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Model formulation

Our model is based on a minimal gene regulatory network, which enables us to study the
oncometabolic nuclear reprogramming of differentiated cells into pluripotent stem cells. This
network considers the interactions between a minimal core of stemness-associated
transcription factors (OCT4 and SOX?2) and two generic lineage-specific genes, referred to as
LSG1 and LSG2. The model schematically represented in Fig. 1A (top panel) is similar to a
number of previous approaches (Cinquin and Demongeot, 2005; Cinquin and Page, 2007,
MacArthur and Lemischka, 2013; MacArthur et al., 2008; Shu et al., 2013), particularly the
one considered by Shu et al. (2013), which involves a coupled pluripotency module (i.e., self-
activation of OCT4 and SOX2) and a differentiation module (i.e., mutual antagonism between
the LSGs). However, the model presented here originally introduces the epigenetic regulation
of the LSGs, which is the essential element that enables us to account for the regulatory
effects of certain metabolic features (i.e., oncometabolites) in the nuclear reprogramming
process.

Our stochastic model of oncometabolic nuclear reprogramming is formulated in terms of a
continuous-time Markov process governed by the corresponding master equation [1], which
determines the temporal evolution of the probability density function P(X,#) for the random
variable X(7).
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X is a random vector whose components correspond to the number of cell states present in our
system at time ¢. X(¢) is therefore the state vector of the network whose components are the
number of each element involved in the dynamics of the nuclear reprogramming gene
network (i.e., the number of molecules of each transcription factor, the number of available
binding sites left in the promoter of each gene, and the number of binding sites bound to each
of three transcription factor dimers: OCT4-SOX2, LSG1-LSGI, and LSG2-LSG2). R is the
number of reactions or events that the system can undergo, also referred to as channels.

VK(X ) is the transition rate corresponding to channel i (i.e., the probability that the event
associated with the channel i occurs in the time interval (7,:+Af) is Wi(X(¢))At for At = 0), and
r, is the change in the state vector X when channel i fires up. In mathematical terms, the

probability that X(++Af) = X(¢) + r; conditioned to the system to be in state X(¢) at time ¢ is
given by P(X(t+Af) = X(1) + r: | X(£)) = Wi X(DAt.

In other words, the quantities VK(X ) andr, are, respectively, the transition rates and the state

vector change associated with the occurrence of the elementary reactioni. For each gene in
the reprogramming network, our stochastic model considers the following set of elementary



reactions: (i) reversible binding of transcription factor dimers to free binding sites in the
promoter region, (ii) uninduced protein synthesis, (iii) protein degradation. For the stemness-
related transcription factors specifically, we consider a fourth elementary process, namely
induced protein synthesis, whereby OCT4 and SOX2 proteins are synthesised independently
of the binding of the OCT4-SOX2 heterodimer to their promoters. A detailed description and
model of the different processes involved in our stochastic model of oncometabolic nuclear
reprogramming follows.

1. Model of the gene regulatory network

Models of gene regulatory networks controlling cell differentiation have generally been
studied in terms of mean-field (i.e., deterministic) high-dimensional switches, particularly in
the context of competitive heterodimerisation networks (Cinquin and Demongeot, 2005;
Cinquin and Page, 2007). Instead, our stochastic model of oncometabolic nuclear
reprogramming is based on premises regarding transcription factor binding to gene promoters
that have been proposed by the MacArthur’s group (MacArthur and Lemischka, 2013;
MacArthur et al., 2008).

As mentioned above, our stochastic model considers the pluripotency genes OCT4 and SOX2
and two lineage-specific genes (LSGs). The stemness-associated transcription factors OCT4
and SOX2 upregulate each other and downregulate the expression of the LSGs. The OCT4
and SOX2 protein products form a dimer that binds to the gene promoters of the network;
when the OCT4-SOX2 dimer binds to the promoters of OCT4 and SOX2, the OCT4-SOX2
dimer upregulates the expression of OCT4 and SOX2. If, by contrast, the OCT4-SOX2 dimer
binds to the promoters of LSGs, the OCT4-SOX2 dimer downregulates the expression of
LSGs. Our model also considers the induction of the expression of OCT4 and SOX2
independently of the binding of OCT4-SOX2 dimers to their promoter regions, which makes
it possible to model the original Yamanaka mechanism (Takahashi and Yamanaka, 2006;

Takahashi et al., 2007), where reprogramming is achieved by transfection with retroviruses
encoding the RNA of OCT4 and SOX2.

The stoichiometric equations for the processes involved in the regulation of the OCT4
promoter region are as follows:

* Reversible binding of dimers to free binding sites in the promoter region of OCT4:

F,+0+S§ < B,, g
Fy+L+L, < B,
Fo+L,+L, < By, , 2]

* Uninduced protein synthesis of OCT4:



Byos = O [3]

* Degradation of the OCT4 protein:
00— [4]

* Induced synthesis of the OCT4 protein:
F—0 5]

Similarly, the stoichiometric equations for the processes involved in the regulation of the
SOX2 promoter region are as follows:

* Reversible binding of dimers to free binding sites in the promoter region of SOX2:

Fs+0+S8 < By, ¢
Fg+L,+L, < B,
Fs+L,+L, < By, , [6]

* Uninduced protein synthesis of SOX2:
Bsys =S [7]

*  Degradation of the SOX2 protein:
S—=0 8]

* Induced synthesis of the SOX2 protein:
d—=S 191

Each of the LSGs self-upregulate and downregulate the expression of the other LSGs as well
as of the stemness transcription factors OCT4 and SOX2. The protein products of the LSGs
form homodimers (LSG1-LSG1 and LSG2-LSG2) and heterodimers (LSG1-LSG2) that bind
to the gene promoters; when the LSG homodimers binds the corresponding promoter, it self-
upregulates the expression of the corresponding LSG. If the LSG homodimer binds to the
promoter of the other LSG, the LSG homodimer downregulates the expression of the other
LSG. The LSG heterodimer always represses the expression of the corresponding LSG,
regardless of which promoter it binds to. All the possible LSG dimers repress the expression
of the stemness factors. The stoichiometric equations corresponding to the dynamics of the
LSGs are as follows:



* Reversible binding of dimers to free binding sites in the promoter regions of LSGs:

F+0+t§S< B,
F+L+L < B,
FE+L,+L,<B,, [10]

* Synthesis of LSG proteins:

B, =L, [11]
* Degradation of LSG proteins
L —O [12]

where i=1, 2.

The details of how we model the dynamics produced by these stoichiometric reactions and,
more importantly, how the models for gene and epigenetic regulation are coupled follow.

1.1. Activation and downregulation of transcription: Competitive inhibition. Here, we
provide details of how we model the stoichiometric processes [2], [6] and [10]. Regulation of
transcription is achieved using a model where the transcription factors of each gene in the
minimal regulatory network compete for the binding sites in their promoter regions (Fig. 1A,
bottom panel). Upon dimerisation, the protein products of the stemness-related transcription
factors OCT4 and SOX2 and of each LSG bind to the promoter region of the different genes in
the network. Dimers of OCT4-SOX2 proteins that bind to the promoter regions of OCT4 and
SOX2 upregulate their transcription, whereas dimers made out of combinations of LSGs
repress the transcription of OCT4 and SOX2. Similarly, LSG homodimers (LSG1-LSG1 and
LSG2-LSG2) bound to the promoters of the corresponding LSGs promote their self-
expression. By contrast, binding of any other dimer represses the expression of LSGs.

