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1 Proofs of Theorems

We will outline the proofs for the main theorems. We make the following assumptions:

(@ {73, Cy, Zi;}, i = 1,...,nand [ = 1,..., L are independent and identically distributed
where Tj; = (Thiy, - .., Tuk)", Cis = (Ciat, - - ., Cli )" and Zy; = (Ziat, - - -, Ziiw) ™

(b) P{Yii(t) =1} > 0fort € [0,7],i=1,...,n,k=1,2andl =1,..., L;

©) |Z1(0)| + [y |[dZix(t)| < D, < o0,i=1,...,m,k=1,2,and [ = 1,..., L almost surely
and D, is a constant;

(d) The matrix Ay, is positive definite for k = 1,2 where Ay = X5, E ([ Yiure(0O){ Znw(8)®? —
[E{Yur(t) Zuk(t) }/ E{Yur(t)}]*? }dt) where g = lim,, 00 /15

(e) Forall k = 1,2, [§ Aok(t)dt < oo

To show the desired asymptotic properties for generalized case-cohort samples, the following con-
ditions are also needed:

(f) Foralll =1,..., L, lim, . & = oy, where & = 7n;/n; and ¢ is a positive constant.

() lim,, o0 /1y = pii, Where py is a positive constant on [0,1] for all £ = 1,2 and | =
1,..., L.

(h) lim,,_,., 1;/n = q;, where g, is a positive constant on [0,1] foralll = 1,..., L.

The following lemmas are used in order to prove the theorems. The proof of Lemma 1.1 is in
Lin [1] and Lemma 1.2 is in Lemma A1l in Kang and Cai [2].



Lemma 1.1 Let H,(t) and W, (t) be two sequences of bounded process. If we assume that the
following conditions: (1) supg<;<, || Hn(t) — H(t) || =, O for some bounded process H(t),(2)
H,(t) is monotone on [0, 7] and (3) Wi, (t) converges to zero-mean process with continuous sample
paths, hold for some constant T, then

s |5 ()~ KD} D) Iy Oty | Wl Fa(6) = HOY

Lemma 1.2 Let B;(t), i = 1, ..., n be independent and identically distributed real-valued random
process on [0, 7| and denote random process vector, B(t) = [Bi(t), ..., B,(t)] with EB;(t) =
wup(t), var B;(0) < oo, and var B;(T) < co. Let & = [£4, ..., & be random vector containing n

ones and n — 1 zeros with each permutation equally likely. Let & be independent of B(t). Suppose
that almost all paths of B;(t) have finite variation. Then n="/2 " &{B;(t) — pp(t)} converges
weakly in [°°[0, 7] to a zero-mean Gaussian process, and n=' 1" | E{ B;(t) — up(t)} converges in
probability to zero uniformly in t.

The proof of Theorem 1 3 B B
We first show the consistency of . Dengte U,, = n~'U. Based on the extension of Fourtz [3],

oUn(B)
28T

exists and is continuous in an open neighborhood

B of By, (ii) agg(f ) is negative definite with probability going to one as n — oo, (iii) —8%51;5 )
converges to A(fp) in probability uniformly for 3 in an open neighborhood about £, (iv) U, (6)
converges to 0 in probability, then, we can show that 3 converges to [y in probability. Note that
— O = Ll S S S ma ()i (D1 Zuie(6) 52 = 2 ()%}t

Definitely, condition (i) is satisfied. Conditions (ii) and (iii) also are satisfied due to uniform
convergence of Zy(t) to ex(t) for k = 1, 2, uniform convergence of @lk(t)_l —a; A () Ak
and 2 (t) ' — Ajax to zero, condition (c), and Lemma 1.2. n'/2U,,(3) can be decomposed into
four parts:

if the following conditions are satisfied (i)

WD) = 035303 [ (o) - )M ()
b0 3ESES [ ) ~ 1HZ0) - )M ()
b SSSE S [l - Z0}Mis(0)
b3S (M) - e - A0 )

Since the first term on the right-hand side of (1) is the pseudo partial likelihood score func-
tion for the full likelihood, it is asymptotically zero-mean normal with covariance V$(8,) =
n Y2l B[ Quik(Bo))®? where Quir(t, 8) = fo{ Zuk(t) — ex(t) }d My (t) Yin and Cai[4].

The third term can be written as %, n)/*n =252, [T{en(t) — Zo () H{n, % S0, d My, ()}
and My, (t), ..., Mik(t) is identically and independently distributed zero-mean random vari-
able for fixed ¢. Since M7, (0) < oo and M, (7) < oo are satisfied based on conditions (c)
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and (e), My (t) is of bounded variation and therefore it can be written as a difference of two
monotone functions in ¢. From the example of 2.11.16 of van der Vaart and Wellner [5](p215),
71/ 2 >oity My (t) converges weakly to a zero-mean Gaussian process, say Py (1).

