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1. PROOF OF THEOREM 1

Let ajkm =
∫ 1/2
−1/2A0(ω;Ujk)Aj(ω;Vjk)e

−2πiωm dω so that Xjkt has the form Xjkt =∑
m ajkmzjk t−m, dzjk` = T−1/2

∑T
t=1 zjkte

−2πiω`t be the discreet Fourier transform of the un-

observed white noise zjkt, and Izjk` = |dzjk`|2 be the corresponding periodogram. It is well

known, i.e. Theorem 5.2.6 in Brillinger (2002), that under the conditions of Theorem 1, as

T →∞, Izjk` are asymptotically distributed as χ2
df/df random variables with df=2 if ω` 6= 0, 1/2

and df=1 if ω` = 0, 1/2. There have been several approaches to the study of non-linear func-

tions/functionals of the periodograms of white noise for use in a variety of applications. The
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2 R. T. KRAFTY, M. HALL, AND W. GUO

following Lemma is taken as an immediate consequence of the Edgeworth expansion of Götze

& Hipp (1983). Further details about the application of this expansion to periodograms can be

found in Lemma A.1 of von Sachs (1994) and a discussion about its applicability under the un-

bounded log transformation when the absolute continuity of the distribution of Izjkt is assured by

(RA2) can be found in Janas & von Sachs (1995).

LEMMA 1. If (RA1)-(RA3) hold, then uniformly in j, k, `, `′

(i) E
(

log Izjk`

)
= −γ` +O

(
T−1

)
(ii) var(log Izjk`) = σ2` +O

(
T−1

)
(iii) cov

(
log Izjk`, log Izjk`′

)
= O

(
T−1

)
when |`| 6= |`′|.

Theorem 1 will follow from Lemma 1 after finding the decay of the remainder of the Bartlett’s

decomposition

sup
j,k,`

E
{∣∣log Ijk` − log fjk(ω`;Ujk, Vjk)− log Izjk`

∣∣2} = O(T−1).

To show this decay, a first order Taylor’s series expansion of log Ijk` around log fjk(ω`;Ujk, Vjk)

can be taken where there exist ηjk` ∈ [0, 1] such that

log Ijk` − log fjk(ω`;Ujk, Vjk)− log Izjk` =
Rjk`

fjk(ω`;Ujk, Vjk)I
z
jk` + ηjk`Rjk`

for Rjk` = Ijk` − fjk(ω`;Ujk, Vjk)Izjk`. The proof of Theorem 1 can then be completed

by applying Lemmas 2 and 3 which respectively find that |Rjk`| = Op(T
−1/2) and

|fjk(ω`;Ujk, Vjk)Izjk` + ηjklRjk`|−2 = Op(1).

LEMMA 2. Under the assumptions of Theorem 1, supj,k,`E|Rjk`|2 = O(T−1) as T →∞.

Proof. Let Qjk`m =
∑T−m

t=1−m zjkte
−2πiω`t −

∑T
t=1 zjkte

−2πiω`t so that djk` =

A0(ω`;Ujk)Aj(ω`;Vjk)d
z
jk` + rjk` where rjk` = T−1/2

∑
m ajkme

−2πimω`Qjk`m. It then
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Spectral Mixed Effects 3

follows from Cauchy–Schwarz

E
(
|Rjk`|2

)
≤ 2

[
E
{
f2j (ω`;Ujk, Vjk)

}]1/2 [
E
{

(Izjk`)
2
}]1/2 {

E
(
|rjk`|4

)}1/2
+ 2E

(
|rjk`|4

)
.

Since the fourth cummulant of Zjk being bounded implies that E(Izjk`)
2 is uniformly bounded

and the finite fourth moments of the transfer functions in conjunction with their continuity and

(RA5) implies E
{
f2j (ω`;Ujk, Vjk)

}
is uniformly bounded, the lemma is completed once the

decay of rjk` is found.

Define the random functions

Ajk(ω) =

∫
ν

∫
ζ

∫
ξ
A0(ω − ν − ζ;Ujk)Aj(ω − ν − ζ;Vjk)A0(ξ;Vjk)Aj(ξ;Vjk)

×A0(ζ − ξ;Ujk)Aj(ζ − ξ;Vjk)A0(ζ;Ujk)Aj(ζ;Vjk) dν dζ dξ

so that E {Ajk(ω)} has the Fourier coefficients E
(
|ajkm|4

)
by Theorem 1.12 in Zyg-

mund (2003). From the smoothness of h0p, hq and (RA5), the second derivative of E (Ajk)

is uniformly absolutely continuous and subsequently there exists a constant C0 such that

