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Supplementary Figure 1. a, Monte Carlo simulation of the ambiguity rate for first neighboring fiber. The ambiguity rate is constant for 
constant TrN/σ curve.  b, MC simulation fit function as in supplementary equation (3). The fit function is from error function family.c, MC 
accuracy. The fit is fair within 15% accuracy. d, The fit function accuracy profile versus m. For each curve an MC simulation is updated and 
compared with the fit function as in Supplementary equation (3).  

 

Supplementary Note 1 – Matrix expression for image formation with optical brush 

 
Let scI   be the vectorized scene intensity matrix with dimension 1×XY  and outI  be the vectorized 1×N  measured matrix 

at the end of the brush with the visible range camera; the matrix expression for an optical brush is given as:  

 ( )[ ]scerout IKDPI ∗= ,                                                                 (1) 



where P is an XYN × permutation matrix with single nonzero entry in each row, D is the 1×XY  distribution matrix 

which has a nonzero entry at the location of each fiber tip in the XY space, and finally, erK  is an 1×M kernel matrix where 

M is the size of the kernel. Here K is the number of fibers that is also equal to the number of ones in the permutation matrix. 

For matrix convolution, D is transformed into a NXY × Toeplitz matrix to perform convolution. The kernel matrix in our 

study is simply a single entry identity matrix since each fiber is coupled into a single pixel in the scene (Qk=1). outI  is the 

output of the fibers that are vectorized based on their order in xy space.  

 

By measuring the time-of-flight to localize each fiber at the XY space, we are indirectly measuring the permutation and 

distribution matrix. In other words 1)(),( == ++ jiXjiXk dpp only if there is a pulse measured at xti =  and ytj = .  Pi and 

di are the P and D matrix entries. Additionally the xy visible range camera image is measuring the entry values of outI  for each 

fiber. 

 
 
 
Supplementary Note 2 – Ambiguity rate expression and performance interpretation 

 

The ambiguity rate is based on the normal independent identical distribution (i.i.d.) assumption for Xk and Yk parameters. This 

rate is the fundamental ambiguity rate that is forced by the randomness of the positions. This is a notable rate since it predicts 

the highest bound on the performance (lowest error rate) of a brush system. To obtain this rate let’s start with two fibers. By the 

normal i.i.d. and independent Xk and Yk assumption for X and Y coordinates supplementary equation (2) can be derived. This 

is because a linear combination of i.i.d. normal variables is also a normal variable.  
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Here rT  is the time resolution of the camera multiplied by speed of light in meters (depth resolution), t  is an auxiliary integral 

variable, σ  is the standard deviation of normal distribution for the fibers, and erf is the error function integral.  By extending 

the same approach to all the fibers with positive Xk and Yk  supplementary equation (3) is obtained. The inequality in 

supplementary equation (3) is based on the symmetry of the normal distribution.  An upper bound estimation on intrinsic 

ambiguity rate for the brush (p(m)) is thus estimated by finding the average distances for m neighboring fibers and finding the 

probability of that distance being less than depth resolution of the camera. This can be expressed as:  

)()
2

(
4

1)2()2( 2

2
/

/

4
2

5.0

1

5.0

1

2

2

mp
m
NTerfdseTY

N
mTpTX

N
mTp r

mTrN

mTrN

s

r

N

i
krr

N

i
kr <=












<<<−<<− ∫∑∑

−

−

== σπσ
σ ,          (3) 

where N is the total number of fibers. Supplementary equation (3) presents the following insights: first it indicates the analytic 

relation between fiber distribution parameters and camera parameters, second it predicts that the intrinsic ambiguity should 

decrease with increase in neighboring fibers, and third it indicates that the error should be of erf family. Despite the provided 

insight, supplementary equation (3) does not capture the fact that the distances are a nonuniform function of the fiber locations-



- this is important as it can induce a notable inaccuracy depending on the parameters. To calculate a more accurate bound on 

the ambiguity rate Monte Carlo simulations are necessary. Supplementary figure 1 a shows the results for such simulation, here 

we have generated a random set of variables with normal distribution and calculated the ambiguity rate numerically. The 

results immediately confirms that the ambiguity rate is constant on a cteNTr =σ/ curve and thus it should be a function of 

it. Using insight from supplementary equation (3), we used erf-based function to fit the data. As seen in supplementary figure 1 

c the Supplementary equation (4) seems to be a fair fit.  
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Supp. Fig 1 d shows the accuracy of this fit compared to Monte Carlo simulations with variation of m. A larger inaccuracy is 

induced by increase in the m number, however Supplementary equation (4) holds for m<5. This means that the fit is a good 

indication of the ambiguity rate of the fibers up to 5 neighboring fibers.  

In case the positions were not independent and the X and Y positions had a joint Gaussian distribution, a multivariate Gaussian 

analysis should be used. Such analysis can be cumbersome as covariance matrix of all the fibers locations should be found. 

Therefore, a relaxing assumption such as i.i.d. variables can be very useful. 

 

Supplementary Note 3 – Working distance of an optical brush 

 

Since optical brush is not a lens based system the definition of “in focus image” and thus “working distance” is rather different 

for it. Unlike the case of lens-based systems where the sensor pixels are packed next to each other and the working distance is 

forced by the 3D point spread function (PSF) of the system. For an optical brush not only the PSF is probabilistic, but also the 

pixels are randomly positioned with large gaps in between them. The working distance, therefore, can be defined as the 

distance at which a certain percent (a%) of the illumination power from the FoV of a certain percent (b%) of the bristles is 

leaked into the mth adjacent fiber. In addition to these thresholds the optical brush working distance would be a function of 

mN σ/ parameter. Unlike a lens-based system where the depth of field starts far from the lens plane, for optical brush, the 

depth of field can start right from the brush plane and continue on up to the point where the shuffled output is considered out of 

focus based on the considered a, b, m parameters. For example, if a single point source is taken further and further away from 

the brush plane, at some distance more than one fiber can see that point and if taken even further, after a certain distance all the 

fibers would partially receive some illumination from that point source. In order to eliminate this complexity in our 

demonstration we have used synthetic 2D scene projected onto a brush plane which mimics the case where a scattering scene is 

in the working distance and thus in focus. 


