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Appendix S1

Proof of Theorem 1

Without loss of generality, we assume that Y and X are centered. For testing Hy : 8 = 0,
the Wilk’s Lambda test statistic is detE/det(H + E) = det(+ E) /det(+ H + ~ E) , where
H = B(X’X)B,, E=Y'Y - B(X'X)B,, n is the number of unrelated individuals, and
B =Y'X(X'X)"! is the least squares estimate of the vector of genetic effects 3. Note
that X'X =" | X7 is a random variable (not a matrix), where E(X?) =2f(1— f) =
Var(X;) Vi. Using our distributional assumptions about centered X and &, it can be
shown that %H RN 2f(1— f)BB and %E 5 Yasn — oo Here, L denotes convergence
in probability as n — oo.

For the CS residual covariance matrix ¥, we know that the eigen vector corresponding
to the largest eigenvalue \; = o%{1 + (K — 1)p} is v; o« 1, while the eigen vectors
corresponding to Ay = ... = A\ = 0%(1 — p) are respectively wvs, ..., v such that 1'v;, =
O0VEk=2,.. K. For the eigen vectors to be orthonormal, we must have v; = cx1 where
& = 1/K. Thus, we can write, & = \jc%11 + S8 \wv) and 7! = %10%(11’ +
Zfiz A%.'Ui”;-

Consider the testing of Hj : 8 = 0 against two possible alternatives: H,, : 1 = ... =

Bu# 0, Bx—y = ... = Bx = 0 (partial association) and H, i : /1 = ... = Bk # 0 (complete
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association). Under the alternative H, x (complete association), |I + HE™'| is given by
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Under the alternative H,, (partial association),
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where X1; = 02(1 — p)I, + 0?pl,1., oy = 0%(1 — p)Ig_ + 0?plg_ 15 ., Tio =
o?pl, 1, B = (811 — TpXy B,) 7 B = =B S5 (Be — B Se) 7
A =pi1,1, (B — 21225212/12)_17 B = —3{1,1, 5 315(Ey — B, 51 Spp) !

So, I+H,E |~ |I+HgE™| LAt i (H(K*u*l)pu — K) > 0 under the
n—

o P{IHE—1)p} =
condition % > o*{1-p}

1
K~ o2 {1+(K—u-1)p} utl

. It may be noted that the condition simplifies to p > =5,

which explains why we observe higher power for partial association and lower for complete

association for K = 2 traits once the within trait correlation p exceeds 1/2. W

Proof of Theorem 2

Without loss of generality, let us assume that Y and X are centered. In particular, for

BT BBy 1
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Let us now consider the alternatives H,; : f1 # 0, 82 = 0 (only 1 trait is associated),

and H,y : f1 # B2 # 0 (both traits are associated). Under H,;, the H /n matrix becomes

Bt 0
%Hl R 2f(1—f) ! for large n. Let H5 be the H matrix under H,,. So,
0 0
H E H E
det (—1 + —) — det (—2 + —)
n n n n

o +2f(1=f)BY po?| | *+2f(1= B po*+2f(1 = f)Aif
po? o? pa? +2f(1— f)B1Be o>+ 2f(1— f)B3
= 2f(1— f)B:0°(2pB1 — f2)

> Oif{ﬂ2<2pﬁl&ﬁg>0}0f{ﬂg>2pﬂl&ﬂ2<0}

This means, we expect the statistic |E|/|H; + E| under H,; (when only 1 trait is associ-
ated) to be closer to 0 than the statistic |E|/|Hy + E| under H,y when {0 < 52 < 2pf;}
or {0 > fy > 2pf1}. Thus, for K =2, MANOVA is expected to have more power when 1
trait is associated than when both traits are associated if 0 < By < 2pB1 or 0 > By > 2p[3;.



Appendix S2

Acceptance Region for MANOVA based on Z

Consider the MMLR model

Yn><K = Xn><1/6/1><K + 8n><K (1)

where 3" = (84, ..., Bx) is the vector of fixed unknown genetic effects corresponding to

the K correlated traits, and £ is the matrix of random errors. For testing that the SNP

is not associated with any of the K traits, the null hypothesis of interest is Hy : 3 = 0.
Assume & is a normal data matrix from Ng (0, X). The log-likelihood (3, X) of the

trait matrix Y is given by
1 1 -1 I\ /
Z(B,E):—§nlog|27r§]|—§tr{2 (Y—X,B)(Y—XB)} (2)

where X is a positive definite matrix representing residual covariance among the traits.
The MLE of 8 and ¥ are 3 = Y'X(X'X)™ and 3 = Y'(Ix - X(X'X)'X")Y
respectively. Under the null, 3 = 0 and the MLE of X is 3 = %Y’ Y. The likelihood
ratio test (LRT) of Hy based on the MMLR model with matrix normal errors is equivalent
to MANOVA statistic A (Wilk’s Lambda):

where H and E are the hypothesis and the error sum of squares and cross product
(SSCP) matrices respectively.
Let us now consider the following notations: 1(3) = %Z(B,Z); I(B) = ;?l(ﬁ, Y).

The Fisher Information matrix under Hy is I(0) = —Eg_o(l(3)). Using Taylor’s Expan-

sion upto order 2, we can write the LRT statistic as

2log A — 2 {o+ LB - oy (—%iw*)) (B o>}, where |8" — 0] < |30



Observe that \/n(3 —0)’ B 7~ Ng (0, I7%(0)). If a particular component of the true 3
is large (small), we expect the corresponding component of B and hence of Z to be large
(small). Thus for Z to be larger than 0, we need to have the true 3 larger than 0. We
can then write the asymptotically equivalent form of MANOVA Wilk’s Lambda statistic

in terms of a statistic involving Z:
—2logA B Z'I(0)Z % %

Instead of drawing the acceptance region of Wilk’s Lambda statistic, one can draw the
acceptance region of the test statistic Z'I(0)Z. The ellipse representing acceptance

region for MANOVA is asymptotically equivalent to
E(z:8,z)={z:(z—2)S (2 —2) <}

where S = (n—1)"'>""  (2;—2)(2;—2)" and ¢? is the 95-th percentile of the distribution
of Z. The boundary of the ellipse €. is computed as a transformation of the unit circle,
U = (sinh,cosh) for § € (0,2r). Let A = SY? be the Choleski square root of S in
the sense that S = AA’. Then, €. = z + cAU is an ellipse centered at the mean
z = (%1, 22). The size of the ellipse reflects the standard deviations of z; and zo while

the shape reflects their correlation. Z has a Nx (0, I(0)~!) distribution due to which we

expect 2~ 0and S~ L3 z2' L1001t = ME where p is the m.a.f. of the genetic

variant. Thus, for drawing the theoretical acceptance region of MANOVA, we use the

facts that Z = 0 and S 5 ME. For Figure 1 in the main manuscript, we assumed

¥ =0*{(1—p)Ix+pl1'} with K = 2. The theoretical acceptance region for MANOVA

-1
will then be asymptotically equivalent to €. (z; m, O) = {z -4 <ﬁ> z < 02}.



