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Supplementary Note 1 

A. Neural network model that approximates dynamical categorical inference 2 

We formulate the categorical perception as an online inference problem, and we propose a neural network model that works as an 3 

inference algorithm approximately. While the problem formulation and the model themselves are presented in Results in main 4 

text, we explain in this Supplementary Note the reason why the model works as a hierarchical Bayesian inference algorithm; 5 

namely, we provide technical details as to (i) how the exact inference algorithm is derived from the problem formulation, (ii) how 6 

the approximated algorithm is derived, and (iii) how the approximated algorithm is implemented in a biologically plausible neural 7 

network. 8 

We begin by deriving the optimal statistical inference of the stimulus category, where the category and the sensory evidence 9 

may change across time. We consider the task that a higher visual area infers stimulus value 𝜃! and its category 𝑐! at time t 10 

from the history of bottom-up signals 𝐷! ≡ {𝐫! ,… , 𝐫!} transmitted from the early visual system until time t, where there are a 11 

given number (𝑛) of categories   𝑐! ∈ {1,⋯ , 𝑛}. To solve this problem, we assume that the response activities 𝐫! of sensory 12 

neurons are received from the early visual system. The temporal evolution of the stimulus value 𝜃! is dependent on its category 13 

𝑐! and follows the graphical model shown in Fig 1a. 14 

Step1:  Exact  statistical  inference  15 

The posterior probability of stimulus (e.g., hue of color) 𝜃! is expressed as follows: 16 

P 𝜃! 𝐷!] = P 𝜃! 𝐫!,𝐷!!!] ∝ P 𝐫! 𝜃!   P 𝜃! 𝐷!!!]. 	
   	
   (S1)	
  

Considering the marginalization and dependencies among the variables, we have 17 

P 𝜃! 𝐷!] ∝ P 𝐫! 𝜃! P 𝜃! 𝜃!!!, 𝑐!]  P 𝜃!!! 𝐷!!!]   P 𝑐!|𝑐!!!   P 𝑐!!! 𝐷!!!]
!!!!!!!!!!

. (S2)	
   	
  

This representation of the posterior contains deeply nested summations. Given the potential computational cost and restrictions on 18 

the nervous system, it is not likely that the biological system implement the calculation shown in Eq. (S2) in situ 1. In the 19 

subsequent sections, we derive an approximated representation of the posterior. 20 
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Step  2:  Approximated  statistical  inference  1 

We propose a reduced estimation scheme that approximates the exact inference shown above. We assume that a neural 2 

population receive sensory input signals containing stimulus information and noise. The purpose of the model is to estimate the 3 

true stimulus identity without noise. We introduce the following three approximations: 4 

(a1) The category slowly changes compared to the stimulus: 5 

P 𝑐! 𝑐!!!] ≃   𝛿!!,!!!! . (S3)	
   	
  

In natural environment, it is reasonable to assume that the stimulus can change, but the category rarely changes over time except 6 

for drastic changes as explained above. For example, appearance of object surface can be determined by the surface reflectance 7 

property and the lighting condition. Although the lighting condition (e.g., the surface angle) can alter in a short time, the surface 8 

property (e.g., reflectance spectra) is often relatively constant. Therefore, it is relatively rare to observe a drastic appearance change 9 

straddling a categorical boundary (e.g., such that a red object suddenly becomes blue) even though the precise appearance of 10 

surface may change rapidly.  11 

(a2) Omitting the uncertainty of the previous category estimate: 12 

P 𝑐!!! 𝐷!!!] ≃   𝛿!!!!,!!!! , (S4)	
   	
  

where 𝑐!!! is the categorical estimate at time 𝑡 − 1. As described later, in the simulation, we provided the categorical estimate 13 

at each time point by maximizing the likelihood of sensory input. 14 

(a3) Variable separation: The posterior probabilities of an estimated stimulus, conditioned by 𝜃!!! and 𝑐!, were assumed to be 15 

approximated as 16 

P 𝜃! 𝜃!!!, 𝑐!] ∝ P 𝜃! 𝜃!!!   P 𝜃! 𝑐! . (S5)	
   	
  

This approximation is valid in many natural situations, for example, where P 𝜃! 𝜃!!!, 𝑐!], P 𝜃! 𝜃!!! , and P 𝜃! 𝑐!  are all 17 