E
(
|ajkm|4

)
≤ C0|m|−2 for all j, k,m. Note that, by Theorem 10.3.1 in Brockwell & Davis

(2006), E|Qjk`m|4 ≤ 6|m|2 + 2
[
supω E

{
|Zjk(ω)|4

}]
|m| . Consequently,

E
(
|rjk`|4

)
≤

[
T−1/2

∑
m

{
E
(
|ajkm|4

)}1/4 {E
(
|Qjk`m|4

)}1/4]4
= O

(
T−2

)
uniformly in j, k, `.�

LEMMA 3. Under the assumptions of Theorem 1, supj,k,`E
{
|fjk(ω`;Ujk, Vjk)Izjk` + ηjk`Rjk`|−2

}
=

O(1).

Proof. By Schwarz’s inequality and the definition of Rjk`,

E

{∣∣∣Ijk`/Izjk` − fjk(ω`;Ujk, Vjk)∣∣∣2} ≤ E (|Rjk`|2) E (|Izjk`|−2). Lemma 2 found that

supj,k,`E
(
|Rjk|2

)
= o(1) and Lemma 5 in Fay et al. (2002) shows that supj,k,`E

(
|Izjk`|−2

)
=

O(1) under (RA1)-(RA3). Consequently,
∣∣∣Ijk`/Izjk` − fjk(ω`;Ujk, Vjk)∣∣∣ = op(1) and it suffices



174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

4 R. T. KRAFTY, M. HALL, AND W. GUO

to prove Lemma 3 over the event

Ω =

{
sup
j,k,`

∣∣Ijk`/Izjk` − fjk(ω`;Ujk, Vjk)∣∣ < ε

}

where ε is defined in (RA4). Under Ω, Ijk` ≥ {fjk(ω`;Ujk, Vjk)− ε} Izjk` and

fjk(ω`;Ujk, Vjk)I
z
jk` + ηjk`Rjk` ≥ {fjk(ω`;Ujk, Vjk)− ε} Izjk`

so that supj,k,`E

{∣∣∣fjk(ω`;Ujk, Vjk)Izjk` + ηjk`Rjk`

∣∣∣−2 | Ω} = O(1). �

2. PROOF OF THEOREM 2

Let || · ||∞ be the norm over RP such that ||x||∞ = supxj where x = (x1, . . . , xP )T ,

define the induced operator norm on the space of P × P matrices where ||M ||? =

supx ||Mx||∞/||x||∞, and let Λ̃ = λ−1Λ and Θ̃ = θ−1Θ. The proof will make use of the fact

that, since β ∈ ⊗PWm
2,per, β(ω) =

∑∞
m=−∞ bm exp(2πiωm) where the Fourier coefficients sat-

isfy ||bm||∞ = O(|m|−2) (Zygmund, 2003). The proof will also use that, since Γq is the covari-

ance of a stochastic process with realizations almost surely in W 2
2,per, Γq ∈W 2

2,per ⊗W 2
2,per so

that Γq(ω, ν) =
∑∞

m=−∞
∑∞

s=−∞ gqmse
2πimω+2πisν where |gqms| = O(|m|−2|s|−2).

Decomposing the mean square error E
{∣∣∣β̂p(ω)− βp(ω)

∣∣∣2} =
∣∣∣E {β̂p(ω)

}
− βp(ω)

∣∣∣2 +

var
{
β̂p(ω)

}
, we will consider the bias and variance terms separately. By the Woodburry For-

mula{
UTU + λn(2πm)4Λ̃

}−1
= (UTU)−1 + λ(2πm)4

{
n−1UTU + λ(2πm)4Λ̃

}−1
Λ̃(UTU)−1

(1)

so that supp |E
{
β̂p(ω)

}
− βp(ω)| ≤ ||B1(ω)||∞ + ||B2(ω)||∞ +O(T−1) where

B1(ω) = T−1
L∑

`=1−L

L∑
m=1−L

β(ωl)e
2πim(ω−ω`) − β(ω)

B2(ω) = T−1
L∑

`=1−L

L∑
m=1−L

λ(2πm)4
{
n−1Λ̃−1UTU + λ(2πm)4

}−1
β(ω`)e

2πim(ω−ω`)
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Spectral Mixed Effects 5

and the O(T−1) term is the error in the approximation of the mean of Y` with Uβ(ω`) obtained

in Theorem 1. Approximating averaging with integration and using the decay of the Fourier

coefficients of β we find that

sup
ω
||B1(ω)||∞ = sup

ω
||

L∑
m=1−L

∫
β(ν)e2πim(ω−ν) dν − β(ω)||∞ +O(T−1)

≤
∑
|m|>L

||bm||∞ +O(T−1)