To model the processes of binding and unbinding, we used the standard law of mass action
kinetics (Gillespie, 1976). We made two simplifying assumptions, which we argue should
have solely minor quantitative effects without altering the qualitative properties of the system.
First, we did not explicitly consider the transcription factor dimerisation process. Instead, we
assumed that the whole process of dimerisation and dimer binding to the corresponding
promoter region can be subsumed under ternary reactions. Thus, under the usual fast kinetics
assumption for the formation of the dimer, when the dimer and its components are assumed to
be in equilibrium (MacArthur et al., 2008), this approximation should have only minor
effects. Second, we did not consider the formation of LSG1-LSG2 heterodimers. The



resulting transition rates are given in Tables S1, S2 and S3 for the promoter regions of OCT4,
SOX2 and the LSGs, respectively.

Table S1

Transition rate AO AS AF, A B,os AB,., AB,,, Description

W,, =k, OSF, -1 -1 -1 +1 0 0 O-S binding

W,y =k,Boos +1 +1 +1 -1 0 0 O-S unbinding
Transition rate AL AL AF, AB,,s AB,, AB,,,

W, =k,L, (Ll - 1)FO -2 0 -1 0 +1 0 L; dimer binding
W, =k,B,, 2 0 +1 0 -1 0 L, dimer unbinding
W.=k.L,(L,-1)F, 0 2 -1 0 0 +1 L; dimer binding
Wi = ki¢Boss 0 +2  +1 0 0 -1 L, dimer unbinding

Transition rates corresponding to the stochastic model of competitive transcription
factor binding to the promoter region of Oct4 (Equation [2]). O, S, L; and L refer to the

numbers of OCT4, SOX2, LSGI and LSG2 proteins. B, , B, _and B, , are the
numbers of sites in the promoter region of OCT4 bound to OCT4-SOX2 dimers, LSG1 dimers
and LSG2 dimers, respectively. F, is the number of free (i.e., unbound) sites in the OCT4
promoter. AO, AS, AL ,AL,,AF,,AB,, ,AB,_ and AB,, , are the components of

the state change vector corresponding to each channel. The remaining components of the state
change vector have not been explicitly stated in this table, as they do not affect these reactions
and are identically zero.

Table S2
Transition rate AO AS AF, A Bg,s AB;, AB;,, Description
W,, = k,;OSF -1 -1 -1 +1 0 0 O-S Binding
Ws =kisBso s TS TS TS 0 0 0-S Unbinding
Transition rate A Ll A L2 AF, A Bs,o-s A BS,I—I A Bs,z_z
w,=k,L(L,-1)F, 2 0 -1 0 +1 0 L; dimer binding
W = ko Bsy 20 4+ 0 1 0 L; dimer unbinding
w, =k, L(L,-1)F, 0 -2 -1 0 0 +1 L, dimer binding
W,, =k,Bs, , 0 +2 +1 0 0 -1 L, dimer unbinding

Transition rates corresponding to the stochastic model of competitive transcription
factor binding to the promoter region of Oct4 (Equation [6]). O, S, L; and L refer to the



numbers of OCT4, SOX2, LSG1 and LSG2 proteins. By, ¢, B, and B, _, are the numbers
of sites in the promoter region of SOX2 bound to OCT4-SOX2 dimers, LSG1 dimers and
LSG2 dimers, respectively. Fgis the number of free (i.e., unbound) sites in the OCT4
promoter. AO,AS,AL ,AL ,AF,,ABg, ¢,AB;  and ABy, , are the components of the

state change vector corresponding to each channel. The remaining components of the state
change vector have not been explicitly stated in this table, as they do not affect these reactions
and are identically zero.

Table S3
Transition rate AO AS AF, AB,, AB,, AB,, Description
W sis(i1) = K1) OSF, -1 -1 -1 +1 0 0 O-S binding
Wsie(ia1) = Kaaesi)Bio-s + 41 41 -] 0 0 O-S unbinding
Transition rate AL AL AF, AB, AB,, AB,,
Wises(iot) = Kasesn Ly (L1 - I)E -2 0 -1 0 +1 0 L; dimer binding
Wisrs(i1) = Kasre(in)Birs +2 0 +1 0 -1 0 L; dimer unbinding
Wres(ie1) = Kageg(in) Lo (L, - I)E 0 -2 -1 0 0 +1 L, dimer binding
Wsio(i1) = Koges(i)Bina 0 +2 +1 0 0 -1 L, dimer unbinding

Transition rates corresponding to the stochastic model of competitive transcription
factor binding to the promoter region of the LSGs (Equation [10]). O, S, L, and L refer to

the numbers of OCT4, SOX2, LSG1 and LSG2 proteins. Bi,O—S , Bi‘l_1 and Bﬂ_2 are the
numbers of sites in the promoter region of the LSGs bound to OCT4-SOX2 dimers, LSG1
dimers and LSG2 dimers, respectively. F)is the number of free (i.e., unbound) sites in the

LSGs promoters. AO, AS, AL, AL, AF,, AB,, s, AB,_ and AB,, , are the components

of the state change vector corresponding to each channel. The remaining components of the
state change vector have not been explicitly stated in this table, as they do not affect these
reactions and are identically zero. The index i (i= 1,2) spans the set of the different LSGs
considered.

The reactions [2], [6], and [10], whose transition rates are given in Tables S1, S2, and S3,
respectively, are such that the total number of binding sites within the promoter region of each
gene must be conserved, i.e., the following balance equations must be satisfied:

Fo+Byos tBy, v By, =1, [13]
Fs+Bg, g+ By, +Bg, , =T [14]
F+B,,stB,, ,tB,,=T, Al) [15]



Fy+B,,stB,,,+B,,,=T, (Az) [16]

The above equations, particularly [15] and [16], are of crucial relevance for the formulation of
our stochastic model, as they incorporate the coupling between genetic and epigenetic
regulation. Specifically, we consider that the LSGs are under epigenetic regulation and that
the number of binding sites within the promoter regions of LSGs that are accessible to
transcription factors at every given time, 7; and 7>, are determined by the acetylation status.
As a first approximation, we consider the case where 7, = C;4; and T, = C»A4,, where C; and
C, are constant. By contrast, we consider the case where 7Ty and T are constant. The process
of introducing the model for protein synthesis and degradation is described in section 1.2 (see
below).

