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SI. GREEN’S FUNCTION

We derive the Green’s function for the Hamiltonian given by

H = Uh(k) - o, + Ui~ 1) — 1), (51)
where
ve= ), (S2)
Ckl

o are Pauli matrices acting on spin degrees of freedom, ny, is the density operator ng = Q/J,Tcgbk,
and U is the magnitude of the repulsive interaction. The repulsive interaction is infinite-
ranged in the real space, which can be represented in a local way in the momentum space.
Thanks to the locality in the momentum space, the Green’s function can be exactly computed
for this Hamiltonian as follows.

First we perform a unitary transformation

Ckt — U(k) bre+ (S3)

Ckl bk_

Then the Green’s function is transformed as

Gap(k,7) = —(Trcka(T)chs) = ~Uaa(R)Usar (K){Trbra(T)bjr) (S5)
where T, denotes the time ordering and cpo(7) = €™ e,
In this basis, the Hamiltonian is diagonalized as
HJ0) = 510), (56)
Hbj,_|0) = —h(Kk)b},_|0), (S7)
Hb},, [0) = h(k)b,,[0), (S8)
Hb)_b],,10) = S} [0), (9)
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where |0) is the vacuum state and h(k) = |h(k)|. Thus the expectation value is written as

1 U
2

(bka (T)bh) = 5 [(01ia (7) 0} ™7
+ (O|bk_bka(7)b2a,b};f|O>eﬁh(k)
+ (0]b 4 bra ()bl Bl 0) =7 H)
+ (O] bgey by bpa (T)bL, 0% DY, [0Ye ™

L%
2

I (S10)
7 = ePMk) 4 g~ Fh(k) | 9=FT (S11)

In the right hand side of the equation for (b, (7)bl ), the forth term vanishes and other

terms are nonzero when a = a’. Thus we obtain

1 _gU
(brer (1)) = — ((Olbes (7)) 10)e ™ + (Olbre—bier () By |0) ™)
1
_ E@THH%M% + eT(hm g By, (S12)
1 _gU _
(bi (T)0,) = — ({0fbw (7)0h_10he ™% + (0lbwy b (7)BL_b., [0y )
1
= Lt ook 4 - om (S13)

Therefore, the imaginary-time Green’s function is given by

B .
G (i) = = [ dre b, (71

e P fe Pz Ph e fy >

+ S14
zwn—h—i-% iwn—h—% (514)

L (e g et Pyt
== ( =+ = 7 - (S15)

A. Green’s function for T'=0

In the zero temperature (5 — o0), the above Green’ function reduces to
1

w, —h—%
1
G__(k,iw,) = ——. S17
(e, i) twy, +h+ % (517)
In the original basis, the Green’s function is given by
1 h
G(k,iw,) = , = —. S18
(F, dwn) iw, — (h+Y%)n-o "0 (518)



SII. FERMI ARC

In this section, we study the Fermi arc in the WMIs. Nonvanishing topological indices
for the WMIs indicate that the Fermi arc remains in the WMIs, which we verify in the
following. Since our model [Eq. (S1)] is diagonalized at each k-point and hence we can
consider an effective two-dimensional model for each k.-sector when the system is periodic
in the z-direction. Because of the bulk-boundary correspondence, we expect that “edge
channels” for each k, form a Fermi arc. More explicitly, one can obtain the surface bound

state from the effective Hamiltonian
Heyg = [h(kz) + ] n(k) - o, h(k) = vp(ks, ky, k), (S19)

by replacing the momenta k,, k, with the derivatives —i0,, —i0,. Away from the plane k, =
+ko., the surface state is almost unchanged from the noninteracting case. The nontrivial
issue is how the surface state behaves as k, approaches +kq,. Specifically, the problem
is whether the penetration depth of the surface states diverges or not with k, — +ko,.
Intuitively, the finite gap U indicates that the length scale £ remains finite, i.e., £ = hvp/U.
However, it turns out not when one studies the effective Hamiltonian in Eq. (S19) and the
asymptotic behavior of the surface bound state as |x| — oo (here we assume k, = 0) by
tentatively taking the limit of |k,| < |k.|. In this limit, Heg = (vp+ 5 |k.| ™) [—i0s0 + k.07,
which indicates that the penetration depth diverges with £ = |k,|~!. In any case, the length
scale is determined by |k.|™! even when we take into account of the higher orders in 9.

Therefore, the surface bound states penetrate into the bulk as k, approaches to +kq,.

SIII. OPTICAL CONDUCTIVITY

We study the optical conductivity o(w) for a single WF described h(k) = vpk. In the
following, we set the Fermi velocity v = 1, which can be always restored by the dimension

analysis.



