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Theoretical results in the Section “network inference when total influence matrix is available”

Lemma 1. ||AS||F can be bounded as

|AS||F < 7+ 0(8 + 72 +87), (32)

according to Feizi et al.”® where y and § are the largest eigenvalues of AG and G, respectively satisfy Yy < 1,6 < 1 or

1AG]|F
(1=1IGllF = [1AG[lF)(1 = [IGlF)’

[|AS]]F < (33)
provided

1—|Gl|r —[IAG]|F > 0. (34)

Proof. From (11), it follows that

G’ +AG SO+ 59G° +5°AG
+AS +ASG® + ASAG
& AG SOAG + AS + ASG® + ASAG
SAG = G'UI+GY)TAG+AS(I+ G’ +AG)
= AS (I+GI+G6'-6°U+6"™h
AG(I+G°+AG)™!
=AS = (I+G")'AGUI+G"+AG)™!
= |[AS[lr = |l7+G6")'AG(I+G)||r
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1= (=G")'AG(— (=6) ' IF

< I=(=G") T IFlIAG][F]|(T = (=G) I

b 1 1

< Al
L=[[(=G)l|r 1-|Gllr

c 1 1

< AG||F——=—
1—[G||r — ||AG||F 1—[[Gl|F

We have (a) because of the sub-multiplicative property ||AB||r < ||A||r||B||F. for (b) to hold:

IG°lF < 1 (35)

I=Gllr < 1 (36)

Because ||G||r = ||G — AG||r < ||G||F + ||AG]|F, sufficient condition for (35,36) to hold is ||G||r + ||AG||F < 1.

We have (c) because

1= [1G°lIF

v

I=IGllF = [1AG||F >0
1 _ 1
I=[Ic%lr = 1-1Gllr —|IAG]|F

Therefore, we have (33). O

Note that the restriction (34) is reasonable as G can be linearly scaled™® such that ||G||r is small enough to qualify Eq. (34).

The following theorem provides bounds on total perturbation based on this lemma.

Theorem 1. & and & can be bounded as follows

& = (||AGs] |2+ 18— &[12)° S2(||gi—g?||%+IIAGIIFﬁ(H&IIHHgi—g?\lz)z), (15)

& =||ASG+AS||r ~ &Y = (1+|Gl|r)y (13)
and

& = ||ASG +AS||r < £&?) (14)
where @) = (1+1(Gl|F) (e —faor e

Proof. Apply the Lemma 2 of Herman & Strohmer ™ to @Y = G° +7 and K - sparse vector s?, we have

(G +D)s?ll2 > V1= &lls? |-
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Also, by applying the Cauchy Schwarz inequality, we have ||[AGs?||> < ||AG||r||s?]|>. Therefore,

1aGstls_ lIAG sl
GO0 = Vieerlslh
0
L _laGl: _ Iady
GO0 = Vieex
AG
S laGsY, < IAGllr 0,

As a result,
02 02 IAG][F |, o : 02
2(|[AGs; |1z + 18— &ill2) < 2<(m|gi||2> +||gi—gi||2>

2 (”AG'F<||gA|2+||6g-|2)2+||g»—g°||2
m i i i il12

On the other hand,
2(|AGs?|5+ |18 — 8 113) > (I[AGs?||2 +||g; — &7112)°

Therefore, we have (15).

Proof of (13):

IASG+AS||r < ||ASG||F +[|AS||F

IN

AS|FIGI|F + [1AS]|F

~ y(1+]GlF)

as

|AS]|F ~ 7, 37)

according to.

Proof of (14):

IASG+AS|[r < [|AS[|F[|Gl[F +[|AS]|F
|1AG]|F
(1= IGllr = [IAG]|F)(1 - [|Gl|F)

IN

(1+1GllF)

Next we show that §* obtained based on the foregoing results is a good approximation of S°.
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Theorem 2. 7~ Assume that s? is the sparsest solution of the Problem (10) and

V2

Ok < —5—
U+%?P

—1,
there exists positive constants Cy,Cy such that

Co
s = sPllo < = |Is? — 5|l + 1 (38)
\F
where s is solution of the {1-min problem (10).

Proof. This is a direct application of Theorem 2 in Herman & Strohmer’” with x = s?, b= 8,7 = s;-k,A = G+ 1. Note that

Co,C; are constants depending on € gOK ). "
When the true solution s? has at most K nonzero elements, the result Eq. (38) can be further simplified as follows.

Corollary 1. When s? has at most K nonzero elements,
Is7 — 87112 < Cr&:. (39)

Proof. When s? is a K - sparse vector, s? = SSK). Eq. (38) becomes Eq. (39). O

The assumption in this corollary is reasonable since most of real world networks tend to be sparse. The results in Egs. (38,39)
are formulated for each row of S°. In terms of the whole matrix, the robustness of computing S° can be guaranteed by the

following theorem.

Theorem 3. Let S* be the solution of the ¢1-min formulation (9). The error when approximating S° by S* is bounded by
||s* =8| <C1& (40)

where & is bounded as & <2< ||GO||F—|— 1) ||AG]|3.

2
Proof. Apply the Corollary 1 to the Problem 10 with & =2 (| |AG||F \/IITKHg?Hz) +2||g; — 8?13 we have

1 2
* 0112 0 012
Isi =3 < 26 (118Gl gl ) +26il1:- g1

n n
* 0112 0112
= s —S; < 2C AG +2C i—8i
Sz < 2% (1acle s lifll) +26 5 e gl
2 n
— 2 (||AG|F )Z 18011 +201 Y |lg; — €012
i=1 i=1
S-SR < c1(||AG|F )||G°||%+2c1||AG|%.
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O

Theorems 2, 3 and Corollary 1 taken together guarantee that inference error when estimating S° by S* is at most linear with

total perturbation noise. This observation is further verified using numerical investigations presented in the first case study.