1.2. Uninduced and induced protein synthesis and degradation. We proceed further by
introducing the model for protein synthesis and degradation. We should first consider the
stoichiometric processes described by equations [3], [4] and [5], which include protein
synthesis and degradation of OCT4. The equation [3] describes the uninduced protein
synthesis of OCT4. Because the transcription of OCT4 is upregulated by the binding of
OCT4-SOX2 dimers to the free sites within the OCT4 promoter, we model the synthesis of
the OCT4 protein by assuming that its probability rate is proportional to the number of OCT4-

SOX2-bound sites ( B,,_g ). It is relevant to note that uninduced synthesis of OCT4 requires

the presence of OCT4 protein, i.e., in the absence of OCT4 protein, Bo,o-s = 0, and

consequently, no synthesis of OCT4 occurs. By contrast, the induced synthesis of OCT4

occurs at a constant rate, R;, independently of B which means that there is a positive

00-5 »
probability of induced synthesis of OCT4 at all times. These two processes give rise to a
global rate of OCT4 synthesis given by W; = k;Bo,0 - s + R; (see Table S4). The degradation
process is modelled by the standard first-order decay kinetics (as shown in the W>-entry of
Table S4). The principles for SOX2 synthesis and degradation are exactly the same as for
OCT4. The dynamics of LSG synthesis and degradation are also determined by the same
kinetics, except that we do not consider induced synthesis for the LSGs.

Table S4

Transition rate AO AS AL AL Description
W,=kB,, s tR +1 0 0 0 Oct4 synthesis

W, =k,0 -1 0 0 0 Oct4 degradation
W,=k,Bg, s tR 0 +1 0 0 Sox2 synthesis

W, =k,S 0 -1 0 0 Sox2 degradation
Wi =kB, 0 0 +1 0 LSGI1 synthesis
W, =k, 0 0 -1 0 LSGI degradation



W,=k,B,,, 0 0 0 +1 LSG2 synthesis
Wy = kgL, 0 0 0 -1 LSG2 degradation

Transition rates corresponding to the stochastic model of competitive transcription
factor binding to the promoter region of the LSGs (Equation [10]). O, S, L, and L refer to

the numbers of OCT4, SOX2, LSGI and LSG2 proteins. B,, ;, B;,_jand B,,, are the
numbers of sites in the promoter region of the LSGs bound to OCT4-SOX2 dimers, LSG1
dimers and LSG2 dimers, respectively. F)is the number of free (i.e., unbound) sites in the

LSGs promoters. AO, AS, AL and AL, are the components of the state change vector

corresponding to each channel. The remaining components of the state change vector have not
been explicitly stated in this table, as they do not affect these reactions and are identically
ZEerO0.

2. Epigenetic regulation of the lineage-specific genes (LSGs)

Our stochastic model of oncometabolic nuclear reprogramming is a generalisation of the
epigenetic model proposed by Dodd et al. (2007), which considers nucleosome modification
as the basic mechanism for epigenetic cell memory. Nucleosomes are assumed to be in one of
three states, namely methylated (M), unmodified (U) and acetylated (4), and the dynamics of
the model is given in terms of the transition rates between the M, U, and A nucleosome states.

As originally postulated by Dodd et al. (2007), our model considers direct transitions between
M and A4 to be highly unlikely. Instead, our models assume that transitions occur in a linear
sequence [17] in which M nucleosomes can only undergo loss of the corresponding methyl
group to become U nucleosomes, which can then, through the intervention of the
corresponding histone-modifying enzyme, acquire an acetyl group to become 4 nucleosomes,
and vice versa.

M <U <4 [17]

1

The subindex i in [17] spans the set of LSGs considered (in the current model i= 1, 2).

Nucleosome modifications are of two types, namely recruited and unrecruited. A recruited
modification refers to a positive feedback mechanism where change in the modification status
of the nucleosome is facilitated by the presence of other modified nucleosomes (i.e., by the
presence of other methylated or acetylated nucleosomes). Mathematically, a recruited
modification is expressed through a non-linear dependence on the number of M-nucleosomes
and A-nucleosomes of the corresponding transition rates (see Table S5). An unrecruited
modification refers to nucleosome modifications whose probability is independent of the
modification status of the other nucleosomes. The corresponding transition rates are given in
Table SS.



Table S5

Transition rate AM, AU, A4 Description

Wissia) = Kssasonya M 4, -1 +1 0 Recruited nucleosome demethylation
Wiss(ia) = Kagesym M, U, +1 -1 0 Recruited nucleosome methylation
Wiesm) = KspsnhaM; 4, 0 +1 -1 Recruited nucleosome deacetylation
Wigesior) = kagegysM U, 0 -1 +1 Recruited nucleosome acetylation
Wiges(ia1) = KsorsiyM -1 +1 0 Unrecruited nucleosome demethylation
Wiisa) = KapssnmU, +1 -1 0 Unrecruited nucleosome methylation

W sois(i-1) = Kaousi)4; 0 +1 -1 Unrecruited nucleosome deacetylation
W) = Kaps(iyis U, 0 -1 +1 Unrecruited nucleosome acetylation

Transition rates corresponding to the stochastic model of epigenetic regulation. M, U,
and A with i=1,2 are the number of methylated, unmodified, and acetylated nucleosomes

corresponding to the LSGi. AM,, AU, and A4, are the components of the state change

vector corresponding to each reaction channel. The remaining components of the state change
vector have not been explicitly stated in this table, as they do not affect these reactions and are
identically zero.

We added an additional element to the model by Dodd et al. (2007). Nucleosome
modifications are mediated by four types of enzymes, namely histone methyltransferases
(HMT) and histone acetyl transferases (HAT), which mediate methylation and acetylation,
and histone demethylases (HDM) and histone deacetylases (HDAC), which catalyse
demethylation and deacetylation. The activities of HAT, HMT, HDM and HDAC are
accounted for by the parameters 4, A3, h; and hy, respectively (see Table S5). These enzymes
play a pivotal role in our stochastic model of oncometabolic nuclear reprogramming, as their
activity status is the coupling effector between a given metabolic feature (i.e.,
oncometabolites) and the regulatory differentiation/reprogramming system. In particular, we
considered the metabolo-epigenetic connection originally proposed by Thompson’s group (Lu
and Thompson, 2012; Lu et al., 2012). They were pioneers in showing that, whereas the wild-
type form of the IDH enzymes helps cell differentiation to proceed normally by providing
HDMs with the corresponding cofactors, the activity of the mutant form of the IDH enzyme
drastically hinders HDM activity. The wild-type IDH enzyme catalyses the interconversion of
isocitrate and alpha-ketoglutarate (0 KG) in cytosol or mitochondria, whereas the neomorphic
activity of the mutant form of IDH produces the oncometabolite 2HG from aKG. As the
differentiation process is regulated by oKG-dependent HDMs, such as JHDM, the
oncometabolite 2HG effectively reduces HDM activity to lock /DH mutated-cells in a state
poised for the acquisition of pluripotency.



We postulated that our stochastic model should be able to simulate how oncometabolite-
induced reduction of HDM, along with the activation of reprogramming stimuli (i.e., the
stemness-related transcription factors OCT4 and SOX2), actually leads to a significant
increase in the speed and efficiency of the nuclear reprogramming phenomenon.

