normalized by “slowing down” the modeling time by a factor 
of 82 (ratio of the accelerated to experimental hydrolysis rate constants) prior to plotting (Fig. 3 panels B-
F, Fig. 4 panel B catastrophe frequency, Fig. 4 panels C and D, Fig. 7 panel C). When such scaling is applied 
to the lifetime distributions calculated using different Khydrol value (Fig. S3A), the normalized distributions 
are similar, justifying this approach. To further test this scaling procedure we also calculated three 
additional model outputs: size of the cap (number of GTP subunits), characteristic time to achieve a steady 
state for the cap size and the frequency of encountering different number of protofilament curls. All these 
dependencies are described by linear functions (Fig. S3B,C; note that the reciprocals of the GTP-cap size 
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and characteristic time are plotted), strongly suggesting that the composition and conformation of the 
MT tip are scalable at different hydrolysis rate. These results also imply that the mechanisms of MT 
catastrophe at different hydrolysis rates are fundamentally similar.  
 
 

Appendix D. Comparison of modeling parameters used in current work  
and in the mechanochemical models 

 
The mechanochemical model based on the original approach developed by VanBuren et al. (16) has 
previously been used to predict the unbounded increase in MT tip tapering during MT growth (41), while 
MT tapering in our model reaches a steady-state quickly. To try to understand why these models behave 
differently we compared the values of model parameters, which were used to make these predictions. 
Consistent with the results from MT nanoindentations in silico (49), our model uses relatively strong 
tubulin-tubulin bonds: the lateral and longitudinal bond energies are 9.1 and 15.5 kBT, respectively (Table 
1). The mechanochemical models in (16, 41, 56) employ somewhat similar energy bond ratios, such that 
the lateral bond is weaker than the longitudinal one, however, these energies correspond to relatively 
weak interactions: 3.2 - 5.7 and 6.8 - 9.5 kBT for the lateral and longitudinal bonds, respectively. The direct 
comparison between energy values in these and our model is difficult, however, because these models 
differ in the overall shape of tubulin energy potentials. Here, and in our previous models (17, 38, 39), we 
use energy potential with a well and an activation barrier (Fig. S1A), consistent with protein-protein 
interaction studies (66), while the energy profile in mechanochemical model is a potential well (e.g. Fig. 
1B in (16)).  
 
Other difference between two modeling approaches is our use of a much slower rate constant for tubulin 
addition: 8.3 µM-1s-1 vs. 58-65 µM-1s-1 per MT in more recent versions of the mechanochemical model (41, 
56). Importantly, the values for this constant and the energy parameters are not user-defined, but they 
are determined from model calibrations, i.e. fitting the model to obtain a match to specific experimental 
dependencies. As described in Materials and Methods section Choice of Model Parameters and Model 
Calibration, in our model the value for kon,MT, is determined from the MT polymerization rate dependency 
in Fig. 2B. The 8.3 µM-1s-1 value we obtain is close to some experimental reports, e.g. (25). When the value 
of kon,MT  is increased in our model without changing other parameters, the rate of MT growth increases 
proportionally, as expected, and it no longer matches the experimental range. Since our model does not 
permit a direct control over the dissociation constant koff, the increase in MT polymerization rate due to a 
faster kon,MT can be compensated only indirectly, e.g. by weakening the energy of tubulin-tubulin bonds. 
Incorporating in our model a faster kon,MT together with weaker bond energies recovers the physiological 
MT polymerization rate at 7-8 µM soluble tubulin, but it leads to a steeper slope than in experiment (Fig. 
S1B). More significantly, with this set of model parameters, the rate of MT shortening in our model is 
predicted to be 12,000 µm/min. It appears that such unrealistically fast MT disassembly prediction is a 
direct consequence of a high flexural rigidity of protofilament bending in our model (300 kBT rad-2, Table 
1), while the mechanochemical models use only 50-60 kBT rad-2 (16, 41). Although we have not done the 
exhaustive analysis of model predictions for different combinations of parameter values, we believe that 
it should be possible to match the experimental dependency in Fig. 2B and the physiological MT 
depolymerization rate within the frame of our model using weaker protofilament rigidity and tubulin-
tubulin bond energies, and a faster on-rate, similar to the parameter sets employed by the 
mechanochemical models. However, when protofilament rigidity is reduced, our model can no longer 
match the results of experiments on force generation by depolymerizing MTs (33, 34). Clearly, the 
requirement for large protofilament rigidity is not ungrounded, because generation of the power strokes 
by bending protofilaments is the only known mechanism to explain large forces developed by 
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depolymerizing MTs in vitro (35, 49). It is a unique feature of our model, however, that it can match 
multiple MT experiments with one set of model parameters, which severely constrains their possible 
values. Indeed, values of most parameters in our model cannot be changed significantly without losing 
the match to at least one of the key experiments, preventing us from using parameter values that work 
well in other models, in which the set of matched experiments was not as broad. To conclude, our limited 
analysis indicates that the unbounded increase in MT end tapering, as seen with the mechanochemical 
model (41), could potentially result from weak tubulin-tubulin interaction energies used in that model. 
Without strong bonding between tubulins, protofilaments can elongate semi-independently from each 
other, accompanied by a linear increase in the variance of their lengths. This hypothesis, however, needs 
further analysis of the behavior of different models and their continued experiment-based verification. 
 