Appendix S3

Details of the approximate p-value calculation for USAT

Let Thy = —2log A ~ x% be the MANOVA test statistic based on Wilk’s lambda and
Ty R ax% + b be the SSU test statistic based on score vector from marginal normal
models. For USAT, we first consider the weighted statistic T,, = wTy + (1 — w)Ts,
where w € [0,1] is the weight. Both MANOVA and SSU are special cases of the class of
statistics T,,. Under Hy, for a given weight w, T}, is approximately a linear combination
of chi-squared distributions. The computation of p-value p,, of the test statistic T, does
not require independence of the statistics Ty, and Ts. A detailed explanation of the
determination of p,, is provided below.

Observe that one can write Ty = U’'I(0)"'U, where U is the score vector under
Hy : B =0 from the MMLR model (1) and I(0) = —Eg_¢ (%l(ﬁ, E)) = Cov(U)|p=0
is the Fisher Information matrix under Hy. On the other hand, Ts = U’,U s, where
U, is the marginal score vector under Hy from the marginal models in equation (2) of
main paper. As derived in the main manuscript, Uy, = Y'X /62, where Y is the n x K
phenotype matrix, X is the n x 1 genotype matrix and 67 is the MLE of 02 under Hj.
Similarly, one can show that U = f];lY’X, where 3, = Y'Y /n is the MLE of ¥ in
MMLR model (1) under Hy. The estimated variance of the score vector U under Hy is

given by Cov(U)|g=o = I(0) = (X'X)ﬁ];l. For a given weight w, one can thus write

T, = wlhy+(1—-w)Ts
A — / A —
— W <201&§UM> 1(0)"! (EolﬁgUM) (1= )UYW UN

= Uy (w6 (X' X) 18, + (1= w)Ik) Uy

1
where Iy is the identity matrix of order K. Denote A = wog(X'X)™ 13, + (1 —w)Ik,
which is a K x K symmetric, non-negative definite matrix. Note that marginal score
vector Uj; has mean 0, estimated variance Cov(Uj) = X' XY'Y /(n6g), and has an

asymptotic K-variate normal distribution. Let P be a K x K orthonormal matrix that



converts B = Cov(U ;)2 ACov(U y;)"/? = wl i + (1 —w)Cov(U ) to the diagonal form
I' = diag(A1, ... k), where A\; > 0,...,A\x > 0. The weighted statistic T, can, then, be

expressed as a non-negative quadratic form:
K
T, =UyAUy =V, TV, =Y \ix;,(6) (4)
j=1

where Vj; = PCov(U ) Y2Uy ~ N(0,If), and h; =1, §; =0 for all j = 1,2, ..., K.
For a given w € [0, 1], the p-value p,, of the statistic T, can, thus, be calculated by Liu

et al. (2009) algorithm as:
po =P (T, >t,) =P (XZQ(‘S) > 1,0y + Nx) (5)

where ¢, is the observed value of T, statistic, t* = (t, — E(T,))/+/Var(T,), u, =
E(}(0) =1+6, oy = \/Var (x3(9)) = \/2(I +25). The parameters & and [ are chosen
such that the skewness of T, and x#(d) are same and the difference between the kurtoses
of T,, and x?(d) is minimized.

Apriori the optimal weight w is not known. We propose our unified test USAT as
Tysar = oD, Po

Thus, the USAT test statistic is not exactly the best weighted combination of MANOVA
and SSU. It is the minimum of the p-values of the different weighted combinations. For
practical implementations of USAT, a grid of 11 w values were considered: {w; = 0,wy =
0.1,...,w10 = 0.9,wy; = 1}.

To find the p-value of our USAT test statistic, we need the null distribution of USAT.
We propose an approximate p-value calculation using a one-dimensional numerical inte-
gration, which makes USAT suitable for application on a GWAS scale. Observe that the

p-value of statistic Tygar is

pusar = P(Tusar <tusar) =1— P(Tysar > tusar)



- 1—P<minpw2tUgAT> :1—P<1—minpw<1—tUSAT>
w w
= 1—P<max(1—pw)<1—tUSAT>

= 1-P{l —=ps, <1—tysar}, .., {1l = pu, <1—tysar})
= 1- P({(l — puy)™ quantile < (1 — tygar)™ quantile}, . . .,
{(1 = pu,,)™ quantile < (1 — tygap)™ quantile})

= 1- P(Tw1 < Qmin(w1>7 vy dwyy < Qmin(wll))
Gmin (OJ) - oJYﬁM)

l1—w

= 1—P(T5<min

= 1_/FTS|T1W<5w<x)|x)fT1\4<x)d'r

where tygar is the observed value of USAT test statistic for a given dataset, qumin(ws) is
the (1 — tygar)-th percentile of the distribution of T;,, for a given w = wy, Fryp,, (|z) is
the conditional cdf of SSU statistic Ts given MANOVA statistic Ths, fr,,(.) is the pdf of
MANOVA test statistic Ths, and 6, (z) = minwefu,,.. w1} W

Recall that Ts and T), are two quadratic forms (QF), which are not independently
distributed. The exact joint distribution of T and T}, is too complicated to compute
(Khatri et al., 1977; Khatri, 1980). Our literature search did not yield any computa-
tionally feasible method for approximating the distribution Fryr,,(.|Ty = ) required to

calculate pygsar. In such a scenario, a simple and straightforward approximation seems

to be the assumption of independence and thereby we get the approximate p-value

pusar ~ 1 — /OO Fry (6u(x)|2) fr,, (x)dx
0

where Fry(.) is the cdf of SSU test statistic 7. This approximation of distribution
[Ts|Tas] by [Ts] can yield conservative p-values at heavier tails of the null distribution of
USAT test statistic. However, for extreme tails (regions in which we are interested when
applying USAT at GWAS level), this conservativeness is not an issue (as demonstrated
by USAT type I error analysis in main manuscript). Detailed study on the accuracy of
this approximation is provided in the next section. In this context, it is worth noting

that we have not assumed Ts and T}, to be independent throughout. For example, the



information on their dependence has been incorporated in the calculation of p,, (p-value
of weighted statistic T,,). The independence assumption has been made only in the last

step of USAT p-value calculation.

Implementation of the approximate p-value method

For the integral [ Fr, (d,(x)) fr,, (x)dz, we first need to evaluate
2 5 _ Ou(z) —b
Fry(0s(x)) = P (Ts < 0,()) & P (axg +b < du(2)) =P (xg < =——"—

This can be easily evaluated using function pchisq() in R (R Development Core Team,
2014). The integrand as a function of = can then be coded as pchisq((delta.x-b)/a,
df=d, ncp=0)*dchisq(x, df=K). The integration has been performed numerically using
R function integrate (). When the optimal choice of w lies near the boundary (i.e., close
to 0 or 1) and the corresponding statistic (Ts or T, depending upon whether optimal w
is close to 0 or 1) is highly significant (i.e., corresponding p-value is of the order of 107%),
the function integrate can have low accuracy and can give rise to an integral value
exceeding 1. In such a scenario, R function quadinf () from package pracma (Borchers,
2012) can give very accurate results. The cost of accuracy is longer computation time:
quadinf takes almost twice as much time compared to integrate. For our simulated
datasets as well as real dataset, we found the two functions giving very similar results in
most situations except in the afore-mentioned scenario where integrate gave negative
p-values for USAT. In such rare situations, we implemented the numerical integration

using quadinf.