Proposition 1. Ler GV, ....GWN) be N different measurements or estimates of the total influence matrix G°. Let 8) be the

direct influence matrix computed from G using different methods, including ND and {|-min approach with different bounds.

If Var(8") are bounded then E||S™) — $°||> = 0 as N — oo, where ) = TN, S,

Proof. Under perfect reconstruction per ND, § = SO + AS* satisfies
S(G*+AG+1) = (G°+AG)

For the " realization of AG, we have

S(G*+AG,+1) = (G'+AG))

=3, (G*+AG,)(G*+AG, +1)!

As AG, are independent, S‘, are independent.

N &
Var(S™ —s%) = Var(iz’rjv1 Sr — 5%
N (& _ 0
— Var( r:l(SV S))
N
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If Var(S, — S°) is bounded by some constant C for all r,
v gy Ly €
Var(S —8%) < =Y C=— —0asN — oo
N /= N

O

Theoretical results in the Section “Network inference when the time series under transient conditions are
available (total influence matrix not given)”

The errors in the estimation of R, I" can be expressed based on the following lemma
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Lemma 2.

(AR)w(r) = (el (1) — e (1)) / Ap

() (1 + A1) — e (1 + A1) — (e (1) — e (1))]

(AD) (1) = AApy

where el(kl) (1), egf) (t) are the errors incurred when measuring x)(t, i), x9(t, px + Apy), respectively.

Proof.
RY(t) ~ (00t pe+Ape) —x0(t,pi)) /Ape (41)
Ra(t) = (20, pit-Ape) + el (1) = (0. pi) + e (1)) /Ap
= (&0, prApe) = X0 (1, pi)) + (el (1) — el (1)) /Ap
~ RGO+ (e (1)~ e (0)/Ape
ARx(1) = (e (1)~ ey (1) /Ape
Li(t) =~ (Ru(t+Ar) —Ry(t))/At
= [R(+80) + (e (14 Ar) — el (1 A0)) /] /e —
R0+ (e (1) = el (0)/8pi] /1
= [Ry(e+An) —RG(1)] /A1 +
(e 1+ — el (14 80) = (e (1) — e ()] / (&eapy)
= TR0+ (€ (480 — el 1+ 20) = (e (1) — € (1)) / (Arapy)
ATw() = [(eff (r+-a0) = ey (-4 An) = (e (1) = el ()] /(arapy)
O
Based on this lemma, the total perturbation can be estimated by the following theorem.
Theorem 4. The total perturbation for the problem (21) is T — S°R = (AS)R and is bounded by the following quantity
IR AR||F
& < (|| All|lp) ————7 Al 2
< (Tl -+ AT1le) g+ AT 03)

when ||[R'AR||F < 1.
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Proof.

=T -SR

r

=TI

= SR

= (S"+AS)R

= (AS)R

(AS)R is called total perturbation.

We have

A" —(A+E)' =

(—1)k+l(A71E)kA71

[ agki

k=1

Apply (42) to A = R,E = AR = R® — R, we have

=)

R'—R+R =R =Y (-1)*"(R'AR)*R™"

Also,

k=1

TR —TOR"!

(I + AR ' —T%(R%)!

R = (RO +ATR™!

(C—AD) (R — (R 1) +ArR™!
(C—=AT)(R™' = (R)"") 4+ ATR 1R

(C—AD)(R™' = (R®) " HR+AT

(42)

(43)
(44)
(45)
(40)
(47)
(48)
(49)
(50)

(S
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Therefore,

(AS)R= (T —Al)(R™' = (R "R+ A

(—=D)**Y(RTAR)'R™V)R+ AT (if ||[R'AR||F < 1)

s

= (1 - Ar)(

k=1

[[(AS)R[[F < (|ITl|F +[|AL[F) Z IR~ AR||F)*) + ||AL ||

HR 'AR] |
=(||IT Al||lp) —=——7— +||AT
O
Similar to Theorem 4, the total perturbation &; for the problem (22) can be estimated using the following theorem.
Theorem 5. ¢&; can be bounded as follows:
||R AR‘ |F /

& = (ARNII < T mragy 11— A0+ [l @4
or

6= |[((AS)RY]| ~ [IR~" AR ]| [T~ ALY + || (AT | ©3)

The following proposition suggests that the network structure can be estimated via an averaging procedure along the lines of

Proposition 1.

Proposition 2. Ler 1(,), (r = 1..N) be a measurement or approximation of the total influence matrix T°(t) at time t,. Let 8(t,)
be the direct inﬂuence matrix computed from f(z,) using different methods, including ND or {1-min formulation with different

bounds and SV =1y ' S(t,). Then ¥(i, j) satisfying s?j(t) =0,Vv1, E|§E§V) > = 0as N — oo,

Proof. Under perfect reconstruction per ND, § = S° 4 AS satisfies
SR=T

For the ' realization of AT,, AR,, we have

S(t,)(R°+AR,) = TY+AT,

=38(t,) = (T94+AL)(R(t,) +AR,) ! (52)
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As (AT}, AR,,) and (AT',,,AR,,) are independent if r| # r», S‘,l and S,z are independent. Therefore,

M=

N
Var(5%)) = gaVar (X (6)) = 32 L Var((S(6)y)

Assume that Var(($(t,));;) are bounded by a constant C, for all r,

_ 1 C
Var((S™),;) < ENC=+

= Var((§M);;)) — 0asN — oo,
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