= O(T−1)

sup
ω
||B2(ω)||∞ = sup

ω
||

L∑
m=1−L

λ(2πm)4
{
n−1Λ̃−1UTU + λ(2πm)4

}−1
bme

2πimω||∞ +O(T−1)

≤
∞∑

m=−∞

λ(2πm)4

D1 + λC(2πm)4
||bm||∞ +O(T−1)

where D1 is defined in (RA6). By Schwarz’s inequality, 2D
1/2
1 C1/2λ1/2(2πm)2 ≤ D1 +

λC(2πm)4, so that

sup
ω
||B2(ω)||∞ ≤ λ1/22π2D−1/21 C−1/2

∞∑
m=−∞

|m|2||bm||∞ +O(T−1)

= O(λ1/2) +O(T−1)

and it then follows that supp,ω

∣∣∣E {β̂p(ω)
}
− βp(ω)

∣∣∣2 = O(λ) +O(T−1).

To compute the variance term, note that supp var
{
β̂p(ω)

}
≤ ||Vε(ω)||? + ||Vα(ω)||? +

O(T−1) where

Vε(ω) =
1

nT 2

L∑
`,r=1−L

σ2` δ|`||r|

L∑
m,s=1−L

{
n−1UTU + λ(2πm)4Λ̃

}−1 (
n−1UTU

)
×
{
n−1UTU + λ(2πs)4Λ̃

}−1
e2πi(m+s)ωe−2πi(mω`+sωr)

Vα(ω) =
1

nT 2

L∑
`,r=1−L

L∑
m,s=1−L

{
n−1UTU + λ(2πm)4Λ̃

}−1n−1
N∑
j=1

UTj VjΓ(ωl, ωr)V
T
j Uj


×
{
n−1UTU + λ(2πs)4Λ̃

}−1
e2πim(ω−ω`)+2πis(ω−ωr).
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6 R. T. KRAFTY, M. HALL, AND W. GUO

To find the decay of Vε, let Sms = σ20 + σ21/2e
πi(m+s) +

∑L−1
|`|=1 σ

2
` e

2πimω` and note that |Sms| ≤

σ20T so that an application of Cauchy–Schwarz leads to

||Vε(ω)||? ≤
1

nT 2
sup
m,s
|Sm,s|

∣∣∣∣n−1UTU ∣∣∣∣
?

L∑
m=1−L

∣∣∣∣∣∣∣∣{n−1UTU + λ(2πm)4Λ̃
}−1∣∣∣∣∣∣∣∣2

?

≤ σ20D2

nT

∞∑
m=−∞

{
D1 + λC(2πm)4

}−2
.

Since 2
∑∞

m=−∞
{
D1 + λC(2πm)4

}−2 ≤ C−1/4π−1λ−1/4 ∫∞−∞(D1 + ν4)−2 dν, it follows

that supω ||Vε(ω)||? = O(N−1T−1λ−1/4). If we define gmr = diag(g1mr, . . . , gQmr), then

Vα(ω) = n−1
L∑

m,s=1−L

{
n−1UTU + λ(2πm)4Λ̃

}−1n−1 N∑
j=1

UTj VjgmsV
T
j Uj


×
{
n−1UTU + λ(2πs)4Λ̃

}−1
e2πi(m+s)ω +O(T−1).

Since ||
{
n−1UTU + λ(2πr)4Λ̃

}−1
||? = O(1) as λ→ 0 and the summability of

the Fourier coefficients of Γ assure that there exists a constant C0 such that∑L
m,r=1−L ||n−1

∑N
j=1 U

T
j VjgmrV

T
j Uj ||? ≤ C0 whenever Uj , Vj satisfy (RA6) and (RA7), it

follows that supω ||Vα(ω)||? = O(N−1 + T−1).

Consequently, supp,ω E
{
|β̂p(ω)− βp(ω)|2

}
= O(λ+N−1 T−1λ−1/4 + T−1 +N−1) and

Theorem 2 follows.

3. PROOF OF THEOREM 3

Decomposing the mean squared error

sup
q,ω,ν

E
{∣∣∣Γ̂q(ω, ν)− Γq(ω, ν)

∣∣∣2} = sup
q,ω,ν

∣∣∣E{Γ̂q(ω, ν)
}
− Γq(ω, ν)

∣∣∣2 + sup
q,ω,ν

E
{∣∣∣Γ̂q(ω, ν)− EΓ̂q(ω, ν)

∣∣∣2}
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Spectral Mixed Effects 7

we will sketch the proof for the convergence of the mean and bias terms separately assuming that

λ ∼ N−4/5T−4/5. To investigate the bias term, apply the Woodbury Formula (1) so that

sup
q,ω,ν

∣∣∣E{Γ̂q(ω, ν)
}
− Γq(ω, ν)

∣∣∣ ≤ ∑
k,`=1,2

sup
j,ω,ν
||Bαjk`(ω, ν)||? + sup

j,ω,ν
||Bεj(ω, ν)||?