10



Supplemental experimental procedures

A. The stochastic model

We employed two different techniques to analyse the diverse aspects of our stochastic model
of oncometabolic nuclear reprogramming, namely, direct numerical simulation using
Gillespie's stochastic simulation algorithm (SSA) (see section A. 1) and the semiclassical
approximation (see section A. 2). Gillespie's SSA was utilised to study the kinetics of the
reprogramming process, whereas the semiclassical approximation enabled us to explore issues
such as the enlargement of the basin of attraction of the stemness state upon oncometabolic
reduction of HDM activity.

A. 1. Gillespie's stochastic simulation algorithm. Gillespie's SSA is a numerical simulation
technique that enables us to generate exact sample paths whose probability density is the
solution of the master equation [1]. The SSA is a standard technique in the simulation of
Markov stochastic processes, and therefore we will not provide a full description here. In
short, the algorithm is based on a reformulation of the process described by the master
equation, whereby its evolution is driven by the iteration of the following two steps: (i)
generation of the exponentially distributed waiting time until the next event and (ii) random
selection of the reaction channel to fire up once the waiting time has elapsed (Gillespie,
1976). We used the SSA to produce the numerical results corresponding to the process
determined by the reaction rates given in Tables S1, S2, S3 and S4, as shown in Figs. 1B-D,
2A and S3.

A. 2. Semiclassical approximation: optimal reprogramming paths. An alternative way to
analyse the dynamics of continuous-time Markov processes on a discrete space of states is to
derive an equation for the generating function, G(p,’ p",t) of the corresponding

probabilistic density:

Gy, 20t)= 3 1y P2+ P, 1) [18]

where P(xl,...,xn,t)= P(X?) is the solution of the master equation (1). P(xl,...,xn,t) satisfies

a partial differential equation that can be derived from the master equation [1]. This partial
differential equation (PDE) is the basic element of the so-called momentum representation of
the master equation (1). The corresponding PDE can be solved explicitly only in a few simple
cases. However, although closed analytical solutions are rarely available, the PDE for the
generating function admits a Wentzel-Kramers-Brillouin (WKB) perturbative solution (Assaf
et al., 2010; Dykman et al., 1995; Kubo et al., 1973).

11



The (linear) PDE that governs the evolution of the generating function, which is derived from

the master equation (1) by multiplying both sides by p;* p;2 --- p.» and summing over all the

values of X = (xl,. X, ), can be written as follows:

oG
—=H(p1 ..... D0, eees apl (p1 ..... pn,t) [19]

where the operator H is determined by the reaction rates of the master equation [1].
Furthermore, the solution to this equation must satisfy the normalisation condition

G( p,=L...p, = l,t)= Ifor all ¢. This PDE can be solved analytically only in a few simple

cases. However, although closed analytical solutions are rarely available, the PDE for the
generating function admits a WKB perturbative solution (Assaf et al., 2010; Dykman et al.,
1995; Kubo et al., 1973).

From the mathematical point of view, [19] is a Schrédinger-like equation, and, therefore,
there is a plethora of methods at our disposal to analyse it. In particular, when the fluctuations
are assumed to be small, it is common to resort to WKB perturbation expansion of the
solution of [19]. This approach is based on the WKB-like Ansatz that

G(pl,...,pn,t)=e_S(pI""’p"’t). By substituting this Ansatz into [19], we obtain the

following Hamilton-Jacobi equation for the action § ( DPireeos Dy t):

oS oS oS
—=-H|p,...p,,—ee,— [20]
ot op, ap,

Instead of directly seeking the explicit solution of [20], we exploit the Hamilton approach by
using the Feynman path-integral representation, which yields a solution to [19] of the
following type (Feynman and Hibbs, 1965; Dickman and Vidigal, 2003; Téauber et al., 2005):

t
G(py,vre pyt)= [Pl 0%) D)D) 21]
0

with S(pl,...,pn,ql,...,qn)given by:

t

S(preer 2 )= [| = H (P12 414, )+ Zﬁi(S)q,-(S))+S(p1,---,pwt=0) 122]

0

where the position operators in the momentum representation are defined as gi = dp,, with the

commutation relation[ pi, gj]= 0 i. ;-

12



The so-called semi-classical approximation consists of approximating the path integral in [21]
by Sakurai (1994):

G<p1"“’pn’t):e_SO|-p1,.”’pn’tJ [2’3]

where So( Dy P, ,t) is the functional action calculated by integrating [22] over the solution

of the corresponding Hamilton equations, i.e., the orbits that maximise the action S :

dp, _ -oH [24]
dt aq,

dq, _ oH [25]
dt  dp,

where [¢i, p/] are the generalised coordinates corresponding to chemical species i= 1,....,n.
These equations are formally solved with boundary conditions ¢i(0)= n:(0) such that
pi(t) = p (Elgart and Kamenev, 2004).

This approach has been recently applied to the analysis of complex protein-interaction
systems involving separation of time scales. In particular, the semi-classical approximation
has been used to formulate a stochastic version of the quasi-steady approximation (Alarcon,
2014), a framework that we use to simplify the analysis of our system.

A.2.1. Quasi-steady state approximation. The system of Hamilton equations [24] and [25]
with Hamilton given by equations [A2] to [A9] is far too complex to analyse. To gain insight
into the behaviour of the system, we simplify it by performing a quasi-steady state
approximation (QSSA). This technique has been extensively used in biochemical modelling
(Keener and Sneyd, 1998) and relies on the existence of different time scales whereby one can
distinguish between slow and fast variables. Once one has sorted the system variables
according to this criterion, one proceeds to make an adiabatic approximation where the fast
variables are assumed to be in equilibrium with the slow ones. This procedure reduces the
dimension of the system (i.e., number of variables) as well as the number of independent
parameters to be determined.

We have recently developed a stochastic QSSA for the semi-classical treatment of complex
networks of protein/gene interactions based on the Briggs-Haldane analysis of the Michaelis-
Menten system for enzyme catalysis (Alarcon, 2014). According to this analysis, a systematic
separation of the system variables into slow and fast can be achieved provided that the
number of enzyme molecules is much smaller than the number of substrate molecules. To
apply the method put forward in Alarcon (2014) to our current stochastic model, we make the
following assumption regarding the characteristic scales for the different values of our
stochastic formulation: we assume that the number of all the proteins in our model, i.e., O, S

, Lyand L, and their counterparts in the semi-classical approximation q1,¢3,¢sandq7, have

13



the same characteristic scales, which we denote by yo. Therefore, once transient regimens

have been overcome,

x =4 -0(1)i=13,57 26]
Yo

We further assume that the quantities 7o, 7s,7:and 7> (see equations [13] to [16]) are all of
the same order of magnitude and all have the same characteristic scale, To. Tois the natural
scale for the variables corresponding to the free and bound binding sites in the gene promoter
regions as well as for the epigenetic regulation variables (A, Uiand Aior the counterparts

qi,i=22,....,27),1.e.,:

x =L -001)i=13,57 [27]
TO
The separation of time scales necessary to apply the QSSA emerges if we assume the
following:
e=T,<<1 [28]

To proceed further, we consider the Hamilton equations [24] and [25] and re-scale the time

variable,7 = k,,T,y,t, and the Hamiltonian H, (p, q)= k, T,y H, (p,x), where x, are the re-

scaled variables defined in [26] and [27]. When re-scaling the Hamiltonian, the parameters &,
featured in [A4] and [A9] must also be re-scaled and are thus substituted by the corresponding

parameters K; given in Table S6. For simplicity, we split the re-scaled Hamiltonian into two
contributions, ( )2 x) =H, ( D x)+ H,, ( D x), which  we analyse separately.
H gy (p,x) =Hg, (p,x)+ Hy (p,x)HPS (p, x)+ EH}? (p, x) is the Hamiltonian associated with

gene regulation, and H ER(p,x)zEH £ (p.x) is the Hamiltonian corresponding to the

epigenetic regulation of the LSGs.