Since Zk(t) is of bounded variation and can be written as sum of two monotone functions in ¢,
the third and fourth terms on the right-hand side of (1) converge to zero in probability uniformly
int as n — oo by Lemma 1.1 and boundness of ;. (t) — 1.

By using the asymptotic property of nll/Q{&l_kl(t) —a '}, nll/2{%jn1k(t) — A (m =1,2,3,4),
Glivenko-Cantelli lemma and Lemma 1.2, the second term on the right-hand side of (1) is asymp-
totically equivalent to

Lo 9 2._1 — A ij 1 0
172 lz;z:lkz:l 1;[ — A @ — 1)/ [Blik(607t) — Yiir(t) E;{llglj{?:( (1 lAzzﬁ ’;(kﬁ( )}>}] “

> _ M El{dQlik<t76)|9l107§llz 0}
+ n ;;;Am (1 Alz2)( 1) [lek /Yizk NG,

L n _
_ Mi2 El{dQlik(ta/B)wmlafll =0}
+ o W}j}j}j L= ) Aol 2 — 1) lQZ / Y
=1 i=1 k—1 ) l2< e E{Yk(t)]6i01}
L mn
_ Mi1 + M2 — MMz
+ 23S E A1 Ao —1
=1 i=1 k=1 i1 ia Yk + Yizk — ViikYizk )

X lek

/ Yiu(t El{dQlik(a B)|01, En 20}] )

E{Yn(t)|0m}

where By (t, 8) = {Zur(t) — e (t) }Yar () { Aor(t) + 85 Zuk(8) }.

By Hijek [6]’s central limit theorem and conditions (c) and (f), the first term in (2) is asymp-
totically zero-mean normal random variable with covariance matrix Y1, qllg—f‘lVf}J(ﬁo) where
Vi1.1(Bo) is defined in Theorem 1.

It follows from Lemma 1.2 and Héjek [6]’s central limit theorem that the second, third, fourth,
and fifth terms are asymptotically zero-mean normal with covariance matrix Y7, ¢;(1—a;) Y2_, V% rx(Bo)
where Vi .. (fo) is defined in Theorem 1.

Since all five terms in (2)are mutually independent from conditional expectation arguments,
n'/2U,(B) is asymptotically normally distributed with mean zero and variance X.. Therefore, U, ()
converges to zero in probability and condition (iv) is satisfied.

Since all conditions (i), (ii), (iii) and (iv) by an extension of Fourtz [3] are satisfied, B is
a consistent estimator of 3y. By consistency of 3 and Taylor expansion of U (B), nY/ 2(5 Bo) is
asymptotically normally distributed with mean zero and with variance matrix A=13(3;) A~! where

A=Y2_ A

The proof of Theorem 2
n*/?{Aox(B,t) — Aox(t)} can be decomposed into three parts:

n1/2{/t Sy Sy ma(u) (Bo — B) Ziaw (u)du L >l Yty dMyg(u)
S o e (w) Vi (u) 0 0y Yoy i (w) Yk (w)
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N /t S Xk (m(w) — 1)d My (u) y
0

3
>y St i (u) Yiar (u) (3)

Due to the uniform convergence of Zk(t) to e (t), the first term in (3) is asymptotically equiv-
alent to n'/2(3 — Fo)l,(t) where I(t) = [T{—ex(u)}du.

The term {n~' S°F | ™, mir(t)Yiir (t)} ~* can be written as the sum of two monotone func-
tions in u and converges to [XF | 1B {Yux(t)}] ™! where YF | iEi{Yix(u)} is bounded away
from zero and n~1/2 21 | S°™, My (u) converges to a zero-mean Gaussian process with continu-
ous sample paths. Therefore, it follows from Lemma 1.1 that the second term in (3) is asymptoti-

cally equivalent to f; ST qull{Yllk( d{n'2 3k S My (u)}.
=1

Since {n~'SF, 7 _17%(75) Y (t)} ! converges to Y/ 1QZEZ{Yuk:( ! Wherezl L E{Ynk(u)}

is bounded away from zero in probability uniformly and n = S5 | S0, & x ]2 i (1= A5) Vi (u)

=1 g

converges to Y1~y B {15 -1 (1 — Auny) Yiur(w) B3 Zik(u)} from Lemma 1.2, the third term in (3)
is asymptotically equivalent to

L n 2 t
”_1/222 flz H Alij)/ Yise (1)