Gaussian-like unimodal distributions and P 𝜃! 𝜃!!!, 𝑐!] is maximized at a point between the peaks of P 𝜃! 𝜃!!!  and 18 

P 𝜃! 𝑐! . 19 

Although these three assumptions are natural for realistic environments, it should be noted that they do not always hold, 20 
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especially in laboratory experiments. For example, in an experiment where the experimenter can use a completely unstructured 1 

stimulus sequence, the slower dynamics of category compared to that of hue, Eq. (S3), could deviate from the reality. In this sense, 2 

the inference based on this assumption becomes sub-optimal in such an artificial situation. Nevertheless, it is possible that the 3 

brain, which could be adapted to the natural environment, still uses this sub-optimal inference strategy during the laboratory 4 

experiment. Similarly, the assumption described by Eq. (S5) is not always valid, for example, when P 𝜃! 𝜃!!!, 𝑐!] is not 5 

maximized between the peaks of P 𝜃! 𝜃!!!  and P 𝜃! 𝑐! . This could occur when the experimenter artificially introduces a 6 

complex structure of category such that P 𝜃! 𝑐!  is a multimodal function of hue 𝜃!. The inference under such the complex 7 

categorical structure is beyond the scope of the present study although it is an interesting direction of future extension of the 8 

current model. 9 

Applying the above approximations (a1)–(a3) to Eq. (S2), we have: 10 

P 𝜃! 𝐷!] ∝ P 𝐫! 𝜃!      P 𝜃! 𝜃!!!   P 𝜃!!! 𝐷!!!!!!! P 𝜃! 𝑐! = 𝑐!!! , (S6)	
  

or, equivalently, 11 

ln P 𝜃! 𝐷!] ≃ ln P 𝐫! 𝜃! + ln    P 𝜃! 𝜃!!!   P 𝜃!!! 𝐷!!!
!!!!

+ ln P 𝜃! 𝑐! = 𝑐!!! + const. (S7)	
   	
  

This corresponds to Eq. (3) in Results in main text. 12 

Step  3:  Implementation  by  recursive  population  code  13 

Next, we explain how the above online statistical inference can be achieved with a recurrent neural network (the parameters used 14 

in the simulation are summarized in Table S1). Let 𝑟!! denote each bottom-up, stimulus-evoked spike signal (hereafter, we refer 15 

to it as sensory input), received by the 𝑖th hue-selective neuron at time point 𝑡. We assume that the sensory inputs to individual 16 

neurons, 𝐫! = (𝑟!!,… , 𝑟!!), are generated by an independent Poisson process for a given stimulus value, 𝜃! as follows: 17 

P 𝐫! 𝜃! =
𝑓 𝜃!   − 𝜑! !!

!

𝑟!!!
𝑒!!(!!  !!!)

!

, (S8)	
   	
  

where 𝑓(𝜃! − 𝜑!) is the expected spike count between steps 𝑡 − 1 and 𝑡 in the 𝑖th hue-selective neuron, and 𝜑! denotes 18 

its preferred stimulus. (Here we assume the independence of spike-count variability in 𝐫! given the input to each neuron, but this 19 

should be discriminated from the apparent noise correlation that may include fluctuations in shared network input to each neuron. 20 

The assumption of independent Poisson process does not rule out such the correlated variability reflecting the correlation in 21 

network input to neurons; rather, it focuses on the variability within each neuron after eliminating the global fluctuation that 22 
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originates from shared signals 2.)  1 

If we assume that the preferred stimulus is uniformly distributed across the neural population, the log-likelihood of the given 2 

sensory input is simplified as: 3 

ln P 𝐫! 𝜃! = 𝑟!! ln 𝑓(𝜃! − 𝜑!)
!