Table S6

Re-scaled parameter

o= s
1 knToyg
k, If i=2,4,6,8
Ki =
kT, v,
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ok, Ifi=13,15,17,19,21,23,25,27,29,31,33,35

[ ki,
. - kT, If i=35+8(j-1),36+8(3-1),37+8(j-1),38+8(j-1), j=1,2
l k.,
. - k, If i=39+8(j-1),40+8(j-1),41+8(j-1),42+8(j-1), j=1,2
l k.,
k, otherwise
Ki = 3
ki yo

Re-scaled parameters that result upon re-scaling of the Hamiltonian (A2):
H(p.q)=k, T,y H,(px)

The QSSA for the gene regulation Hamiltonian, H ., ( D x), derived in detail in Appendix B,

is given by the following system of ordinary differential equations:

dx K ?ox x
dr i 2 P 1 PR PR 24
24— xx, - Bxl B X
12 14 16
dx U.x,x
3 _ 17 SA143
Jr =P, T DK, P T Ky Xy [30]
18 14 217 1x3+ix52+ix72
18 20 Ky
dx K ﬁ(x )x2
5 25 1\ g s
E— péKS — —K6x5 [31]
26 1+ 23 1x3+ 25 52+ 27 72
Ky 26 Ky
dx K K (x )x2
7 _ 31 2 A7 Mg
E = 8K7 K— —K8X7 [32]
30 34 K3

for the re-scaled number of Oct4, Sox2, LSG1 and LSG2 proteins, respectively, where we
have defined o, =7, /T, 9, =T,/T, ¥, =T,/T, and ¥, =T, /T, . It should be noted that x,,

and x,,are the re-scaled canonical coordinates corresponding to 4 and 4,, ie., the

acetylation levels of LSG1 and LSG2, respectively. The corresponding QSSA for the
momenta yields the following results:

p=p;=ps=p,=1 [33]
Pr=Piw=Pu~Pin"6C [34]
Py=Pi3 =Py~ P15 =Cs [35]

15



Ps = Pis = P17 = Pis =€ [36]
Ps = P19 = P2~ P2 =6 [37]
where ¢,, ¢, ¢;, ¢, are given in Appendix C, where we show that they are determined by

the distribution of the number of binding sites in the promoter region of the respective genes
in a population of cells.

To close the QSSA system equations [29] to [32], it is necessary to determine the dynamic of
X,y andx,,, for which we turn now to the analysis of the epigenetic Hamiltonian,
HER(p,x)=HE1 (p,x)+HE2 (p,x) (see Appendix A). A direct numerical solution of the
corresponding Hamilton equations [24] and [25] shows that forXx,,, x,,and x,,to remain

positive, the corresponding momenta must satisfy the following:

D2y = Pz = Pyy = CONSL.= Cp, [38]
Das = Py = Py = CONSL. = Cpp, [39]

where the constants ¢, and c,, are resolved in Appendix C, where we show that they are

determined by the distribution of the number of modification sites in the nucleosomes of the
respective genes in a population of cells. Considering this fact, we can write the

corresponding evolution equations forx,,, x,, and x,,and x,., x,. and X, :
22 23 24 25 26 27

dx22

dr = _K35hzcE1x22x24 —K39Xp +K36h1051x22x23 K, Xy [40]
dx24=—l(hcxx = Ky Xy T Ko h:C o Xy Xon + K, Ha X [41]
dT 377724~ E V227124 40724 38" 3FE 7247723 427°37v23
Xy =l=x, =Xy, [42]
and
dx25=—l( NyCr X Xy = Ky X F K, 1 C o X X K ol X [43]
dT 43774~ Ep V257126 47°%25 4471 Ep ¥ 257727 497"17V26
dx27=—l( NyCr X Xorr — K yuXom + K H2C . X X F Ko X [44]
dT 45774~ Ep 7 257%27 4827 46""3~ Ep7¥277726 503726
Xy =1 =X55 =Xy, [45]
respectively.
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A. 3. Parameter values

The last element that remains to be addressed regarding our model formulation concerns the
values of the biophysical parameters (e.g., binding and unbinding rates, protein synthesis and
degradation rates) that determine the behaviour of our system. To fix the value of the
parameters in our model, we require the following three properties be satistfied:

(1) The epigenetic regulation models, equations [40] and [41] and [43] to [45], should be
in their bistable regimes, where two stable steady states corresponding to methylated
and acetylated states exist.

(2) A baseline scenario must exist where the acetylated states of both LSGs are the more
stable ones, which, in turn, should give rise to cells that exist in a differentiated state.

(3) The gene regulation model, equations [29] to [32], must be such that, in the baseline
scenario, three stable steady-states exist: a pluripotent state, x,, such that the

stemness-related genes (OCT4 and SOX2) have positive levels of expression and the
LSGs are not being expressed, and two differentiation states, x; and x,, where LSG1

and LSG2, respectively, have positive levels of expression, whereas all the other genes
have vanishing levels of expression.

Our so-called baseline scenario is characterised by (i) normal levels of the oncometabolite
2HG (i.e., normal activity of the histone de-methylating enzymes) and (ii) no induction of the

stemness-related genes (i.e., p, = P, =0). These requirements are not sufficient to uniquely

determine the values of all the parameters in our model, but they help us establish the region
of parameter values where our stochastic model makes biological sense.

To further simplify the analysis and without loss of generality in our results, we assume the
following: (i) all the dimer-promoter binding constants are the same; (ii) all the dimer-
promoter unbinding constants are the same; (iii) all the gene products are synthesised at the
same time; and (iv) all the proteins are degraded at the same rate. We make a similar
simplifying assumption regarding the epigenetic regulatory system, namely, that all the rates
corresponding to recruited modification have the same value. Similarly, all the rates of
unrecruited modification are assumed to have the same value.