+O(N−2/5T−2/5 +N−1/2 + T−1/2)

where

Bαj11(ω, ν) =
1

T 2

L∑
`,m,r,s=1−L

Γ(ω`, νr)e
2πim(ω−ω`)+2πis(ν−ωr) − Γ(ω, ν)

Bαj12(ω, ν) =
1

T 2

L∑
`,m,r,s=1−L

θ(2πs)4Γ(ω`, νr)
{
njV

T
j Vj + θ(2πs)4Θ̃

}−1
Θ̃e2πim(ω−ω`)+2πis(ν−ωr)

Bαj21(ω, ν) = Bαj12(ν, ω)

Bαj22(ω, ν) =
1

T 2

L∑
`,m,r,s=1−L

θ2(2πm)4(2πs)4Θ̃
{
njV

T
j Vj + θ(2πm)4Θ̃

}−1
Γ(ω`, νr)

×
[
njV

T
j Vj + θ(2πs)4Θ̃

]−1
Θ̃e2πim(ω−ω`)+2πis(ν−ωr)

Bεj(ω, ν) =
1

T 2

L∑
`,r=1−L

σ2` δ|`||r|

L∑
m,s=1−L

{
V T
j Vj + θnj(2πm)4Θ̃

}−1
V T
j Vj

×
{
V T
j Vj + θnj(2πs)

4Θ̃
}−1

e2πi(m+s)ωe2πim(ω−ω`)+2πis(ν−ωr).

Using similar algebra to that used in the proof of Theorem 2 it can be found that

sup
j,ω,ν
||Bαj11(ω, ν)||? ≤

∑
|m|,|s|>L

||gms||? +O(T−1) = O(T−1)

sup
j,ω,ν
||Bαj12(ω, ν)||? ≤

∞∑
m,s=−∞

θ(2πs)4

n−D3 + θ(2πs)4
||gms||? +O(T−1) = O(θ1/2 + T−1)

sup
j,ω,ν
||Bαj22(ω, ν)||? ≤

∞∑
m,s=−∞

θ2(2πs)4(2πm)4

{n−D3 + θ(2πm)4} {n−D3 + θ(2πs)4}
||gms||? +O(T−1) = O(θ + T−1)

sup
j,ω,ν
||Bεj(ω, ν)||? ≤

σ20D3

T

∞∑
m=−∞

{
D3 + θnjC(2πm)4

}−2
= O(T−1θ−1/4)

and the supremum squared bias is O
(
θ + T−2θ−1/2 +N−4/5T−4/5 +N−1 + T−1

)
.
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8 R. T. KRAFTY, M. HALL, AND W. GUO

To investigate the variance term, let Ej`mrs =
{
Y ∗j`Y

∗T
jr − EY ∗j`Y

∗T
jr

}
e−2πi(mω`+sωr) so that

sup
q,ω,ν

E

{∣∣∣Γ̂q(ω, ν)− EΓq(ω, ν)
∣∣∣2} ≤ sup

ω,ν
E
[∣∣∣∣∣∣Γ̂(ω, ν)− E

{
Γ̂(ω, ν)

}∣∣∣∣∣∣2
?

]

≤ N−1 sup
j=1,...,N

∣∣∣∣V T
j Vj

∣∣∣∣2
?

{ ∞∑
m=−∞

∣∣∣∣∣∣V T
j Vj + θnj(2πm)4Θ̃

∣∣∣∣∣∣−2
?

}2

×
∞∑

`,rm,s=∞
E ||Ejms||2? /T

4

+O(N−4/5T−4/5 +N−1 + T−1)

= N−1D2
3

[ ∞∑
m=−∞

{
D3 + θnj(2πm)4C

}−2]2

×

[
τ8 sup

ω,Ujk,Vjk

E
{

log f4jk(ω;Ujk, Vjk)
}]

+O(N−4/5T−4/5 +N−1 + T−1)

= O
(
N−1θ−1/2 +N−4/5T−4/5 +N−1 + T−1

)
.

Combining the results from the bias and variance terms,

supq,ω,ν E
{∣∣∣Γ̂q(ω, ν)− Γq(ω, ν)

∣∣∣2} = O
{
θ + (N−1 + T−2)θ−1/2 +N−4/5T−4/5 +N−1 + T−1

}
and Theorem 3 follows.
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