Details on the accuracy of the approzimation involving independence assumption

Since the exact distribution of [Ts|7Th] is not known, we studied the accuracy of our ap-
proximation (independence assumption in the last step of pygsar calculation) using Monte
Carlo samples. For this purpose, we first simulated two independent sets of N = 10,000

marginal score vectors Uy, from multivariate Nk (0, C), where C' is the score covariance



matrix that directly depends on the trait covariance structure X. Both CS(p) and AR1(p)
correlation structures were considered for p = 0.2, 0.5, 0.8. We took three different choices
of K as in our simulation studies: K =5, 10, 20. For each set, we calculated the statis-
tics Ts and Ty (i.e., we have samples of SSU and MANOVA statistics from their null
distributions). Let us denote ng ) and T]g) to be the SSU and the MANOVA statistics
from the j-th set of Monte Carlo samples, 7 = 1,2. Note that the statistics Téj) and T]g/)
are correlated for 7 = j’ and uncorrelated for j = j'. Thus, for a given value of tygar, the

Monte Carlo estimate (MCE) of the true probability pysar = P(Ts > 6, (tvsar, Tar)) is
1 X , ,
PUSAT = N Z 1 <T5(~1)’Z > 0, (tUSAT, T;S“))
i=1

where I(.) is the indicator function, 7. él)’i is the SSU statistic based on i-th sample in
the 1st set, Tﬁ)’i is similarly defined, and §,(.) is as defined earlier. The MCE of the

approximate pysar (where independence of Tg and T}, was assumed) can be obtained as

N
approx 1 % %
PUSAT = N Z I (Tél)’ > by <tUSAT7T1$j)’ >>
=1

Note that one can also obtain this approximate pysar using our p-value calculation
method directly. Next we plotted these three different estimates of pysar against a range
of values of tysar. In the following Figures S1—S4, the black solid curve corresponds to
piricr (MCE of true p-value), blue solid curve corresponds to pi¥iy7 (MCE of approxi-
mate p-value) and the red solid curve corresponds to pysar computed directly from our
approximate p-value calculation approach.

Figures S1 and S2 show the plots of these different estimates of pysar against tygar in
0, 1] range using weights w = 0,0.1,0.2,...,0.9,1 for CS and AR1 correlation structures
respectively. As expected, the approximate p-values from Monte Carlo samples and
the approximate p-values from our method are similar (the blue and the red curves
are overlapping). We also observe that our approximation causes the USAT p-values

to be conservative, more so at the heavier tails of the null distribution of USAT. With

increase in strength of correlation parameter p or increase in the number of traits K, this
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conservativeness decreases. For very small values of tysar (the region we are interested
in when applying USAT on a genome-wide scale), our approach does not seem to be
conservative.

To study the effect of approximation at the extreme tail (near 0), we considered
tusar values in the range of [0, 10_3]. Precisely, the chosen tygar values were 0,107°,2 x
1075, ...,1073. In order to consider tygar values of the order of 107°, we simulated two
independent sets of N = 107 Monte Carlo samples of Ts and T);. Using these samples,
we calculated plfe, and pfhar as before. Generating 107 samples for as many as 20
traits is computationally intensive. To reduce computation time, we considered only a
minimal set of weights: w = {O, %1, %, %, 1}. Figures S3 and S4 show the plots of true
and approximate pysar against tysar for CS(p) and AR1(p) correlation structures re-
spectively. The approximate p-value curve (blue) seems to lie below the true p-value
curve (black) for higher values of K and p, indicating that the approximation is slightly
inflated at the extreme tail. The magnitude of inflatedness seems to depend on the corre-
lation structure as well. USAT is less inflated at stringent error levels for AR1 correlation
structure compared to a CS structure. In Table 2 of main manuscript, although USAT

maintains correct type I error for low error levels, we observe slightly inflated type I error

for K = 20 traits at o = 107%.

More on the performance of the p-value approximation method: The following Table S1
(an extension of Table 2 of main manuscript) provides estimated type I error rates of
USAT for K = 5 traits for a stringent error level of & = 107>, To reduce computational
burden, we considered only 3 x 10° datasets and hence provided 100(1 — a)% confidence
intervals for the error estimates. Although we saw that USAT generally maintains proper
type I error rate at moderately low error levels (Table 2), here we observe that USAT
produces somewhat inflated type I errors at stringent value of level a.

To have an idea about the effect of approximation on power in a real GWAS, Table S2
provides approximate USAT p-values along with empirical p-values for a few SNPs from

the ARIC Study (refer Section 3.5 of main manuscript). For a given SNP, the empirical
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Table S1: Estimated type I errors of the approximate p-value calculation approach for our USAT test.
The p-values were calculated using 3 x 10° null datasets with 10,000 unrelated individuals.
Type I error rate was calculated as the proportion of datasets that had approximate p-value
< a. The 100(1 — a)% confidence intervals for the estimates are provided in square braces.

K 5
p 0.2 0.4 0.6
2.96 x 107° 251 x 1075  2.07 x 107°
a=10"° || [1.56 x 107°, [1.22 x 1075, [0.90 x 1075,
4.35x 1075 3.80 x 107°]  3.24 x 1077]

Table S2: Empirical USAT p-values alongwith approximate USAT p-value (calculated from the ap-

proximate p-value method in Section 2.5) for a few randomly chosen SNPs from the ARIC

data. For a given SNP, the empirical USAT p-value is calculated using 10® permutations of
the ARIC data.

USAT Empirical
chr SNP position | m.a.f. P USAT p
6 | rs7753319 | 106997646 | 0.421 | 0.30 x 10~° 1.65 x 107°
7 | rs7793197 | 147499191 | 0.175 | 0.45 x 1075 2.10 x 10~°
18 | rs11660607 | 33269184 | 0.287 | 0.96 x 10~* 1.55 x 10~*
20 | rs3790223 | 19405611 | 0.322 | 0.60 x 107> 2.45 x 1075

USAT p-value is calculated by considering 10® permuted datasets. Table S2 corroborates

our findings from Table S1.

