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In this supplement, we provide the proofs of the theorems.

Following the counting process notation, we define the counting process Nki(t) = I(Tki 6 t, δki =

1), and the risk process Yki(t) = I(Tki > t). For simplicity, we assume that failure time T ∗ki takes

values on a finite time interval [0, τ], and we still use Zki to denote the predictors corresponding to

the transformed parameters θn. Then the log partial likelihood `(θn) could be expressed as

`(θn) =
K∑

k=1

nk∑
i=1

∫ τ

0
{θ′nZki − log(nkS

(0)
k (θn, t))}dNki(t),

where S (m)
k (θn, t) = n−1

k

∑nk
i=1 Yki(t)Z⊗m

ki exp(θ
′

nZki), with a⊗m = 1, a, aa′,m = 1, 2, 3 for a vector a.

Let Mki(t) = Nki(t)−
∫ t

0 λ0k(s) exp(θ′nZki)ds be the martingale for Nki(t). The regularity conditions

are given as follows:

(A)
∫ τ

0 λ0k(s)ds < ∞ for k = 1, . . . ,K.

(B) There exists a neighborhoodB of the true θ∗n satisfying: (i) There exist a scalar, a vector, and a

matrix s(m)
k (θ, t) (m = 0, 1, 2), such that supt∈[0,τ],θ∈B ‖S

(m)
k (θn, t) − s(m)

k (θn, t)‖ → 0 in probability. (ii)

functions s(m)
k (θ, t) are bounded, and s(0)

k (θ, t) is bounded away from zero; s(m)
k (·, t) are absolutely

continuous for θ ∈ B, uniformly in t ∈ [0, τ]. (iii) let ek(θn, t) = s(1)
k (θn, t)/s

(0)
k (θn, t), vk(θn, t) =

s(2)
k (θn, t)/s

(0)
k (θn, t) − (ek(θn, t))⊗2, and Ik(θ∗n) =

∫ τ
0 vk(θ∗n, s)s(0)

k (θ∗n, s)λ0k(s)ds is positive definite with

bounded eigenvalues, for k = 1, . . . ,K.

(C) For k = 1, . . . ,K, there exists a matrix Γk = Γk(θ∗n) with bounded eigenvalues such that at

true θ∗n, ‖n−1
k

∑nk
i=1 Var(Dki) − Γk‖ → 0, where Dki =

∫ τ
0 [Zki − ek(θn, t)]dMki(t).

(D) There exists a constant C such that supk∈[1,K],i∈[1,nk] E(Dki jDkil)2 < C, where Dki j,Dkil are the

j-th and l-th element of Dki.

Conditions (A)-(D) are also required in Cai et al. (2005), which guarantee the local asymptotic

quadratic property for the partial likelihood function and hence the asymptotic normality.

For simplicity, we denote λµl = λ1nω0l, λ
α
k = λ2nω1k, and define an = max{λµl , λ

α
k : l ∈ A1n, k ∈

A2n}, and bn = min{λµl , λ
α
k : l ∈ Ac

1n, k ∈ A
c
2n}.

Proof. [of Theorem 1]
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Let ηn =
√

qn/n. We show that for any ε > 0, there exists a large constant d, such that for any

4u = (4µ′l ,4α
′
k)
′,

P{ inf
‖4u‖=d

Qn(θ∗n + ηn4u) > Qn(θ∗n)} > 1 − ε. (1)

Qn(θ∗n + ηn4u) − Qn(θ∗n) > − `(θ∗n + ηn4u) + `(θ∗n) +
{ ∑

l∈A1n

λ
µ
l (|µ∗l + ηn4µl| − |µ

∗
l |)

+
∑

k∈A2n

λαk (‖α∗k + ηn4αk‖ − ‖α
∗
k‖)

}
, H1 + H2.

With triangular inequality and Cauchy–Schwarz inequality,

H2 > −
∑
l∈A1n

λ
µ
l ηn|4µl| −

∑
k∈A2n

λαkηn‖4αk‖

> −
∑
l∈A1n

anηn|4µl| −
∑

k∈A2n

anηn‖4αk‖

> −anηn
√

qnd > −nη2
nd,

the last step is due to the condition λ1n/
√

n → 0, λ2n/
√

n → 0, which implies an/
√

n →p 0,

an
√

qn <
√

n
√

qn <
√

qn/nn = nηn.

With Taylor expansion and arguments in Cai et al. (2005),

H1 = − ∇`(θ∗n)ηn4u −
1
2

(ηn4u)′∇2`(θ̃n)(ηn4u)

, H11 + H12,

where θ̃n lies between θ∗n and θ∗n + ηn4u.

|H11| 6 ηn‖4u‖ × ‖∇`(θ∗n)‖ = Op(ηn
√

nqn)d = Op(nη2
nd).