A. Matrix elements

Here we calculate matrix elements that we will need in evaluation of conductivities, i.e.,

(£|o:|£). We first parameterize the direction of the momentum as
n = (sin 6 cos ¢, sin 0 cos ¢, cos 0). (520)

Then the wave functions that diagonalize the Hamiltonian are written as

CcoS g —sin ¢

+) = , ) = 2. ($21)

€' sin g €' cos g

The matrix elements are given by

(+|oz|+) = sinf cos ¢, (522)
(—|os]—) = —sinf cos ¢, (523)
(+|oz|—) = cos B cos ¢ + isin ¢, (S24)
(+|oy|+) = sinfsin ¢, (S25)
(+|oy|—) = —icos ¢ + cosfsin ¢. (S26)
In the evaluation of the optical conductivity, we need
: 47
/ sin B8 (] ) (o) = (827)
. 8T
/sm 0BG Hlow] ) (ol ) = o (328)
In the evaluation of the Hall conductivity as a function of k., we need
[ dottlonl )l = o (529)
k.
/d¢<+|ax|—><—|ay|+> = 2micosf = 271'1'?. (S30)

B. Zero temperature

We first focus on the conductivity o(w) for the zero temperature. The Green’s function

is given by

Glivn) = 7, ! T [mm ¥ (k ¥ %) n. a'] , (s31)



with n = k/|k|. The optical conductivity is given by

B Q(w + ie)
O'(UJ) = Re |:——Zw:| s (832)
Qi) = li dgk Zt (k, G(k + q,iwn, +iQ)0,] (S33)
Q) = ql_I{(l) r 1Win )T q, 1w, +1Q)o,].

The integrand of Q(i€2) reads

Ztr (K, iwm)o.G(k,iwy, +iQ)o,]

TWm

1
= g; (iwm +iQ)2 — (]{; + %)2 (iwm)2 _ (/{Z T %)2

O B o

2 1 7\ 2
g . - + Q . o 1 + k2 . k-2 _ k2
2 (i 5 07— (o D Gy — (e e | 0+ ( %) e = — )
1
3

1
_%;@mﬂ+MV—(k+%P@M@%—%+%P

. (S34)

2
(1w, + 1Q)iw,, — (k‘ + %)

By using the formula

(S35)

Z [(iwm + Q) iw,, — abc] 1 (a+b)(1—rc)
(i +12)2 — a?][(iwn)? — 2] 2[i2 — (a + b)][i2 + (a + b)]

W

for a > 0,b > 0, we perform the summation over iw,, for the above equation and obtain

4 8 (k+5)
Ztr (K, iwn)o,G(k, iw, +iQ)o,] = 3T 2T D0 - O] (S36)

iWm

After the analytic continuation i€ — w + ¢, only the pole at k = w — % contributes to the

imaginary part of the k-integral. Thus, we obtain

L4, (k4Y) !
Im[@(@d)]—y/o ’“dkw+(2k+U)Im w+ie — (2k + U)
_ ﬁ(w—mw@—U% (537)

where we used the formula Im [ } = mé(a). Hence, the optical conductivity for the zero

k—a—ie

temperature is given by

olw) = —mOWI L e o). (338)

w 247w

By restoring the unit of €?/h and the Fermi velocity v, we end up with

o(w) = ¢

T (w—=U)*0(w—-"U0). (S39)




1. Poles of 0(q,w)

Let us study the locus of the poles of the two-particle correlation function that contribute
to the conductivity o(q,w) for nonzero q. From Eq. (S35) and setting a = |k| + % and
b=|k+q|+ %, the poles of >, tr[G(k,iwn)0.G(k + q,iw,, + iQ)o,] can be read off as
w=a+0b=|k|+ |k+ q|+ U. By using the formula |k|+ |k + gq| > |g| and restoring the

Fermi velocity vg, the lower bound of the poles is given by

w="U +vp|q|. (540)

C. Finite temperature

In this section, we calculate the optical conductivity o(w) in the finite temperature. In

doing so, we consider contributions from interband and intraband transitions separately as

o(w) = o™ (W) + o™ (w). (S41)

1. Interband transition

The interband contribution to Q(i€2) is given by

1
(27)?