12



1.0

0.6 038

0.4

0.2

0.0

08 1.0

0.6

0.4

0.2

0.0

04 06 038

0.2

0.0

Figure S1:

Plot of pysat= Pr(Ts > 8(tusat, Twm)) VS tusat
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Comparison of approximate and true p-value of USAT based on Monte Carlo samples for
CS(p) correlation structure. The different parameter values are: N = 10,000 samples,
weight w € {0,0.1,...,0.9,1}, tysar € {0,0.01,0.02,...,0.99,1}, K € {5,10,20} traits and
p € {0.2,0.5,0.8}. The black solid curve corresponds to pi74S, (MCE of true p-value),
blue solid curve corresponds to pifa,7 (MCE of approximate p-value) and the red solid
curve corresponds to pysar computed directly from our approximate p-value calculation
approach. The approximate curves lie above the true curve indicating conservativeness of

the approximation.
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Figure S2:

Plot of pysat= Pr(Ts > 8(tusat, Twm)) VS tusat
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Comparison of approximate and true p-value of USAT based on Monte Carlo samples for
ARI1(p) correlation structure. The different parameter values are: N = 10,000 samples,
weight w € {0,0.1,...,0.9,1}, tysar € {0,0.01,0.02,...,0.99,1}, K € {5,10,20} traits and
p € {0.2,0.5,0.8}. The black solid curve corresponds to pi744, (MCE of true p-value),
blue solid curve corresponds to pifa,7 (MCE of approximate p-value) and the red solid
curve corresponds to pysar computed directly from our approximate p-value calculation
approach. The approximate curves lie above the true curve indicating conservativeness of

the approximation.
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Plot of pysat= Pr(Ts > 8(tusat, Twm)) VS tusat
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Figure S3: Comparison of approximate and true p-value of USAT based on Monte Carlo samples for
CS(p) correlation structure. The different parameter values are: N = 107 samples, weight
w e {0,1/4,1/2,3/4,1}, tysar € {0,1075,2x107°,..., 1073}, K € {5,10, 20} traits and p €
{0.2,0.5,0.8}. The black solid curve corresponds to pi7eS, (MCE of true p-value) and the
blue solid curve corresponds to p;1& 7 (MCE of approximate p-value). Curve corresponding
to pusar computed directly from our approximate p-value calculation approach is not
plotted to avoid clutter. In some situations, the approximate curve lies below the true

curve indicating slight inflatedness of the approximation at the extreme tail.
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Plot of pysat= Pr(Ts > 8,(tusat, Tm)) VS tusat
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Figure S4: Comparison of approximate and true p-value of USAT based on Monte Carlo samples for
ARI1(p) correlation structure. The different parameter values are: N = 107 samples, weight
w € {0,1/4,1/2,3/4,1}, tysar € {0,107°,2 x 107°,...,1073}, K € {5,10,20} traits and
p € {0.2,0.5,0.8}. The black solid curve corresponds to p&'4s. (MCE of true p-value) and the
blue solid curve corresponds to p;1& 7 (MCE of approximate p-value). Curve corresponding
to pusar computed directly from our approximate p-value calculation approach is not
plotted to avoid clutter. In most situations, the approximate curve lies above the true
curve indicating conservativeness of the approximation. However, for strongly correlated
traits, we observe inflatedness at the extreme tail.
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Appendix S4

Sitmulation 4: Other correlation structures

Apart from the compound symmetry (CS) structure, we also considered AR1(p) and
other structures for correlation in our simulation studies. Details on how the datasets
were simulated can be found in Section 3 of our main paper.

Correlation Structure I: uncorrelated traits : We assumed that none of the traits
was correlated with another. From Figure S5, we see that performances of all methods
are similar except minP/TATES. All the methods, including MANOVA, have steadily
rising power curves with increase in proportion of associated traits. This confirms that
MANOVA’s lack of power in detecting pleiotropy in certain situations is primarily due

to the correlatedness of all the traits.
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Figure S5: Correlation structure I (uncorrelated): Empirical power curves of the different asso-
ciation tests for K = 5,10, 20 traits and within trait correlation p = 0 based on N = 500
datasets. The correlation structure assumes all traits to be uncorrelated. Same direction
and same size effects (effect size of 0.395; proportion of variance explained is 0.5%) are used
when 2 or more traits are associated. The power is plotted along y-axis while the fraction
of traits associated with the genetic variant is plotted along x-axis.

Correlation Structure II: Here we assumed that first 80% of the K traits were corre-
lated (with a compound symmetry structure) and the rest 20% were uncorrelated. For

our simulation study, we considered K = 5,10, 20 traits and positive correlation param-
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Figure S6: Correlation structure II: Empirical power curves of the different association tests for

K = 5,10,20 traits and different within trait correlation values p = 0.2,0.4,0.6 based on
N = 500 datasets. This correlation structure assumes that the first 80% of the traits are
correlated (Compound Symmetry structure with correlation p) and the last 20% of the traits
are independent of the others. Same direction and same size effects (effect size of 0.395;
proportion of variance explained is 0.5%) are used when 2 or more traits are associated.
The power is plotted along y-axis while the fraction of traits associated with the genetic
variant is plotted along x-axis. Upto the point 0.8 on the x-axis, all the traits are correlated.
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eter p = 0.2,0.4,0.6. In such a situation we noticed that as correlation increased among
the associated traits, the power of MANOVA dropped. Figure S6 shows that the lowest
point in the MANOVA power curve occurs at 0.8 on the axis, which means MANOVA
has the least power in detecting association when all the correlated traits are associated.
At point 1.0 on the x-axis, when all the traits are associated but not all are correlated,
the performance of MANOVA improves but not as good as the methods that do not
explicitly consider the covariance matrix in the test statistic.

An important observation from Figure S6 is that MANOVA is not expected to suffer
from power loss at ‘complete association’ (when all traits are associated) if all associated

traits are not correlated (refer Appendix S5 for theoretical result).

Correlation Structure III: AR1(p) : For given K traits, we assumed the covariance

1 p p? ... pETt
p 1 p ... pK2
structure ¥ = 0?R(p) = o? . Figure S7 shows that
P S

for a given p, MANOVA performs better with increase in K and with increase in the
fraction of associated traits. This is so because at a higher fraction (on the x-axis),
the AR1 correlation among traits becomes negligible and the latter traits are effectively
uncorrelated (the behavior we saw in Figures S5 & S6). Observe that for a given p, the
power at or near ‘complete association’ (where all traits are associated) increases with
increase in K since for the latter traits, the correlation rapidly goes towards 0. With
increase in the parameter p and for small K, we start observing MANOVA’s lack of

power as the latter pairwise correlations are not effectively zero.
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Figure S7: Correlation structure III (AR1): Empirical power curves of the different association
tests based on N = 500 datasets for K = 5,10, 20 traits and AR1(p) correlation structure
with p = 0.2,0.4,0.6. Same direction and same size effects (effect size of 0.395; proportion
of variance explained is 0.5%) are used when 2 or more traits are associated. The power is
plotted along y-axis while the fraction of traits associated with the genetic variant is plotted
along x-axis.
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Appendix S5

Figure S6 shows that if all the traits are not correlated, MANOVA does not experience
power loss for testing Hy even when all the traits are associated. This behavior is theo-
retically explained by the following theorem for the special case of CS residual correlation

structure for the correlated traits.