 

Appendix E.   Fine structure of the MT tip predicted by the current model and in vitro 
 

Different electron microscopy (EM) techniques have previously been used to examine the ends of MTs 
grown in vitro, but these results are controversial. In a transmission EM study of 29 MTs (41) the tips 
showed a narrow variation in tip extension length, with the mean increasing linearly from ~20 to 90 nm 
as the MT length increased from ~1 to 4 µm (Fig. 3B in (41)). Although our predicted theoretical extension 
length for this tubulin concentration (60-75 nm, Fig. 5C) lies within the range reported in (41), in the model 
the length of tip extensions increases soon after the start of polymerization and it remains constant for 
all MTs longer than ~ 150 nm. In a cryo-EM study in (31), a total of 2,910 MTs were examined for 3 tubulin 
concentrations and at least 3 time points (Table IV in (31)). To compare these results with predictions of 
our model we digitized data in Figs. 8 and 9 in (31) using GetData Graph Digitizer program and built 
cumulative distribution functions (Fig. S5 graphs). Two-sample Kolmogorov-Smirnov test was used to 
carry out pairwise comparisons of distributions at different time points for each tubulin concentration 
(Fig. S5 tables). Normalized Kolmogorov-Smirnov statistics was calculated with parameter D:  
 

                                 D =√
𝑁2𝑁1

𝑁1+𝑁2 
 max|CDF

1
(x) - CDF

2
(x)|                                                                               (Eq. S3) 

 
Here, N

1
 and N

2
, sample sizes for each distribution, were taken from Table IV in (31).  

 
This analysis revealed that out of 12 pairwise comparisons of the distributions of MT tip extensions 
documented in (31), five pairs showed no statistically significant differences at different MT lifetimes (Fig. 
S5). Seven pairs were significantly different but they did not form a specific trend: three pairs had a 
decrease in tapering with increasing MT age and four pairs had an increase in tapering. The lack of a 
reliable increase in the extension length in the cryo-EM study (31) is in tune with our model’s prediction. 
Also, as in our model, the extension length was reported to increase with increasing tubulin concentration 
(31), although in the model the tip extension was less sensitive to tubulin concentration (Fig. 5C). We note 
that more recent experiments by this group (67) reported that growing MT tips had much shorter 
extensions at high tubulin concentrations (median values ~20 nm for 45 µM tubulin and ~80 nm for 90 
µM tubulin), suggesting that the dependence of MT tip extension on tubulin concentration in vitro is not 
as strong as reported previously.  
 
Fine structure of the MT tip has also been analyzed in previous experimental studies by quantifying 
standard deviation of the MT tip images obtained with fluorescence microscopy (41, 56, 58, 61). These 
studies have concluded that protofilament protrusions increase with increasing tubulin concentration, in 
agreement with results of the EM study in (31) and of the current model. Coombes et al. (41) additionally 
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report that SDs of the MT tips increase with time (150-300 nm at 12 µM tubulin); this increase was 
suggested to reflect a progressive tip tapering during MT growth. In contrast, a more recent fluorescent 
microscopy study (58) measured the significantly lower average SD values for the growing MT tips (<145 
nm at 11-38 µM tubulin), consistent with our model’s predictions. This experimental study also estimates 
that fluorescence-based microscopy cannot resolve reliably the MT tapers shorter than 180 nm, so our 
predicted MT tip protrusions might be below a detection limit for this technique. 
 
 

Appendix F.   Simplified stochastic model of MT evolution and catastrophe 
 
The system (MT) was assumed to have several distinct configurations or states {Si}, characterized by 
specific molecular features (black dots at the MT tip in Fig. 9A). Initially, the MT was in state S0, and 
transitions between all subsequent states occurred with characteristic times tf and tb for forward and 
backward transitions, respectively,  

tf             tf           tf 
              So            S1        …       SN                                                           (Eq. S4) 

 tb          tb             
 

For a given time step dt, the probability of a transition P was calculated as 
    

        Pf/b = 1 – exp(- dt / tf/b)                         (Eq. S5) 
 

Here, tf/b is the ratio of the forward to backward time constants. The script for calculations was written in 
MATLAB 2012; time step dt was selected at least 10-fold shorter than the smallest time constant. Using 
Eq. S5, 1000 simulations were carried out to determine MT lifetime, i.e. the total time for the system to 
transit from initial S0 state to final SN state. Multiple parameter sets (N, tf, tb) can provide a good match 
between this model and the experimental bell-shaped distribution of the MT lifetime (Fig. 9B). 
Importantly, the larger number of states N enables the faster transitions (i.e. short-lived evens) (Fig. 9C). 
Thus, this model illustrates that in complex stochastic systems, the time to reach the last “catastrophe” 
state (state with n=12 in Fig. 9D) can be two orders of magnitude slower than the characteristic time of 
individual transitions. MT aging can, therefore, represent a property of a complex stochastic system (MT 
tip) to approach gradually the steady state for the occurrence of the large number of short-lived features 
that promote MT catastrophe (black dots at the MT tip in state (N-1) in Fig. 9A). Unlike the permanent 
“hits” (model with N=3, Fig. 9B), in models with large Ns the short-lived “defects” are repairable, i.e. they 
arise and disappear continuously, so the MT aging represents the kinetics of the increase in probability to 
encounter these infrequent features, rather than their continuous accumulation. 
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Figure S1. Quantitative analyses of the growing MT end 
 