Qinter (ZQ) = / dekAinter (’LQ), (842)

where

Ainter (ZQ)

_ /sin0d0d¢Z[G++(k,iwm)<+|az|—>G__(k,iwm i) ([0 ]+)

1Wm

+ Gip (K, iwy, + 1Q)(+ow| =) G- (K, iw, ) (—|ow]+)]
7Y (s IR TR TN (R St Tl P
2k + U + 1sQ2 2k + 1sQ) 2k + 152 2k — U + isQ2

n ePk 4 e Pz n e Pk 4 e P2 ok ek 4 e Pz n e Pk 4+ e Pz _5%}
e e .
—(2k4+U)+isQ) =2k +isQ —2k+isQ  —(2k—U) +isQ

(943)




This is reduced to

Qumer(@) = R Z /dek Pk 4 B3 N e Pk 4 eBY (—eP* e P7)
inter - 372 = 2k + U + 1582 2k + isQ)

Bk 4 =BG —Bk 4 =B
+ (6 re e fe s )(e—ﬁk—e—ﬁg). (S44)

2k + 152 2k — U + isQ)

After the analytic continuation €2 — w + ¢, poles that contribute to the imaginary part of

the k-integral are

_w—U w w+U U—-w

k2’2’2’2

(S45)

Thus the interband contribution to the optical conductivity at the finite temperature is given

by

) = m | 2=t

—iw

1 w=U U w—U U w-—U 2 w-—U -2
— = (B —BFY(_ B B3 —
= [ et o (458) 2 (45Y) o -0

_5M_ pe=t g 2 g -2
+2(e "2 e’z )(2> Z(2>

2 —2
+(6_Bu-s2-U+e 55)(6 Bw-gU_e ﬁg>(w+U) Z(W+U
2 2
2 —2

_(67’87W2+U—I—eiﬁ%)(efﬁiw;[]—efﬁg) (_w;U> Z(_w; U> 0(—w+U)|.

(46)

The minus sign for the term in the last line arises because the pole k = % locates in

the lower half plane while other poles locate in the upper half plane.

2. Intraband transition

The intraband contribution to Q(i€2) is given by

1

Qintra(iQ) = (2ﬁ)3

/ K2 Aira (i) + Buera (i90)], (547)



where

Aintra(iQ> = /sm@d@d(bZG++(/€7zwn)<+|am|+>G++(;¢ +q, iw, + ZQm)<+|O'$|—|—>
= 4_7Ti [(e‘ﬁh —+ 6_3%)27”?(}% B %) - nF(hk+q - %)
3 72 iQ 4 hi, — hriq
np(he — %) = np(hig + 2)
ZQ+hk—hk+q_U
el + ) — sy + )
182+ hy, — hk+q
np(h +4) — np(hpg — %)

+ (Ph 4 e P (e P 4 eFT)

)

+ (P + e‘ﬂ%)(e_ﬂh + Q_B%) ; (548)

and

Buana (i) = / i 0d0ds S G (b, iwn) (10w =) G (b + g, it + 192 (~ || )

W

Tl [(eﬁh + 6—5%)QHF(_h —9) — el = 5)
3 72 iQ — hy + hrig

ne(=hy = §) = np(=hiig + §)

onr(=he + §) = np(=hieg + §)

np(=hk + ) = np(=hreg — 5)

+ (P e P (e P 4 e )

+ (e7Ph ¢ e’ﬁ%)

(S49)

+ (P + 6_6%)(6_5h + 6_6%)

After performing an analytic continuation €2,, — w -+ i€ and taking a limit ¢ — 0, we obtain

the intraband contribution to the optical conductivity

O_intra(

w)

1 1 v v
— [ dkk? {—(e"Bh + e P2) ), (hk — Q) — (P e P2) (hk + Q) } 5(w)

672 Z (k)2 2 2
1 2_ L (o8 o o BB 4 o BY
- o dkk Z(k)Q(e +ePr)(e+eP7)
1 U U U U
X E |:7”LF (hk_E) —Ng (hk+§> +ng (—hk—g) —Ng (—hk+§>:| (S(W—U)

(S50)

We note that we used the equation n/z(€) = n’z(—e¢) in the first term, and the forth term in
Eq. (S49) can be discarded after analytic continuation because of a factor é(w + U).

We show the temperature dependence of weights of peaks at w = 0 and U in Fig. S1.
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FIG. S1. Temperature dependence of weights of intraband transitions at w = 0 (blue) and w = U

(red).

D. Temperature dependence of Drude weight

We study the behavior of the Drude weight in the limit 7" — 0. The Drude weight is
given by the coefficient of é(w) in Eq. (S50) as

—Bk Bk
— Ly /dkk2 e (S51)
G (e=BF 4 efk 4 2¢7F7)2

In the noninteracting case (U = 0), the Drude weight behaves as Wpuge o T2. This is

e 2+e™  in the integrand with

obtained from a crude estimation by replacing the factor (Caawan

1 for k£ < T and with 0 otherwise. On the other hand, in the case of strong interactions
(U — o0), the Drude weight behaves as Wpyuge e #2T2. Thus the Drude weight is

suppressed exponentially as the interaction U increases.
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E. Hall conductivity