Theorem. Without loss of generality, let’Y and X be the centered phenotype matriz and

the centered genotype vector respectively. Consider the MMLR model

YnXK - Xn><1/6/1><K + anKa ’U@C(g) ~ NnK(OaIn X E)

Ell(mxm) 212 9 , 9 .
where Vv = , X =0 ((1—=p)I, +p11), 02 > 0, p (> 0) is

E21 E22

the within trait correlation such that 311 is a positive definite covariance matrix, 319 =
Y% = Omx(k—m), X2 = 02 I_y and 8" = (b1, ..., Bx) is the vector of genetic effects.
Assume that the genetic effects of the associated traits are equal in size and positive.
Consider two scenarios of association: ‘partial association’ (when the SNP is associated
with u (< K) traits), and ‘complete association’ (when all K traits are associated).

For testing Hy : 3 =0, MANOVA is not expected to suffer from power loss at ‘com-

plete association” compared to ‘partial association’ with u (> m) associated traits.

Proof. For the m x m CS residual covariance sub-matrix 37, we know that the eigen
vector corresponding to the largest eigenvalue Ay = 0%{1 + (m — 1)p} is v1 x 1,
while the eigen vectors corresponding to Agny2 = ... = Agmym = 02(1 — p) are respectively
vy, ..., VU, such that 1’v, = 0V k = 2, ...,m. For the eigen vectors to be orthonormal, we

must have v; = ¢,,1 such that \/c2, + ... + 2, =1 <= % = 1/m. Thus, we can write,

m

m

Ell(mxm) = /\(m)lcgmlll + 122 /\(m)iviv; and 2;11 = /\(m)lcgnlll + ZZQ m'vﬂ);
Consider the 2 alternatives H,, : f1 = ... = By # 0,0k—u = ... = fx = 0 (partial
association) and H,x : 1 = ... = fx # 0 (complete association) against the null
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hypothesis Hy : 51 = ... = g = 0. Here, for the partial association case, u (> m) is the
number of traits associated and m is the number of correlated traits. In the following,
the notation — denotes convergence in probability as n — oo.

Under the alternative H, x (complete association), it can be shown that

1,1/ 1,,1/ >t @)
P m-m m+K—m 11
= |Ix+ (2pgB})

Toml g b O LIk,
= |(In+al,1],) — (0115 ) T gom + bl L) (algo )|
X|I g + 011
= (I +alpnl’) —ac(K —m)1,1 | X [Tx_p + b11']

= 14+b(K—m)+am

2 2
where a = %, b= 21;12517 (IK—m +b1K—m /K—m)_l =71 — C]_]_/7 c = m

For u(> m) associated traits, let us now partition the residual covariance matrix as

Sll(uxu) Sl2 Ell(mxm) O
YigxK = where S, = , 812 = Oux(K—u)a Sy = O'QIKfu

/ 2
12 S22 O oI,

Under the alternative H,,, (partial association) where 0 < m < u < K, one can show

that

H, (E\ '
I+ “(—)
n n

21,1, O S 0

v

I+ 2pg

o 0)\0 LI,

2 ’ 21—11 O
O LI,
2pq/3? 2pq3?
= 1+b(u—m)+am, where a = Eh b= L
o2 {1+ (m —1)p} o2

Ix+HxE™| —|Ix + HE™ 5 b(K —u) >0
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Appendix S6

Details on ARIC Study phenotypes and covariate choices

ARIC has collected measures on many type 2 diabetes (T2D) related traits at 4 separate
visits over a 9-year period. A diagnosis of T2D is considered positive if fasting plasma
glucose concentration is > 126 mg/dL, or casual plasma glucose level is > 200 mg/dL, or
2-hour plasma glucose value after a standard glucose challenge is > 200 mg/dL (WHO,
2003). All analytes were determined at central laboratories according to standard proto-
cols: plasma glucose by a hexokinase assay, and insulin by radioimmunoassay (***Insulin
Kit; Cambridge Medical Diagnosis, Billerica, MA). Sedentary lifestyle and obesity are
major risk factors for T2D. In addition to general obesity, the distribution of body fat (or
abdominal obesity, as estimated by waist-to-hip circumference ratio) contributes to T2D
risk. For our analysis, we focused on the Caucasian participants and the following 3 T2D
related quantitative traits measured at visit 4 (1996 —98): fasting glucose; 2-hour glucose
from an oral glucose tolerance test; fasting insulin. The pairwise correlations among these
3 traits were within (0.2,0.35). These traits are substantially affected by treatment with
diabetes medications, and so statistical analysis results are not generally interpretable in
the same way they can be interpreted in non-diabetic individuals. Other available traits
were Body Mass Index (BMI) and waist circumference (WC). WC was measured at the
umbilical level. BMI was calculated as weight /height? (kg/m?), and obesity was defined
as a BMI > 30 kg/m?. BMI, being a major risk factor for T2D, is traditionally adjusted
as a covariate in association analysis of glycemic traits (Manning et al., 2012; Scott et al.,
2012; Dupuis et al., 2010, for example). Manning et al. (2012) notes that “adiposity may
also hinder the identification of genetic variants influencing insulin resistance by intro-
ducing variance in the outcome that is not attributable to genetic variation, suggesting
that adjustment for adiposity per se may be necessary”.

Due to a high pairwise correlation of 0.9 between WC and BMI, we chose to adjust
BMI only. When BMI is adjusted, inclusion of WC or any other adiposity trait in the

multivariate response makes it difficult to interpret analysis results. We chose not to
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include the adiposity traits (BMI, WC, waist-hip ratio, hip circumference) along with the
glycemic traits (fasting glucose, 2-hour glucose, fasting insulin) in the response vector
because not many SNPs have been reported to jointly influence both adiposity traits and
glycemic traits. As in most studies of T2D, BMI was used as a covariate along with age
and sex. Individuals with diagnosed or treated diabetes at visit 4 were removed. Since
USAT requires complete phenotype data, individuals with missing traits were excluded

too, leaving 5,816 in our analytic sample.
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Appendix S7

Covariate Adjustment for USAT

The ARIC data analysis using USAT required covariate adjustment (predictors other
than SNP). This version of USAT requires covariate adjustment for both SSU test and
MANOVA. Once the adjusted MANOVA and SSU test statistics are available, one can
easily compute approximate p-value for USAT (refer section 2.5 of the main paper for
the p-value calculation method). Let Z, 4, be the matrix of ¢ covariates (other than
SNP) for n unrelated individuals. Without loss of generality, the phenotype matrix Y,
the genotype vector X and the covariate matrix Z are centered (but not scaled). The

following paragraphs outline the details of such covariate adjustment.

MANOVA with covariate adjustment

The MMLR model for the association test of K traits and the SNP (after adjusting for
other covariates):

YnXK - anlﬂllx}( + 1/ X VA + anK

where 3" = (B4, ..., Bk) is the vector of fixed unknown genetic effects corresponding to
the K correlated traits, and £ is the matrix of random errors. For testing that the SNP
is not associated with any of the K traits, the null hypothesis of interest is Hy : 3 = 0.
For testing Hy, the LRT is equivalent to the MANOVA test statistic, which is the ratio
of generalized variances A = |E|/|H + E|. Here, H + FE is the covariance matrix of
the K residual vectors where the k-th residual vector is obtained by fitting the model
for k-th trait under Hy. F is the covariance matrix of the K residual vectors where the
k-th residual vector is obtained by fitting the full model for k-th trait. Under Hy, Wilk’s

Lambda —2log A has an approximate asymptotic x% distribution under Hy.