The conditions that the parameter values of our stochastic model must satisfy for the three
properties listed above are derived in Appendix D and Appendix E. Parameter values
satisfying such conditions and compatible with the baseline scenario are given in Table S7.
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B. Experiments on living cells

Seeding onto MEF feeder layers (6-well plates)

20.000 cells/well

Alkaline phosphatase (AP) staining
& counting of AP-positive colonies

Number of hESC-like colonies

Retroviral infection

od MCF10A 6d 20d
medium

| Colony pick up

—)  Live-cell staining
& imaging of TRA-1-60

103 or 104 cells/well

Seeding onto Matrigel-coated 96-well plates

Figure S1. A timeline for the overall iPS cell derivation protocol employed in the proof-of-
concept validation experiments on living cells is outlined.
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Supplemental appendices

APPENDIX A. The Hamiltonian function

As the master equation [1] is linear, we can arrange it by splitting its right-hand side operator

as follows:

=43

[A1]

where the first summation corresponds to the processes described in Table S4, i.e., protein
synthesis and degradation. The second to fifth summations correspond to the competitive
binding to the gene promoters as given in Tables S1, S2 and S3. The last two summations in
[A1] correspond to the dynamics of epigenetic regulation of each of the LSGs and are

determined by the rates given in Table S5.

To obtain the corresponding Hamiltonian, we begin by multiplying both sides of [A1] by

Day»e-+» Doy and sum over all the possible values of the state vector X =(0, S, ...,U,, 4,). This

procedure yields a partial differential equation for the probability generating function,

G(p,»--» D7), of the type of equation [19], where the time evolution of the generating

function is driven by the operator G(p,,,..., Ps7, Opl,...,0p27). The representation of this

operator where d,: are represented by g, = dpi yields the Hamiltonian corresponding to [A1].

Following the arrangement of [A1], the Hamiltonian H_ ( p,q), can be written as follows:

H,(p.x)=Hy(px)+ Hy, (p.x)H o (p.x)+ ¥ H (p.x)+ Hy, (p.x)

[A2]
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where HPO(p,q), HPS(p,q), Hpi(p,q), HSD(p,q) and HEi(p,q) are the Hamiltonians

corresponding to the processes described in Tables S1, S2, S3, S4 and S5, respectively. These
Hamiltonians can be easily computed from [A1] and are given by:

HSD<prq): kzpz(pl _1)% +R(p1 _1)+
kZ(l_pl )‘11 +k3p4(p3 _1)94 +R(p3 —1)+k4(1—p3 )43

+k;pg (ps - 1)96 ths (1 = Ps )% +k;, pg (p7 - I)QS thy (1 — Py )% [A3]

where the pairs (p,,q,) with i=1, ..., 8 are the generalised coordinates corresponding to O,

Boos>Ss Bsoss Ly, By, L, and B, , ,, respectively,

HPO (p’Q): ku(pz = P9oPro )%%o +

k12(p9p10 D )92 th; (pll —p52p10 )952%0 tk, 52p10 _pn)qn
+k15(p12 _p72p10 )%2‘]10 Tk (p$P10 — P )q12 [A4]

where (p, ,q,) , i=10, 11, 12 are the generalised coordinates corresponding to F,,, B, and

B,,_, , respectively,

HPS (pJQ): ki (p4 ~PoPr3 )%%3 +

ks (p9p10 2 )Q4 Tkio\p1y —p§p13 )952%3 tky 52p13 —Pua )qm
+k21(p15 _pgpm )%26]13 +k22(p$p10 — Pis )%5 [AS]

where (p;,q,) , i= 13, 14, 15 are the generalised coordinates corresponding to F, By, , and

By,_, , respectively,

Ha (p’Q): ks (p18 —DPoPis )%%6 +

k24(p9p16 —Pis )918 +k25(p6 _pszplé)qsqué +k26(p52p13 — Ps )‘76
+k,, (p17 - p72p16 )‘172%6 ko (p72p16 - Pi7 )%7 [A6]

Hfg (p’ Q): ks (p21 —PoP1o )99%9 +

k30(p9p19 — D )%1 +k31(l78 —p72p19)6172q19 tk;, (p72p19 —Ds )qx
+ks; (pzo _p52p19 )%2‘]19 + ks, (p52p19 — P )‘120 [A7]
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where the pairs (p,, ¢;) with i=16, ..., 21 are the generalised coordinates corresponding to

F., B,,.B,s, F,,B, jand B, , crespectively. Finally, the Hamiltonian functions

corresponding to the epigenetic regulation of the LSGs (see Table S5) are given by:

HE1 (p, Q): (p23 — P Xk35h2p24Q22Q24 T k399 )+ (pzz — P2 )(k36h1p22422Q23 +hk, gy )
+ (pzs — P )(k37h4p22q22q24 K09 )+

[A8]
(p23 —Pu )(k38h3p24%2‘b4 kg, )

Hy, (p,Q) = (st — Pas )(k35th27Q25Q27 k39955 )+ (st — P )(k36h1pzsqzs%6 Tk, )
+ (p26 — Py )(k37h4p25q25q27 k4 )+ (p27 — P )(k38h3p27%5927 Tk, g ) [A9]

The pairs (p,, g;) with i= 22, ..., 27 appearing in [A8] and [A9] are the generalised

coordinates corresponding to M, U, 4,, M,, U,and 4,, respectively.
APPENDIX B. QSSA of the Hamilton equations for the gene regulation Hamiltonian
We begin QSSA analysis by studying the gene regulation Hamiltonian, /., ( D x). By

introducing re-scaled variables and the re-scaled gene regulation Hamiltonian in [24] and
[25], we obtain:

dp, OH Gp
§ —t=—_y —O% [B1]
"dt Yo ax
dx oH
Sl i y() GR [BZ]
d op;

where i=1, ..., 21 (i.e., all the variables except the ones characterising the epigenetic states
of the LSGs) and

s; = y,if i=1,3,5,7 (T, otherwise), [B3]

which separates the variables of our system into slow variables:

ap; _ = 0Hg [B4]
dt ox;

ax;, _ 0Hg [B5]
dr  dp,

i=1,3,5,7, and fast variables:
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dp, -0H
o Wi _ ~9H g

[B6]
dt ox,
g P Hen [B7]
dr  0p,

otherwise. Finally, the QSSA system is given by:

dp; _ —0H g, [BS]

dt ox;

ax;, _ 0Hg [BY]

dr  dp,

0=_"Hax [B10]

ox;

0= [B11]
ap;

for i=13,5,7 _

In addition, we also have several constraints that help us solve the QSSA system [B8] and
[B9]:

(i) Our system is conservative, and therefore H (p(t),x(t)) must be constant along the
solutions of [B8] and [BY], i.e., H (p(t),x(t))ZEGR . E, is an arbitrary quantity, so for

simplicity, we choose E, =0.