+ const. (S9)	
   	
  

Here, the constant term is independent of 𝜃!. We used the fact that the summation 𝑓(𝜃! − 𝜑!)!  does not depend on 𝜃! due 4 

to the uniformity when the total number of neurons is sufficiently large. (Note that the concept of uniformity depends on the 5 

choice of the stimulus space; we assume a stimulus space that approximately satisfies this condition. In addition, the uniformity 6 

assumption about neuronal selectivity often does not hold for intensity dimensions, such as stimulus contrast.) Notably, Eq. (S9) 7 

implies a mapping relationship from a population input 𝐫 to the logarithm of the distribution function of stimulus 𝜃, through the 8 

linear summation of kernels, ln 𝑓(𝜃! − 𝜑!) 
3–7. Assuming a generic nonlinear function 𝑓 and a sufficient number of neurons 9 

that prefer different stimulus values, arbitrary functions of 𝜃 can be mapped to the space of the population input 𝐫. Specific 10 

constraints on 𝑓 lead to the restriction on the image of this map, but the image includes a family of functions practically sufficient 11 

to encode posterior distributions of the stimulus under the biologically plausible assumptions explained below. 12 

To be specific, we introduce parametrized models of the neural tuning function and the probability distributions. First, we 13 

assume that the neural tuning function f is a von Mises function (circular Gaussian), 𝑓(𝑥) = exp(𝜅 cos 𝑥), with a tuning 14 

sharpness parameter 𝜅. Second, we consider the situation in which the stimulus transition is described as P 𝜃! 𝜃!!! ∝15 

exp 𝜎 cos 𝜃! − 𝜃!!!  with a relatively large sharpness 𝜎. Third, the top-down prior P 𝜃! 𝑐! = 𝑐!!!  is described by a 16 

von Mises distribution with an arbitrary sharpness 𝜅!"# and a mode (or focal stimulus) 𝜑!!!!
!"#  that corresponds to the previously 17 

estimated category 𝑐!!!: 18 

P 𝜃! 𝑐! = 𝑐!!!   ∝ exp 𝜅!"# cos 𝜃! − 𝜑!!!!
!"# . (S10)	
   	
   	
  

At the very beginning of inference, it is reasonable to assume that the nervous system has no prior information about the 19 

stimulus, and that the activities of the hue-selective neurons 𝛒! = (𝜌!!,… , 𝜌!!) at time 𝑡 represent the likelihood function 20 

simply reflecting the sensory inputs: 𝜌!! = 𝑟!!   (∀𝑖). Our basic idea in the present study is that we can also represent the posterior 21 
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distribution of 𝜃 by modifying the population input 𝐫 in Eq. (S9) to reflect prior distributions that depend on previous input 1 

history and on top-down signals, corresponding to the second and the third terms in Eq. (S6); that is, there exist vectors 2 

𝒂! = (𝑎!!,… , 𝑎!!) and 𝒃! = (𝑏!!,… , 𝑏!!) that satisfy 3 

ln    P 𝜃! 𝜃!!!   P 𝜃!!! 𝐷!!!
!!!!

= 𝑎!! ln 𝑓 𝜃! − 𝜑!
!

+ const., (S11)	
   	
  

ln P 𝜃! 𝑐! = 𝑐!!! = 𝑏!! ln 𝑓 𝜃! − 𝜑! + const.
!

 (S12)	
   	
  

Then, Eq. (S7) is rewritten as follows: 4 

ln P 𝜃! 𝐷! = 𝜌!!    ln 𝑓(𝜃! − 𝜑!)! + const., (S13)	
   	
  

𝜌!! = 𝑟!! + 𝑎!! + 𝑏!! , (S14)	
   	
  

where 𝜌!! is the updated activity of the 𝑖th hue-selective neuron at time 𝑡. In this equation, the product of the distribution 5 

functions P 𝐫! 𝜃!   P 𝜃! 𝑐! = 𝑐!!!    P 𝜃! 𝜃!!!   P 𝜃!!! 𝐷!!!!!!!  is substituted by the linear sum, 𝑟!! + 𝑎!! + 𝑏!!, where 6 

𝑎!!  and 𝑏!! are interpreted as bias inputs to the neuron 𝑖. Now, the problem is to derive the appropriate functional forms of 𝑎!!  7 

and 𝑏!!. 8 

First, we show that, 𝑏!! is expressed in the following form: 9 

𝑏!! = 𝛽𝑓!"# 𝜑! − 𝜑!!!!
!"# , (S15)	
   	
   	
  

with an arbitrary even function 𝑓!"#if 𝛽 satisfies the following condition: 10 

𝛽   =
𝜅!"# cos 𝜃! − 𝜑!!!!