SSU Test with covariate adjustment
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For k-th trait vector, we assume the marginal normal model :
Y =0X +Z®+ €, €~ N,(0,0°I,)

B is the parameter associated with the SNP effect on the k-th trait. ® is the ¢ x 1 vector
of parameters associated with the ¢ covariates. The null hypothesis associated with k-th
marginal model is Ho, : fr = 0. We need to obtain the MLE & under the global null

Hy: kaleO,k- Under Hjj, the k-th marginal model is
Yk Z<I>+ek, EkNN(OO'I)

The MLE of ® from k-th model is <i>(k) =(Z2'Z)"'Z'Y}. Thus, MLE of ® under H is

K
Z ) 1Z'Y,

k=1

NIH

The MLE of o2 under H, is given by
K
Z (Y- Z®) (Y, — ZD)
k:
The log-likelihood for the k-th genetic effect from the k-th marginal model is given by
L(Br) o __<Yk — X = Z®) (Y — B X — Z®P)
Marginal score for parameter [, under Hyy:

1 o
==Y, -Zo)X

Hy 90

i) = (Vi - 5X - 28X

Hy

Under the null, the variances and covariances of the marginal scores are:

1
Var(Uy) = ;X’Var(Yk)X =5 X'X

g

Hy Hy
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1

1
Cov(Ui,U;) = 3 E(Y}.X x Y X)

= —X'E(Y,Y)X

- xx
0-4

o2

Vj#k

Hp Hop Ho

Thus, under Hy, the score vector from the marginal normal model for Y is
N/
UM:(Y—JN®Z@>X7ﬁ
with covariance

Lx x5, = L(x'X)

Ho 0 09

A / A~
(Y—Jﬁ@Z@)(Y—Jﬁ&Z@)

n

Cov(Un) = %(X’X)E

The SSU test based on the marginal normal score vector Uy, is
Ts = UWUw PR ax%+0

where parameters a, b, d are estimated as

{6;}£ | are the ordered eigenvalues of Cov(U y)

5 (82,

527 53 ’ (Z 53)2’
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Appendix S8

Table S3: List of all SNPs that exceed the genome-wide significance threshold 5 x 10~% for the mul-
tivariate methods USAT and MANOVA. SNPs with m.a.f. < 5% were screened out. It is
to be noted that most of these SNPs are in high linkage disequilibrium (LD). p values for
the univariate analysis of the individual traits are also provided. SNPs in bold are the ones
detected solely by MANOVA but not by USAT. The abbreviations used are FG (Fasting
Glucose), 2-hr GL (2-hour glucose from an oral glucose tolerance test), FI (Fasting Insulin)

MANOVA USAT Univariate Analysis p

chr SNP position P P FG 2-hr GL FI

2 rs1260326 27584444 3.77 x 107 444 x 1075 1.24x107*  6.26 x107¢  1.24 x 1075
2 rs780094 27594741 999 x 10716 167 x 10715 7.34x107° 7.10x107%  4.65x 1076
2 rs780093 27596107 9.99 x 10716 167 x 10715 7.34x107° 7.10x107%  4.65x 1076
2 rs1260333 27602128 472 x 10711 814 x 10711 499x107* 384 x10~* 7.59x 1075
2 rs2911711 27604050 4.72 x 10~ 814 x 1071 499 x 10~* 3.84 x 10~* 7.59 x 10~5
2 rs4665987 27609329 9.67 x 10710 231 x107° 1.56x 1072  449x 1076  1.46 x 1072
2 rs4665991 27619788 1.23x107Y 257 x 107  1.75x 1072 483 x107% 144 x 1072
2 rs4665382 27637305 1.20x 1072 254 x 1077  1.52x 1072 513 x10°%  1.60 x 1072
2 rs10208529 27639692 1.20 x 1079 254 x 107 1.52x 1072 513x107%  1.60 x 1072
2 rs4665383 27645059 1.20x 1072 254 x 1079  1.52x 1072 513 x10°%  1.60 x 1072
2 rs1919127 27654997 1.20x 1072 254 x 1079 1.52x 1072 513 x10°%  1.60 x 1072
2 rs1919128 27655263  1.20 x 109 2.54 x 1079 1.52 x 1072 5.13 x 1076 1.60 x 102
2 rs12478841 27665226 1.06 x 1072 240 x 107°  1.63x 1072  4.96x10°%  1.31 x 1072
2 rs6760250 27665756  9.94 x 10710 2.34 x 10~? 1.49 x 1072 6.01 x 10~6 1.07 x 1072
2 rs13022873 27669014 9.94 x 10710 234 x107° 1.49x1072 6.0l x10°%  1.07x 1072
2 rs12467476 27679219 9.86 x 10710 233 x 1079 1.53x1072  6.00x 106  1.02 x 1072
2 rs2384656 27685559 9.86 x 10710 233 x107° 1.53x1072  6.00x 1076  1.02 x 1072
2 rsd666002 27694144 864 x 10719 143 x 107 161 x1072 556x107%  9.02x 1073
2 rs3749147 27705422  6.52 x 10~9 1.31 x 10~8 3.65 x 1072 6.56 x 10~6 1.86 x 102
2 rs13002853 27706749 6.52x 1072 131 x107%® 3.65x1072  6.56x 1076  1.86 x 1072
2 rs13431652 169461661 1.85 x 10713 548 x 1013 224 x 10712 957 x 10~ 2.85 x 10~
2 rs12475700 169461922 452 x 1078 876x10"% 1.07x1078% 3.62x10"! 6.73x10°!
2 rs1402837 169465600 4.91 x 1072 1.15 x 10~8 2.78 x 10719 5.18 x 1072 8.07 x 10~1
2 rsh573225 169465787 4.55 x 10714 581 x 107 975 x 1071 983 x10"' 2.33x 107!
2 rs560887 169471394 5.55 x 10716 133 x 107 1.24x107'* 887x10"! 293 x 10!
2 r$563694 169482317 1.54x 10714 291 x 10~ 4.12x107* 350x10"! 354 x 10!
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...continued