A. Potential energy profile for tubulin-tubulin interactions (lateral bonds and longitudinal inter-
dimer bonds) used in this model. Exponent (thin line) is the first term in Eq. 1; r is distance between 
interaction points. See Fig. 1C and Table 1 for details. 
B. Dependence of the MT growth rate on soluble tubulin concentration. Experimental data are from 
(25). Predictions of the current model with parameters listed in Table 1 are in red (same graph as in Fig. 
2B). Green dots are predictions of the current model with parameters listed in Table 1 except the following 

changes: k
on,MT 

= 58  µM s
-1

, b
lat

 = 4.7 k
B
T, b

inter
 = 9.5 k

B
T, A

lat
 = 4.3 k

B
T, A

inter
 = 4.8 k

B
T. Each theoretical data 

point is the mean of 8-16 repeats, bars are SDs. Lines are liner fits to theoretical data. 
C. Normalized histograms of increment lengths during MT polymerization. Experimental distribution 
is based on data in Fig. 5 in (55). Red dots are predictions of the current model for 6 µM tubulin (N=960) 
with parameters listed in Table 1, red line is Gaussian fitting. SDs for MT length increments are 4.5 and 
5.4 nm for experiment and model, respectively. 
D. Size of the “comets” at the growing MT ends as a function of MT polymerization rate. 
Experimental data are for the comet tail lengths formed by EB1 homolog Mal3 (data from Fig. 2c in (63)). 
Model predictions are for parameter values in Table 1 and two different GTP hydrolysis rates.  
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Figure S2. Algorithm to determine the time of MT catastrophe. 

A. Example simulation in which MT length is plotted vs. model time (with no normalization). Data 
were sampled with 2 ms interval, shown after applying 80 ms moving average. Arrow points to 
catastrophe. Soluble tubulin concentration 10 µM, Khydrol = 9 s-1.  
B. First derivative of the curve in panel A was calculated prior to (in grey) or after (in red) smoothing 
with a moving average. Inset shows enlargement of the last ~ 1 s of the simulation, revealing the onset of 
rapid shortening. The catastrophe time (arrow) was defined as the time point when the rate of 
depolymerization reached -250 nm/s (15 µm/min, horizontal black line in inset graph) and shortening 
continued for at least 8 monomer layers. 
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Figure S3. Scaling of model outputs calculated with different GTP hydrolysis rate. 
 
A.     Normalized distributions of MT lifetimes for different hydrolysis constants. Histograms are based on 
the results of N = 73, 19 and 20 simulations with Khydrol = 5.6, 9.4 and 10.6 s-1, respectively. Lifetimes 
obtained in these simulations were normalized using multiplication factor Khydrol/ 0.11 s-1 before plotting.   
B.       Steady-state GTP-cap size and the corresponding characteristic time (reciprocal values are plotted) 
as a function of the GTP hydrolysis rate based on at least 32 simulations for each rate. Lines are linear fits 
for calculations with accelerated Khydrol (> 3 s-1). Unlike with catastrophe frequency, the size of the cap and 
its characteristic time can also be calculated with the realistic hydrolysis rate (shown for 0.5 s-1). 
Importantly, the direct calculations with this slow rate and the linear extrapolation for accelerated 
hydrolysis rate lead to highly similar values, validating the scaling approach.  
C.      Frequency to encounter a given number of protofilament curls at the MT end growing at steady state 
as a function of the GTP hydrolysis rate. See legend to panel B for more details. 
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Figure S4. Diagrams of MT tip configurations used for calculations reported in Table 2.  
 
Selected tip structures (flat representation), which were used as starting configurations for calculations 
with 10 µM tubulin. Different shades show α and β tubulin monomers. Leftmost protofilament in each 
diagram adheres to the rightmost protofilament to close into helical MT cylinder. Note that 
configurations in groups 3 and 4 have some straight protofilaments that lack lateral bonds with at least 
one neighbor, while in group 2 all straight protofilaments have lateral bonds, explaining the dramatically 
different stabilities of these configuration groups. 
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Figure S5. Statistical analysis of MT tip extension distributions reported in (31). 
 
Histogram distributions of the extension lengths observed at the ends of MTs that polymerized for 
indicated time and at indicated soluble tubulin concentration. These graphs were built by digitizing the 
corresponding distribution reported in Figs. 8 and 9 in (31). D was calculated with Eq. S3 (Appendix E); D 
< 1.36 means no significant difference (p > 0.05). Parameter α is a significance level at which null 
hypothesis of distributions’ equality is rejected. NS – not significant. 
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