!"#

𝜅 𝑓!"# 𝜑! − 𝜑!!!!
!"# cos 𝜃! − 𝜑!!

=
𝜅!"#

𝜅𝑓!"#
  ,   (S16)	
   	
  

where we defined 𝑓!"# as the cosine coefficient in the Fourier transforms of 𝑓!"#. To see this, using Eqs. (S10) and (S15) and 11 

the definition of tuning function, 𝑓(𝑥) = exp(𝜅 cos 𝑥), (S15) can be rewritten as 12 

𝜅!"# cos 𝜃! − 𝜑!!!!
!"# =    𝛽𝑓!"# 𝜑! − 𝜑!!!!

!"#   𝜅cos 𝜃! − 𝜑!
!

, (S17)	
  

ignoring the constant term that is irrelevant to the hue estimation. This gives the first.equality in Eq. (S16). To derive the second 13 

equality in Eq. (S16), we can rewrite the summation in denominator of the middle term as 𝑓!"# 𝜃 − 𝜑!!!!
!"# − 𝜓 cos𝜓!  by 14 
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defining 𝜓 = 𝜃 − 𝜑!. From the uniformity of preferred-stimulus distribution across neurons, this summation is interpreted as the 1 

convolution between  𝑓!"# and cos, and thus simply expressed as 𝑓!"# cos 𝜃 − 𝜑!!!!
!"#  with the cosine coefficient 𝑓!"#, 2 

using that 𝑓!"# is an even function. Now, the 𝜃-dependent term, cos 𝜃 − 𝜑!!!!
!"# , cancels out between the numerator and the 3 

denominator, providing the second equality in Eg. (S16). Therefore, we have a 𝜃-independent expression, 𝛽   = 𝜅!"#/𝜅𝑓!"!, 4 

and there exist 𝛽 that satisfies this condition. Equation (S16) illustrates that the gain of the bias input should be determined as 5 

proportional to the certainty of the prior; e.g., when the top-down prior knowledge is certain, the sharpness parameter 𝜅!"# of the 6 

distribution function P 𝜃! 𝑐!!!  has a large value, and also the gain of top-down bias 𝛽 should be large. In the simulation, we 7 

assumed 𝜅!"# = 𝜅 for the simplicity although 𝜅!"# is not necessarily equal to 𝜅 if the Eq. (S16) is satisfied. 8 

Next, we derive 𝑎!! . Similarly to Eq. (S9), the log-posterior of the past stimulus is expressed (using the von Mises tuning 9 

property and the neural activity 𝜌!!!! ) as 10 

ln P 𝜃!!! 𝐷!!! = 𝜌!!!!   cos(𝜃!!! − 𝜑!)
!

+ const.=   𝜌!!! cos 𝜃!!! − 𝜃!!! + const., (S18)	
   	
  

with 𝜃!!!, the mode of the distribution, and 𝜌!!!, the cosine coefficient in the Fourier transforms of activity as a function of 11 

preferred stimulus: 𝜌!!! 𝜑! = 𝜌!!!! . Eq. (S18) and P 𝜃! 𝜃!!! ∝ exp 𝜎 cos 𝜃! − 𝜃!!!  yield 12 

   P 𝜃! 𝜃!!!   P 𝜃!!! 𝐷!!!!!!! ∝ exp 𝜎 cos 𝜃! − 𝜃!!! exp 𝜌!!! cos 𝜃!!! − 𝜃!!!!!!! , where the convolution 13 

between two von Mises functions in the left-hand side is approximated, for sufficiently large 𝜎 and 𝜌!!!  , as  14 

ln    P 𝜃! 𝜃!!!   P 𝜃!!! 𝐷!!!
!!!!

≈   
𝜎𝜌!!!
𝜌!!! + 𝜎

cos 𝜃! − 𝜃!!! + const. 

=
𝜎

𝜌!!! + 𝜎
𝜌!!!!    ln 𝑓 𝜃! − 𝜑!

!

+ const. 
(S19)	
   	
  

(To show the approximated equality, for example, we can consider a Gaussian approximation of von Mises function, such as 15 

exp 𝜎 cos 𝜃! − 𝜃!!! ∝   exp −𝜎 𝜃! − 𝜃!!! !/2 , and a convolution of two Gaussian functions 16 

exp −𝜎 𝜃! − 𝜃!!! !/2!!!! exp −𝜌!!! 𝜃!!! − 𝜃!!!
!
/2 ∝ exp − !!!!!