Using Chebyshev’s inequality and the assumption q4
n/n→ 0, ‖ 1

n∇
2`(θ̃n)+I(θ∗n)‖ = op(1)(Caiet al., 2005),

H12 = −
1
2

nη2
n[4u′{

1
n
∇2`(θ̃n) + I(θ∗n)}4u] +

1
2

nη2
n4u′I(θ∗n)4u

=
1
2

nη2
n4u′I(θ∗n)4u −

1
2

nη2
nd2op(1).

Therefore, combining H11,H12 and H2, we see H12 dominates the other two. So when ‖4u‖ = d

is sufficiently large, Qn(θ∗n + ηn4u) > Qn(θ∗n). This completes the proof.
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Proof. [of Theorem 2] We show P(θ̂Ac
n=0) → 1. Without loss of generality, we assume the true

value α∗k of θ∗n equals to for a certain k, and show in details P(α̂k = 0) → 1. Suppose α̂k , 0, then

Qn becomes differentiable w.r.t αk. Therefore,

0 = −
∂`

∂αk
(θ̂n) + λαk

α̂k

‖α̂k‖
. (2)

−
∂`

∂αk
(θ̂n) = −

∂`

∂αk
(θ∗n) −

qn∑
j=1

∂2`(θ̃n)
∂αk∂θ j

(θ̂ j − θ
∗
j)

, H1 + H2.

We can easily see that H1 = Op(
√

nqn), and for H2,

H2 = −

qn∑
j=1

(
∂2`

∂αk∂θ j
− E(

∂2`

∂αk∂θ j
))(θ̂ j − θ

∗
j) −

qn∑
j=1

E(
∂2`

∂αk∂θ j
)(θ̂ j − θ

∗
j)

, H21 + H22.

By Cauchy-Schwarz inequality,

|H21| 6
[ qn∑

j=1

{
∂2`

∂αk∂θ j
− E(

∂2`

∂αk∂θ j
)}2

]1/2
‖θ̂n − θ

∗
n‖

= Op(
√

qnn)Op(
√

qn/n) = op(
√

nqn),

|H22| 6 nOp(1)‖θ̂n − θn‖

= nOp(1)Op(
√

qn/n) = Op(
√

nqn),

we get H2 = Op(
√

nqn). The ”6” in H22 is due to the finite eigenvalues of the information matrix.

Therefore, H1 + H2 = Op(
√

nqn). Since λ1n/qn → ∞ and λ2n/qn → ∞, bn/
√

nqn → ∞,∥∥∥λαk α̂k/‖α̂k‖

∥∥∥ > bn =
√

nqn(bn/
√

nqn) >
√

nqnOp(1). That implies the ”=” in (2) cannot be

satisfied. Proof is completed.

Proof. [of Theorem 3]

We first show IAn(θ̂An − θ
∗
An

) = 1
n∇An`(θ

∗)+op(n−1/2). Then for any m× sn matrix Bn, Lindeberg–

Feller central limit theorem gives

√
nBnIAn(θ̂An − θ

∗
An

) =
√

nBnI−1/2
An
{
1
n
∇An`(θ

∗
n)} →d N(0,G).
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Since 0 = −∇An`(θ̂n) + D(θ̂n), D(θ̂) = (λµl sgn(µ̂l), λαk α̂k/‖α̂k‖)l∈A1n,k∈A2n , ‖D(θ̂n)‖2 6 sna2
n, and λ1n,

λ2n satisfy the conditions in Theorem 3, then a2
n = op(n/qn),D(θ̂n) =

√
snop(n/qn) = op(

√
n).

By Taylor expansion,

−∇An`(θ̂n) = −∇An`(θ
∗
n) − ∇2

An
`(θ̃n)(θ̂An − θ

∗
An

),

IAn(θ̂An − θ
∗
An

) = −
1
n
∇2
An
`(θ̃n)(θ̂An − θ

∗
An

) +
{

IAn +
1
n
∇2
An
`(θ̃n)

}
(θ̂An − θ

∗
An

)

, H1 + H2.

By Cauchy–Schwarz inequality, we can easily see that H2 = op(1/
√

n). Therefore, IAn(θ̂An −

θ∗An
) = 1

n∇An`(θ
∗) + op(n−1/2).

Now we justify the conditions for Lindeberg–Feller central limit theorem. Let Gki =
1√
n BnI−1/2

An
Dki.,

where Dki. corresponds to the nonzero elements in Dki. Since

nk∑
i=1

E
[
‖Gki‖

2I{‖Gki‖ > ε}
]
6
[ nk∑

i=1

E‖Gki‖
4
]1/2[ nk∑

i=1

E(I{‖Gki‖ > ε})
]1/2

6

√√√√ 1
n2 E

∥∥∥ nk∑
i=1

BnI−1/2
An

Dki.

∥∥∥4
√∑nk

i=1 E‖Gki‖
2

ε2

6

√
1
n2λ

2
max(B′nBn)λ2

min(B′nBn)Op(s2
n) × Op(1)

= op(1),

then
∑K

k=1

∑nk
i=1 E

[
‖Gki‖

2I{‖Gki‖ > ε}
]
= op(1). By central limit theorem, we prove the asymptotic

normality.
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