MANOVA USAT Univariate Analysis p

chr SNP position P P FG 2-hr GL FI

2 rs537183 169482892 1.54 x 10714 291 x 107  4.12x 107 3.50x 107!  3.54 x 107!
2 78502570 169483205 1.54 x 107% 291 x 1071  412x 107 3.50x 107"  3.54 x 107!
2 rs475612 169484992 3.54 x 10713 7.12x 10713 374 x 10713 3.63x 107!  5.12x 107!
2 78557462 169485841 1.54 x 10~% 291 x 10714  412x 107 3.50x107%  3.54x 107!
2 rs478333 169487402 8.61 x 10710 142 x 107 3.33x10710 416 x10""  6.41 x 107!
2 75496550 169487958 8.61 x 10719  1.42x 107 333 x 1071 416x 107!  6.41 x 107!
2 rs473351 169488142 2.58 x 10~ 6.05 x 1071t 1.38 x 10~ 275 x10~* 529 x 107!
2 rs575671 169489064 2.58 x 10711 6.05 x 10711 1.38 x 10711 275 x 107! 5.29 x 107!
2 rs519887 169489131 8.50 x 10710 141 x 1072 345 x 10710 440x 107!  6.41x 107!
2 5486981 169490395 2.72x 1074  4.05x 107 1.15x 10713  6.17x 107!  3.89 x 107!
2 75484066 169490727 2.01 x 10712 232 x 10712  6.10x 1072 854 x 107!  4.87x 107!
2 75569805 169491126 2.72 x 1074 4.05x 1074  1.15x 10713  6.17x 1071  3.89 x 107!
2 rs579060 169491285 2.45 x 107 377 x 1074 995 x 107*  6.04 x 10~*  3.93 x 107!
2 rsl7540154 169492739 3.46 x 107 648 x 107° 341 x 10710 233 x 107"  9.19x 107!
2 rs508506 169493201 3.55 x 1071 4.86 x 107'* 864 x 107 574 x 1071  4.97x 107!
2 rs503931 169493695 8.50 x 10710 1.41x 1072 345 x 1071 440 x10~'  6.41 x 107!
2 rs551754 169495932 8.50 x 10719 141 x107° 345 x1071% 440x107'  6.41 x 107!
2 rs497692 169497262 8.41 x 10710 1.41 x107° 327 x 10710 424 x 107"  6.46 x 107!
2 rs494874 169497552 1.42 x 10713 5.06 x 10713  1.70 x 10713 538 x 107! 6.48 x 107!
2 78552976 169499684 1.55 x 10713 519 x 10713 1.87x 107 531 x107!  6.37x 107!
2 rsd72614 169500667 1.26 x 1078 2,65 x 1078 3.55x107° 572 x10"" 817 x 107!
2 78565412 169502529 9.14 x 1072  1.57x 1078 416 x 1072 718 x 107! 7.34 x 107!
2 rsb67074 169502677 3.45x 10710 576 x 10710 151 x 107" 613 x10""  8.04 x 107!
2 rs479682 169502933 7.13x107° 137 x107%  3.33x107°  6.89 x 10~*  7.06 x 107!
2 rs480562 169503017 7.46 x 1079 1.40 x 107% 343 x107°  6.84x 10"  7.07 x 107!
2 rs2685803 169504531 7.46 x 107?140 x107% 343 x107?  6.84x 107!  7.07x 107!
2 782544367 169504534 4.54 x 107?754 x 107 246 x 107  7.19x 107!  6.85x 107!
2 rs2685805 169505306 4.54 x 1072  7.54x107% 246 x107?  7.19x 107!  6.85 x 107!
2 rs1581397 169505898 4.05 x 1072  7.05x 107  240x 1072  737x 107!  6.66 x 107!
2 rs2685814 169506865 3.62x 107  6.63x 1077  2.19x107° 748 x10~'  6.71 x 107*
2 rs6709087 169507256 3.87 x 1078 813 x 1078  255x 1072  2.67x 107!  6.74 x 1071
2 rs853789 169509734 2.00 x 1071 2,66 x 1071% 850 x 1071  6.36 x 10" 4.84 x 10~!
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...continued

MANOVA USAT Univariate Analysis p

chr SNP position P P FG 2-hr GL FI

2 rs860510 169509874 3.62x 107  6.63x 1072  2.19x107% 748 x 107!  6.71 x 107!
2 75853788 169510151 3.62x 1072  6.63x 1077 219x 107 748 x10~'  6.71 x 107!
2 rs853787 169510498 2.00 x 1071 2.66 x 1071% 850 x 1071% 6.36 x 1071 4.84 x 107!
2 75853786 169510556 3.62 x 1072  6.63x 1077  219x 107 748 x107!  6.71 x 107!
2 15862662 169510575 1.52x 10710 242 %107 1.01x107% 6.80x10~*  7.17x 107!
2 75853785 169510840 3.62x 1072  6.63x 107  219x 1072 748 x 10!  6.71 x 107!
2 rs853784 169511920 5.48 x 1072  1.21x107%  3.37x107° 818 x10~'  7.11x 107!
2 rs853783 169513757 548 x 107  1.21x107®%  3.37x107° 818 x 107!  7.11x107!
2 75853781 169514567 3.43 x 10710 574 x 10719 219x1071% 737x10"t 753 x 107!
2 rs853780 169515728 7.62x 1079  1.42x107%  4.68x107°  7.98x10""  6.76 x 10~
2 rs1101533 169516768 7.62x 1077 142 x 1078  4.68x 1072 7.98x 107!  6.76 x 107!
2 rs853779 169517918 4.39 x 1079  7.39x 1079  2.88x107? 791 x10~"  6.67 x 107"
2 78853778 169519470 1.28 x 1072  2.62x 107  152x 1072 9.11x 107! 579 x 107!
2 rs853773 169522593 1.63 x 1072 296 x 107 244 x107°  812x10~"  7.64x 107!
15 rsl7271144 59920213 447 x107% 871 x107°% 621 x1072  4.17x107%  1.06 x 107!
15 rs3743297 59937076 4.59 x 1078 884 x 107%  1.09x 1072 287 x107° 249 x 107!
15  rs1981916 59958771 3.14x 1078  742x1078% 850x 1073 289 x107°  2.56 x 107!
15  1rs2414755 59959721 3.14x 107%  742x107% 850 x 1073  2.89 x 107°  2.56 x 107!
15  7s2042608 60019672 3.02x 1078  729x10°8 1.71x107% 1.16x10"*  0.59

15  rsT170293 60023665 1.98x107% 6.28x107% 577 x1073  320x107°>  2.68 x 107!
15 rs1425270 60025002 2.25x10°% 654 x107%  125x1072  1.28x107°  2.68x 10~!
15  rs7166891 60026596 1.98x107% 628 x107% 577 x 1073  3.20x 107>  2.68 x 107!
15 rs7172145 60026989 198 x10°% 628 x 107  577x107%  3.20x107°  2.68 x 107!
15 rs4587915 60029254 144 x 1078 2.82x107%  960x 1072  1.12x107°  3.28 x 107!
15  rs8027751 60035012 3.81x10°% 807 x107% 878x107%  2.73x107°  3.33x 107!
15  7s3784634 60046929 252x 1078 681 x1078% 154x1072 917x107%  3.40x 107!
15  rs8034335 60074748 1.19x 107% 259 x107% 143 x1072 558 x107%  3.35x 107!
15 7rs8034216 60074820 1.19x 1078 259 x 1078 143 x1072 558x 1076  3.35x 107!
15 rs17271305 60120272 6.87x 1072  1.35x107%  629x 1073  1.17x107°  2.86 x 107!
15 7s17271340 60135177 899 x 1072 155 x 107  1.68x 1072  3.71x10°%¢  3.08 x 10"
15 rs8039105 60146377 871 x107°  1.53x107%  1.65x1072  3.75x 1075  3.05x 107!
15  1rs4502156 60170447 3.38x107%  7.65x107® 131 x107* 1.62x 1073  0.20
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...continued