We study the Hall conductivity for a fixed value of k,. The Hall conductivity has a

nonzero contribution from a combination
(Trbo (1) (o =) (7)b_ (= oy |+)D1). (S52)

Here, we set the momentum transfer as ¢ = 0 because we focus on the dc Hall conductivity.
We note that other combinations of current matrices vanish. After we integrate over the

direction ¢ of (kg, ky) = kj(cos ¢, sin ¢) in current matrices [Eq. (S30)], the expectation value

is given by
2mik,
Q(r) = == (b (T)OL(7)b-bL) + (b (7)bL (7)bybL)
_ 2mik, 1 i 51 10)e2h i t 51 10)e—5h
= ST ({0lb-be () (r)b B [0)e™ < (0l ()bl ()b b1 0)e )
_ 2mik, 1 - he
_ p Z( —27h+8h + 62 h ﬁh)‘ (853)
With the Fourier transformation, we obtain
‘ omik, 1 (P .
Qliwn) = == | dre™ (by ()b (7)b_bL) + (b_(7)bL (7)bybl)
2wk, 1 —e Bh _ P n —ePh — =P
 k Z\ iw,—2h iwn + 2h
2mik, 1 21w
_ z L Bh —Bh n 4
P A b a7 (554)

By performing analytic continuation and taking the zero frequency limit, we obtain the Hall

conductivity

Ouy(kz) = ﬁ/kd’fnRG(Q(ZZ))
k. et + e Ph

S H ||2]€3 eBh 4 e—Bh 4 267ﬁ%
where kj| is the radial coordinate for (k,,k,) and k = /kj + k2. In the zero temperature

(S55)

limit, the Hall conductivity reduces to

__/ . 1k
Tay (k) = ”QkS_ o7 2k

If we restore the unit of €?/h, the Hall conductivity is given by

kH:oo 1

= Esgn(k: ). (S56)
k=0

Ouy(k) = ;—hsgn(k ), (S57)

which remains quantized into 4e?/2h in the WML
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SIV. STABILITY OF THE MOTT GAP

We study the stability of the Mott gap against the interaction

Hc— E V Ck+qack’ qa/ck' o' Ck,o-
k,k',q

We consider the self-energy arising in the second order of this interaction,

with the density-density correlation function

iw’

This is explicitly written as

Y(k,iw) = /d3qd3k' Z V(g)V(—q) (iw+iQ) +(|k+q|+5)n(k+q)-o

iw’ 2

X
(i =i = (& —q + 3)°

If the instability for the Mott gap were present, the gap should close at k = 0 by the

consideration from the rotation symmetry. Therefore, we focus on the self-energy for k& = 0.

By summing over Matsubara frequencies and setting k = 0, we obtain

S(k = 0,iw) = /d3qd3k’|v(2q)|2 (1 _ k(R — q)) ( 1

U
X {z’w—|k’|—\k'—q|—U—|—(lq|+§)nq'a}.

(S58)
Y(k,iw) /d?’q Z V(q )G(k + q,iw + iQ)I1(q, i), (S59)
(q, i) = d°K Y Tr[G(K,iw)G(K' — q,iw —iQ)]. (S60)

1

(iw + Q)2 — [k + q| + §)? (iw')? — (k'] + 5)?
1
w [m’(w i)+ (yk:'| + %) (\k/ _ql+ %) n(k') - n(k — q)
(S61)
K|k —q| ) (iw— K| — [k —q| = U)* — (lq] + §)?

(S62)

After performing an integration over k/, the terms |k’ — g| and kK’ - (k' — q) no longer have

a dependence on the angle of g, because they only depend on the relative angle between k'

and g. Then the only term depending on the angle of g after the k' integration is n, - o,

which vanishes upon the integration over the angle of g. Thus the self-energy > (k = 0, iw)

is diagonal with respect to the spin degrees of freedom. Furthermore, the imaginary part of

¥ (k,w) (after the analytic continuation) appears only at w = |k’| + |k’ — g| + |g| + 2 >
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and w = |K'| + [k’ — q| — |g| + § > Y; The imaginary part of £(k = 0,w) is zero for
w < % Therefore, the gap of % in the Green’s function is stable against the inclusion of the
interaction He.

We note that the the perturbation theory with respect to V(q) is valid because of the
absence of the infrared divergence. In the case of the contact quartic interaction V' (q) =V,
we notice that the infrared divergence does not appear for iw = 0 because of the gap of % in
the energy denominator. In the case of the repulsive Coulomb interaction V(q) = 42—52, the
infrared divergence is also absent, because the density-density correlation function behaves

(g, i) o ¢? for small ¢ and €2, and the integral is convergent around ¢ = 0.

12