(i1)) We also need to consider the constraints regarding the number of binding sites in each
promoter region. In re-scaled variables, [13] to [16] read:

X, +x,,tx,+x,=17, [B12]
X, Fx; X, X =0 [B13]
XgtX5TX, X, =0, [B14]
Xg+x,tx,,+tx,, =13 [B15]

where O, =T, /T, 9 =T;/T, 8 =T,/T, and %, =T, /T,. It is easy to verify from [B10] and
[B11] with i= 2,4,6,8 that for the conservation laws [B12] to [B15] to hold,
p, t p; + ps + p, = Imust be satisfied.
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It s also easy to  verify  that [BS] to [B11] imply  that
H, (p.x)=H, (p.x)=H,(p.x)= H, (p,x)=0. Therefore, under QSSA conditions, the gene

regulation Hamiltonian reduces to:

Hep(p.q)=Hy(p.g)=k,p,(p, - 1)g, + R
(p1 _1)+k2 (1 - D )ql th;p, (p3 _1)% +R(p3 _1)+k4<1 4 )93
+k5p6(p5 _1)% ths (1—p5 )% +k;, pg (p7 _1)% thy (1 — Py )97 [B17]

[B16]

which implies that the condition E_, =0 is trivially satisfied when p, +p,+p.+p, =1.
Furthermore, [B11] for i=2,11,12, read:

Klpz(l_p1)+K12(p1 _p1p3p10):0 [B18]
K14(p11 _pszplo)zo [B19]
K16(p12 _p72p10): 0 [B20]

which, because p,+p,+p;+p, =1, reduces to p,+p,+p,+p,=c,where c,is a

constant to be determined later in our calculation. Similarly, the fact that p, +p, +p, +p, =1

implies that:

Py=Pi3 =Py~ P15 =Cs [B21]
Ps=Pis =P = Pis =€ [B22]
Ps = P9 =Py =Py =6 [B23]

where ¢, ¢; and ¢, are constants to be determined later.

To proceed further, consider [B8], which reduces to:

dx

d—1 =p, K, p,x, —K,X, [B24]
T

dx

d_3 =P TR PyXy — KX [B25]
T

dx

d_5 = K5 PeXe — KoXs [B26]
T

dx

d_7 = K; PgXg — KgX; [B27]
T

Let us focus on [B24], which determines the time evolution of X, . Moreover, according to
[B10] with i=2,11,12, we have:
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Xy, = —— X, X3, [B28]
X T &xsleo [B29]

X, = &xfxm [B30]

_ Yy
X0
1+ _I_ K13 _|_ KIS 2
X1 X3 X1 X3 X7
12 Ky 16

[B31]

which, in turn, enables us to express X, as a function of x,, x;, x; and x; :

.- 1 T, x,x, [B32]
2
K 1 K K
S R R R LI RN LR
K12 K14 K16

Finally, [B24] and [B32] lead to [29]. The derivation of equations [30] to [32] is completely
analogous.

APPENDIX C. Determination of the values and physical interpretation of
P2 Pys P ad

This appendix is devoted to determining the values of the constants p,, p,, p, and p,, which

we need to close the QSSA of our system given by equations [29] to [32]. The procedure to
calculate the value of these quantities also enables us to describe a physical interpretation of
their meaning.

Using the fact that E_, =0 and interpreting by parts, we can re-write the action functional S
[22] as follows:

21 T dp
Sor 1,...,p21,17)=yozfxi(s{s—’ﬁ)ds-i-S(pl,...,p21,17=0) [C1]
=% Yo ds

where s, is defined in [B3]. As the QSSA implies that p.=constant for all i , the QSSA
approximation of [C1], S, ( )2 t), reduces to:
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SGRQ(pl,"'JPZLr): SGRQ(pl, e Py T= 0) [C2]

We further assume that the initial value of each of the state variables is an independent
21

random variable, which implies that SGRQ(pl,""pN,T): 2 S, (pl.,). As p,=p,=ps=p,=1,

the corresponding functions §, =S; =S§; =5,=0. The resulting S, (p,7) can therefore be

written as:
Sero (le, . -rpzl,T): So (co )+ S (cs )+ Sy (cl )+ AYR (Cz ) [C3]

where S, (C‘O) is the negative of the logarithm of the generating function of the probability

density of the total number of binding sites within the promoter of OCT4.
Ss(cs), S, (¢,)and S, (c,) are the corresponding quantities for the total number of binding

sites in the promoters of SOX2, LSGI and LSG2, respectively. To obtain this result, we used
[B21] and the well-known fact regarding the properties of the generating function of a random

variable G, ( p), which is the sum of » independent random variables given by:

GN<p)=1jG,.<p) [C4]

where G, ( p) is the generating function of the probability density of each independent random
variable (Grimmett and Stirzaker, 1992).

As [C3] implies that the total number of binding sites in each of the four promoters is an

independent random variable, we can proceed to calculate, say, c, by setting ¢g =¢, =¢, =1,
ie, Si(c;=1)= S, (¢, = 1)+SL2 (¢, =1)=0, which is equivalent to taking the marginal
probability of the number of binding sites in the promoter of OCT4, b, . The calculation of

the other three quantities, cq,c,, andc, , is completely analogous.

As an immediate consequence of the definition of the probability generation function, one can
use Cauchy’s formula to obtain the probability of the number of binding sites in the promoter

of OCT4, b, ,ie., (2)

Go(p,r)]dp ([ olpT) [ solpr)bolog(p)

e
=—f|l——ldp=— dp [C5
f pbo+1 P i p P 1C3]
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Let us now define the function f (p)through the relation Eof(p)=E0(s0(p)+Z—Ologp),

o

where E,is the average of the total number of binding sites in the promoter of OCT4.

g0 f\p
Plby.7)=—— e—() dp [Cé]

2ri p
If E,>>1, then we can apply the method of Laplace (or the method of the stationary phase)

to approximately solve the integral (Ablowitz and Fokas, 2003; Murray, 1984). According to
this method, if £, >>1, the only contribution to the integral corresponds to the value of

p =c,for which f ( p)exhibits a maximum. The value of ¢, is therefore found by maximising

f (p), Le.:

o[ Bo|  —Zbo [CT]
dp p=co E,

Similarly,

o Bsl —hs [C8]
dp p=cs E;

il '?bl [C9]
P | =, 1

Y L2 [C10]
P | p=c, E,

If we consider that the number of binding sites in each of the four promoters is distributed
according to a Poisson distribution, we have the following:

So(p)==Eo(p-1)50(p)=~(p-1) C11]
Ss(p)=-Es(p-1)s5(p)=~(p-1) [C12]
$,(p)=-E (p-1)s,(p)=~(p-1) [C13]
$,(p)=-E,(p-1)s,(p)=~(p-1) [C14]
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. . . . b
which, according to equations [C7] to [C10], yields ¢, = —% ,¢c. == ,¢, = — .
¢ 1 Y ? Eo ’ Es E1 Ez

Physical interpretation. The derivation of the previous section implies that the values of
c,,Cg,¢, and ¢, are determined by the probability distribution of binding sites in the promoter

of the corresponding gene.

The interpretation of this result is that these quantities are non-uniformly distributed over a
population of cells. Thus, we look at a population of cells, the proportion of cells with a given
number of binding sites in the promoter of, say, OCT4 is given by [C6]. In other words, each
cell randomly picked from such population will have a different value of binding sites in the
OCT4 promoter distributed according to [C6]. In the particular case that the number of

binding sites is distributed according to a Poisson distribution, we find that, for example, ¢,
depends on the ratio between the actual binding sites in a cell within the population, b, , and

its average over the population, so that individual cells are characterised by a parameter that is
determined by whether its number of binding sites in the OCT4 promoter is above, exactly
equal to, or below average.