!!!!!!
𝜃! − 𝜃!!!

!
/2 .) Comparing it to 17 

Eq. (S11), we have 18 

𝑎!! = 𝛼!!!𝜌!!!! , (S20)	
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where 𝛼!!! = 𝜎/ 𝜌!!! + 𝜎  can be implemented by the divisive gain-control mechanism in biological systems 8. This term is 1 

further approximated by a constant value if the ratio 𝜌!!!/σ is within a relatively narrow range; i.e., the uncertainty of 2 

momentary posterior and the magnitude of stimulus fluctuation are at roughly the same order, which would be reasonable in 3 

practical situations.  4 

Together,  5 

𝜌!! = 𝑟!! + 𝛼𝜌!!!! + 𝛽𝑓!"# 𝜑! − 𝜑!!!!
!"# . (S21)	
   	
  

This corresponds to Eq. (4) in the Results in main text.. In the present simulations, we computed the quantities appearing in the 6 

Results section—such as the stimulus discrimination threshold (via the ideal observer analysis, Methods) and the mean peak of 7 

population activity—based on the spike statistics (mean, variance etc.) determined by the Poisson process, where each neuron’s 8 

mean spike count is 𝜌!!. Note that, in the current problem setup, the expected value of 𝐫 is the sufficient statistic that describes 9 

Poisson distribution over spike count variability of each neuron. In our simulation, we set the weights 𝛼,𝛽 = (0.5, 0.2) to 10 

roughly fit the data for single neuron response modulation (Fig. 2); moderate changes in these and other variables (including the 11 

width of color selectivity and anisotropy of top-down connectivity) did not affect the main findings of the present paper. 12 

Finally, we describe how the category is estimated based on the neural population activity. The categorical estimate is given 13 

by maximizing the posterior based on the history of  sensory input:  14 

 

𝑐! = argmax
!!

P 𝑐! 𝐷! = argmax
!!

P 𝑐! 𝜃! ,𝐷!   P 𝜃! 𝐷!
!!

, 
(S22)	
   	
  

which is implemented as a winner-take-all competition in the neural network model (Methods). From the assumption that 15 

P 𝑐! 𝜃! ,𝐷!  is approximated by a von Mises distribution over 𝜃! that is maximized around 𝜃! = 𝜑!!
!"#, the maximization 16 

procedure is well approximated by: 17 

𝑐! = argmax
!!

   ln P 𝜃! = 𝜑!!
!"# 𝐷!    = argmax

!!
𝜌!! ln 𝑓(𝜑! − 𝜑!!

!"#)
!

. (S23)	
   	
  

Note that this approximation works not only for a von Mises distribution but for a general bell-shaped function P 𝜃! 𝑐! =18 
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𝑔(𝜃! − 𝜑!!
!"#)   that peaks at the focal stimulus 𝜑!!

!"#, which provides a reasonable description of the categorical generative 1 

model for color or other stimulus features in general (e.g., orientation, motion, or facial expression). Equation (S23) demonstrates 2 

that the category estimate is simply provided by reading out the population activity of hue-selective neurons (𝜌!!) on each time step, 3 

as we implemented in the neural network mode (Fig. 1d), This is the case because the instantaneous population activity of 4 

hue-selective neurons reflects the history of previous category estimates: as we have described, the population activity of 5 

hue-selective neurons is modulated by the previous estimate of category as well as the previous activities of themselves, to 6 

represent the posterior distribution of hue (P 𝜃! 𝐷! ) based on the history of sensory input (𝐷!) up to that moment. 7 

 8 

9 
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Table S1. Summary of model parameters used in the simulation. 1 

Description	
   Notation	
   Value	
   Comment	
  

Sharpness of tuning in hue-selective neurons 𝜅 3  

Sharpness of top-down connectivity from category-selective 

neurons to hue-selective neurons 
𝜅!"# 3  

Strength of lateral interaction (relative to sensory input) 𝛼 0.5  

Strength of top-down interaction (relative to sensory input) 𝛽 0.2 
Set 𝛽=0 to simulate ‘Without 

top-down’ condition in Fig. 2. 