1=1i=1 j=1

EZ{H-:1( — Apj)Yor(w) B Zik(u )}] du
TZ' o J J
A T T L (- A Vi@ | S e V()
L mn
+ 71/2 ZZ 1 - glz
=11i=1
i A 1 ' v El{dMllk(607u)|0110;§li:0}]
- (71114: DAl = Bue) o Yr, aE{Yi(t)} [dMM(u) Yian(u) E{Ynr(w)|0no}

E{dMpuk(Bo, w)|bio1, & =

Ti2 t 1
(71% ) 1) A /0 S aBE{Vi®)}

[dMlik(u) — Yiir(u)
Mi1 + M1 — Ma2Mi2 1
+ (= po — — Ay /
Vitk + Viok — Vi2kVi2k JBu B o Yr, qE{Yik(t)}
E{dMp,(Bo, w)|bn1, & = 0}]]

E{Yn,(u)|0n1}

E{Ye(u)|601}

X |dMyx(u) — Yiig(w)

Combining all results, we get

n'2{ Ao (B,t) — Aon(t)}

L m L n gl L m
'L

1/2 Zzulzk ﬁ(b + n71/2 ZZ 1 - = wlzk 507t> + 77,71/2 ZZ Vlik(ﬁ(bt) + Op(1)7

I=11=1 =11i=1 =11=1

where

2 t
s (58.0) = () A S Qun(3) + / . - Mg (1),

1{ Yk (u) }

0}]



2
H Alm

lzm( )El{l_[j 1 (1= Apy) Bum (8, u)

wyik(B,1) = Ui (t

||MM

xA{BWwiW—» T B (0] Hau +II — A
L v o BTG (1= Auy)Yiw(w) 85 Zik(uw)} du
X /0 sz(u){ﬁo lek(u) E{H_?:l(l _ All])nlk( )} le;l qul{}/zlk(U/)} }7
2
vi(B1) = ()4 3 Vi (B:8) + Vi (8, 1),
AR (8:1) = B (1 = Bua) (1= &) (2 = i (5,)
(1= D) Auia(1 = &) (22— 1) (8, 1),
Vi2k
. M1 + M2 — MMz Mi2
Al &Z)H%m + Yizk — Yk Vizk b+ (%4 )} iim 3(5 £

{dQur(5,1)[010,6n = 1}
E{Yr(t)0n0} ’
El{dQ11k< )’6l017 gll - 1}
E{Ynr(t)|0on } ’
r E{d 0
Vl(%g(@@ = Qur(B3, 1) —/0 Yii(t) { lek{(é12)<|)l’;;i1 },

v (B,1) = (1= &) {Aum (1 — A ><ZZ;; — )2 (B, 6) + (1 - Am)Am(gm — )2, (8,1),

2k

AR 0) = QuelB.1) — [ Vi)

l/l(z'lk),Z(ﬁ>t) = Qur(B,t) — /0 Yie(t)

7 + 7 3 7 1
A Ay { (LT 2 T2 gy (M2 )32 (8,003,

’Ylk + Yor — V1K Vok Vak
1 E{dMie(B,u)|0n0, &1 = 0}
dM;; i )
i (5.1 Zz 1 @B Yok (u )}[ (B ) = Yiau) E{Yie(u)[bh0} |
(2) _ 1 J E{dMpi(B,u)|001, & = 0}
iz (51 zf LB V() ) ) e S ey
thd (5.1 1 Mg (B u) — hk(u)Ez{dMnk(ﬁ; uw)|0n1, & = O}]

Zl 1QlEl{Yz1k( )} EZ{YZM(U)WZH}

Let G0 () = {G1(1), G5” (1)} where GL(1) = n™!/2 S5y STy pma(6,1), G/ (1) = {G7 (1),
G ()} where GP(t) = n~1/2 zf XML = L wi(8,1), and GO(1) = {GP (1), GE (1)}
where GV (t) = n=1/2 ZlL 1 ™. vk(B,t). Then G (t) converges weakly to a zero-mean Gaus-
sian process, GV (t) = {G\" (), G5 (¢)} in D0, 7]* where the covariance function between Qj(l)(t)

and Q,gl)(s) is E{p1;(5o,t), 1k(5, s)} by theorem 2 of Yin and Cai[4].
It can be shown that G®(t) converges weakly to a zero-mean Gaussian process G2 (t) =

{Q’l (t),G )( t)} where covariance function g( (t) and Q,(f)(s) is %El{wllj (Bo, t), wink(Bo,s)}
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by Lemma 1.2, Cramer-Wold device and the marginal tightness of Gf) (t) for each k.

Similarly, G®)(t) converges weakly to a zero-mean Gaussian process. By the conditional ex-
pectation arguments, the three terms (GV)(t), G (t), G®)(t)) are mutually independent. There-
fore, G(t) = GV (t) + G?(t) + G®)(t) converges to a zero-mean Gaussian process G(t) =
GU(t) + G (1) + G (1)
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