MANOVA USAT Univariate Analysis p
chr SNP position P P FG 2-hr GL FI
15 rs7163757 60178900 1.68x10~% 598 x 1078  7.98x10~*  3.52x107*  4.88 x 1072
15  rsT173964 60184234 2.06 x 10~®  6.36 x 107®  1.15x 1073 3.04 x 107*  4.47 x 1072
15 7s8037894 60181556 820 x 107 148 x 1078  4.09x 107* 489 x107*  3.12x 1072
15 1rs6494307 60181982 1.68x107% 598 x107% 798 x107*  3.52x107*  4.88x 1072
15  rs7T167878 60183481 1.68x 1078 598 x 1078  7.98x10~*  3.52x107*  4.88 x 1072
15  rsT172432 60183681 1.68x107% 598 x107% 798 x107*  3.52x107*  4.88x 1072
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Appendix S9

Table S4: List of interesting SNPs that barely missed the genome-wide threshold (5 x 10~%) for USAT.

SNPs with m.a.f. < 5% were screened out. The MANOVA and the univariate analyses p-
values are also provided. The SNPs listed here are the ones left after LD screening. In a group
of highly correlated SNPs (i.e., SNPs with estimated absolute pairwise correlation coefficient
> 0.8 with another SNP), one SNP was kept as a representative. The abbreviations used
are FG (Fasting Glucose), 2-hr GL (2-hour glucose from an oral glucose tolerance test), FI
(Fasting Insulin).
For convenience, the optimal w has been reported. It represents the adaptive weight given to
MANOVA statistic by the USAT approach. One must note that when SSU and MANOVA
p-values are close, the optimal weight w in USAT is not really identifiable. One can expect
SSU and MANOVA to behave similarly at ‘partial association” when number of traits is few
and they are weakly correlated (refer Figure 4).

MANOVA USAT Univariate Analysis p

chr SNP m.a.f. P P w FG 2-hr GL FI

1 rs12095642 0.282  6.10 x 107%  4.71 x 10~° 0.00 6.30 x 107! 8.08 x 102 9.07 x 1075
1 rs10920639 0.166 1.36 x 1073  4.63x 10>  0.00 1.15x 107! 466 x10~'  9.77 x 10~°
2 rs12622958 0.249 9.61 x 10~ 9.61 x 10~° 0.00 3.61x 1071 4.37 x 1072 1.69 x 10~4
3 rs9836499  0.367 1.26x1073  9.76 x10™® 0.00 4.26 x10°!' 881 x10"' 351 x10°*
3 rs2336664  0.366 1.21x1073  9.50x10~°  0.00 4.24x 107! 894x10"'  3.36 x10~*
3 rs6790846  0.095 568 x 1073  9.32x107° 0.00 9.06 x 107! 3.29x 107!  6.69 x 10~*
5 rs3798012  0.062 127 x10"* 7.84x10% 055 292x10"!' 7.81x10"' 6.37x10°¢
5 rs7718567  0.132 449 x10~%*  9.02x10"®  0.70 585 x 107! 293 x 1071 1.23 x 104
5 rs10213852 0.059 5.00x 107*  9.05x10™® 050 8.00x 107! 532x107'  6.33x10°°
5 rs10515261  0.097  3.00 x 103 4.89 x 10~° 0.00 2.31 x 1072 3.93 x 107! 6.29 x 10~4
5 rs11135532  0.199 6.84x10~* 4.90x10~® 0.00 3.83x1072 130x10"' 848 x107°
5 rs1438733 0.255 1.72x 1073 5.02 x 10~5 0.00 8.32x 107! 9.95 x 10~ 1! 1.47 x 10~4
6 rs7753319 0421 768 x107* 3.13x107% 0.00 7.00x10°!' 220x10"' 342 x10°*
6 rs6906163  0.139 221 x 1073 941 x107° 0.00 3.66x10~Y 761x10"t 224x10~*
7 rs7793197  0.175 3.07x 1073  4.56x10"%  0.00 6.43 x 107! 1.06 x 107! 477 x 10~*
10 72671692  0.367 6.96 x 107*  505x10°% 0.00 583 x10"' 7.66x10"!  6.15x10°°
10 7s4376833  0.219 9.40x10* 893 x107° 0.00 554x107' 447x10"' 573 x10°°
12 rs7962136  0.186 1.38x 1072  5.00x107° 0.00 4.53 x 107! 1.31 x 107! 1.36 x 1074
12 rs11829673 0.051 2.39 x 10~* 8.91 x 10~5 0.65 3.78 x 107! 6.08 x 10~1 9.11 x 1075
13 rs7998882  0.122 1.60x107* 971 x107° 0.85 8.86x 107! 1.45x 1071 9.18 x 107°
15 rs16957165 0.094 1.98 x 10~* 9.43 x 10~° 0.80 2.29 x 10~2 5.81 x 1073 1.45 x 10~4
15 75931892 0.102 2.03x107* 859x10™° 0.75 165 x1072 221x1072 6.78 x 107°
16 rs11149640 0.374 1.50x 102 339 x107° 0.00 593x10"' 9.09x 10! 1.21x10~*
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...continued

MANOVA USAT Univariate Analysis p
chr SNP m.a.f. P P w FG 2-hr GL FI
18  rs1443598  0.092 1.81x107% 280x107% 0.65 6.91x107* 961 x10"% 262 x107°
18  rs11660607 0.287 3.16 x 1073 959 x 107> 0.00 4.26 x 10~* 507 x 107! 2.03 x 1074
18  7rs12604897 0.139  1.05x 1073  4.61x107°  0.00 2.19x10"* 327x107' 6.23x107°
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Appendix S10

Figure S8: Empirical power curves of the different existing association tests for K = 2 traits and
different within trait correlation values p = —0.8, —0.6, —0.4, —0.2,0.2, ...,0.8 based on N =
500 datasets with n = 4,000 unrelated subjects. Opposite direction but same size genetic
effect used when both traits are associated (i.e., datasets are generated from an alternative
model Hyz 0 : 1 = —f2 > 0). Effect size of 0.25 (proportion of variance explained is 0.2%)
is used for the associated traits. The power is plotted along y-axis while the fraction of
traits associated with the genetic variant is plotted along x-axis.
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Appendix S11

Figure S9: Asymptotic power curves of the SSU and MANOVA tests along with our novel approach
USAT for AR1(p) within-trait correlation structure. K = 5,10,20 traits have been simu-
lated at different within trait correlation values p = 0.2,0.4,0.6. For each value of K and
p, there were N = 500 datasets of n = 400 unrelated individuals. Same effect size of 0.395
(proportion of variance explained is 0.5%) was used for the traits that are associated. The
power is plotted along y-axis while the fraction of traits associated with the genetic variant

is plotted along x-axis.
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Appendix S12

Figure S10: Empirical power curves of the SSU and MANOVA tests along with our novel approach
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