Number of hue-selective neurons 𝑁 300  

Number of category-selective neurons 𝑛  3  

Preferred hue of hue-selective neuron 𝑖 (𝑖 ∈ {1,… ,𝑁}) 𝜑! −𝜋 + 2𝜋𝑖/𝑁 
Uniformly distributed in angle 

from −𝜋 to 𝜋 (radians). 

Preferred hue of category-selective neuron 𝑖 (𝑖 ∈ {1,… , 𝑛}) 𝜑!
!"# −𝜋 + 2𝜋𝑖/𝑛  



 

11 

 

B. Electrophysiological recording and data analysis 1 

Details of the surgical and recording procedures have been previously published 9. Two female monkeys (Macaca fuscata) were 2 

used for the experiments. The monkeys were trained in a categorization task, a discrimination task, and a simple fixation task. In 3 

all three tasks, 11 sample colors were presented in a pseudorandom order. The monkey was required to maintain fixation within 4 

the trial, except for the saccade response. The sample color stimulus was presented for 500 ms. There were eleven sample colors 5 

that ranged from red [color 1, (x, y) = (0.631, 0.343)] to green [color 11, (x, y) = (0.286, 0.603)] with equal spaces on the 6 

International Commission on Illumination (CIE) xy chromaticity diagram. 7 

In the categorization task, the monkey reported whether the sample color was reddish (sample colors 1–4) or greenish 8 

(sample colors 8–11) by saccade, and was rewarded for correct responses. For the intermediate colors (sample colors 5–7), the 9 

monkey was rewarded randomly regardless of its behavioral response. In the discrimination task, the monkey reported which test 10 

color was the same as the reference color by saccade. The two choice colors were three steps apart along the 11 sample colors: the 11 

eight choice-color pairs included colors 1–4, 2–5, 3–6, 4–7, 5–8, 6–9, 7–10, and 8–11. This color interval was chosen so as to 12 

yield a modest performance (about 80–90% correct). 13 

Neuronal activity was recorded from the anterior part of the IT cortex, which is a region where color-selective neurons are 14 

concentrated. To record single unit activities, microelectrodes were inserted, and the activities of single neurons were isolated by 15 

matching spike templates. We analyzed only data from correct trials. The visual response to a sample stimulus was computed as 16 

the firing rate between 50 and 550 ms after the sample onset. To determine the neuronal color preferences, we first averaged the 17 

firing rates during the above time range, and selected the stimulus color (either of the 11 sample stimulus) that evoked the 18 

maximum firing rate for each cell, as its preferred color. In the derivation of the population response distribution, the individual 19 

cell responses within each time bin were divided by the time-averaged response to its preferred color during the fixation task. 20 

Then, the responses for cells that had the same color preference were respectively averaged. The peak loci of the population 21 

responses were obtained by fitting Gaussian functions with variable mean, variance, gain, and baseline level. The responses to the 22 

marginal colors (1 and 11 for the categorization task; 1, 2, and 11 for the fixation task) were excluded from the peak analysis 23 

because the peak estimates were not reliable for these stimuli. To test the statistical significance of the population activity 24 

modulation, we conducted 3-way analysis of variance (ANOVA; preferred stimulus×presented stimulus×time) on the difference 25 
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between the activities during categorization and discrimination tasks. 1 

All procedures for animal care and experimentation were in accordance with the National Institutes of Health Guide for the 2 

Care and Use of Laboratory Animals and were approved by Institutional Animal Care and Use Committee of the National 3 

Institute of Natural Sciences. 4 
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Supplementary Figures 

 

 

 

 

Supplementary Figure S1.  

Modulation of the population activity during the categorization and discrimination tasks for all visual stimuli (color 

1–11). The conventions follow Fig. 5a. 
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Supplementary Figure S2.  

The temporal evolution of population peak difference between fixation and discrimination tasks. The presentation 

conventions follow Fig. 5c. 
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Supplementary Figure S3.  

The response amplitude modulation (categorization – discriminaiton) is compared with the tuning curve correlation 

between the tasks (categorization vs. discrimination). Each dot indicates a single neuron. The correlation coefficient 

(the horizontal axis) and the amplitude modulation (the vertical axis) are the same as the ones used in Figs. 2b and 

2c, respectively. 

 

 