Appendix C1. Determination of C and Cp,

To determine the values of the constants Cj and C, , we follow the same general procedure

Ey >
as in the previous case. In the main text, we have established that for
X,,,Xy; and x,, and x,, , x,, and x,,to be positive, the corresponding momenta must satisfy:

P2 = Pa3 = Doy = CONSL. = Cpy [C15]
P25 = Pag = Py = CONSL. = Cp, [C16]

These equations have the consequence that £, = H,(p,x)=0 (see equations [A6] and

[A7]), which implies, in turn, that the corresponding action functional, S.,(p,f) , can be

expressed as:

27 T

- dp.
S 22,---’p2717):y02fxi(s) S dS+SE1(pzz,---’p24’T=0)+SE1 25,---’1727:77:0)
=220 yO dT

[C17]

where s, is given by [B3]. Furthermore because all the momenta in [C17] are constant, the

epigenetic regulation action, S, ( Dy, e p27,z'), reduces to:

Sir (pzz, e Py ’77): Sk (pzz, s Py T 0)+ Sk, (pzs, sy Pry, T O) [C18]
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Following the same procedure as in the previous section, we finally obtain that Ce,and Cy, are

given by:
c ﬂ = ﬁ [C19]
E
1 dp p=cE EEl
ds -b
Cpy d—E2 - B [C20]
p p=cg Ey

where S, (p)=E 5 5g (p)is the negative of the logarithm of the generating function of the

probability density function of the number of modification sites of the LSGI gene
(reciprocally, for LSG2).

The physical interpretation is also analogous to the one in the previous section, namely, each
cell randomly picked from a cell population will have a different number of modification sites
in LSGI and LSG2, distributed according to the corresponding probability distribution
function.

Again, if the number of modification sites in LSG/ and LSG?2 is distributed according to a

b
. . . . E E
Poisson distribution, then ¢, = —Land ¢ B = —%,

Ey Ep

APPENDIX D. Stability analysis of the epigenetic regulation model in the baseline
scenario

To simplify our analysis, and without loss of generality, we assume that
Kys =Ky =Ky =Ky =d, and K3, =K, =K, =k, =d, Similarly, K, =k, =k,s =k, =d,
and K, =K, =K, =K, =d, . The steady states of the system will be expressed as given by

x'= (1 -a-p.a,p ), where « and gBare the steady-state values of x,, (normalised number of

unmodified sites) and x,, (normalised number of acetylated sites), respectively, which must

satisfy:

—d hycp, (1_0’_/3)/5_‘12(1_ﬁ_a)+d1h1CEl (1—0(—/3’)0(+d2h1a =0 [D1]
~d\hycy, (1-a—B)B-d,p+d hyc, fo+d,ha=0 [D2]

The number of steady states is determined by the intersections between the null-clines:

—d hycp, (1_0’_/3)/5_‘12(1_ﬁ_a)+d1h1CEl (1—0(—/3’)0(+d2h1a=0 [D3]
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o= d1h4CE1 (1 _ﬁ)ﬁ+dﬁ
dlcE1 (h3 th, )/3)+d2h3

[D4]

The result is illustrated in Fig. S2, in which we show the null-clines for different values of the
parameters o, =d,c,, with all other parameter values fixed. We can see that this parameter is

a bifurcation control parameter, as modifying its value drives the system from bistability (Fig.
S2 (a) and (b)) to monostability (Fig. S2 (¢)) via a saddle-node bifurcation (Strogatz, 1994).
In the bistable regime shown in Fig. S2 (a) and (b), the two stable states correspond to the

two states of epigenetic regulation: methylated (high steady-state value of x,,(x,;) and low
stationary value ofx,((x,;)) or acetylated (low steady-state value of x,,(x,;) and high

stationary value of x,(X,;)).

a b c
1 T 1 T 1 T
08 -1 09 .
0.8 - 0.8} -
0.7 - 0.7 —
06 b 06 B
05 — 05F -
04r - 04 —
03 -1 03 -
02 — 02t -
0.1 F -1 0.1} 4
0 L 0 L
u} 0.5 1 0 0.5 1
o oL

Figure S2. Plots showing the null-clines corresponding to the epigenetic regulation
system (40) and (41) for different values of 0, . Panel (a) corresponds to 0, = 0.054, panel

(b) to §, = 0.026, and panel (c) to 0, = 0.0054. Other parameter values are taken from Table
E1l.

Our baseline scenario also requires that, in the absence of OCT4 and SOX2 induction and
2HG-induced reduction of HDM activity, our system must produce differentiated cells, which
requires the epigenetic regulation model of both LSG/ and LSG2 to be acetylated so that
transcription factors can access their promoters, whereupon differentiation ensues. This
requirement is achieved by biasing (reducing) the activity parameter of the corresponding
histone deacetylases. Fig. S3 shows a stochastic simulation for the joint probability density
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for the number of methylated and acetylated sites of our stochastic epigenetic regulation
model. Fig. S3 shows the corresponding result for the baseline scenario, which can be
interpreted as implying that the time spent by the epigenetic regulatory system in the
acetylated state is overwhelmingly longer than the time spent in the methylated state.

Figure S3. Stochastic simulation results for the probability density of our stochastic
model of epigenetic regulation. Panel (a) shows a baseline scenario that corresponds to the
parameter values given in Table E1. Panels (b) and (c¢) show two cases of 2HG-induced

reduction of HDM activity with respect to the baseline scenario (b: /1, = 0.975 and c: h, =
0.97).

The parameters corresponding to our baseline scenario are chosen so that (i) the epigenetic
regulation system [40]-[41] and [43]-[44], corresponding to LSG/ and LSG2, respectively, are
in the bistable regime (see Fig. S2), and (ii) the acetylated state is the most stable of the two
stable states (see Fig. S3). The parameter values compatible with these general properties are
given in Table S7.

APPENDIX E. Stability analysis of the gene regulatory model in the base-line scenario

Considering the following simplifying assumptions: (i) all the dimer-promoter binding
constants are the same, (ii) all the dimer-promoter unbinding constants are the same, (iii) all
the gene products are synthesised at the same rate, and (iv) all the proteins are degraded at the
same rate, the system of equations [29] to [32] can be re-written as follows:

%— ,b, x1x3 > > —cxl [El]
dt 1+a(x]x3+x5 +x7)

o by o 2, 2N [E2]
dt 1+a(x]x3+x5 +x7)

dxs _ X3

= —-cx [E3]
dt Pe 11+a(x1x3+x52+x72) ’
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2
dx; _ » x;
81 2 2
dt lJra(xlx3 +X; +x7)

—-CX; [E4]

a=—=Kn K Ko Ko K _Kn Ky Ky Ky Ky _ L | o5

b= L=k, K2 [E6]
K Kis
bzzﬁlKS&:@’Q& [E7]
26 K32
C=K, =K, =Ky, =K, [ES]

In this appendix, we analyse the conditions for the existence and stability of three fixed points

of the form:

X, = (., ,0,0) [E9]
x,=(0,0,50) [E10]
x,=(0,0,0,5) [E11]

where the first, second, third, and fourth components correspond to the steady-state value of
OCT4, SOX2, LSGI and LSG2, respectively; x, corresponds to the pluripotency steady state,

and X, and X, correspond to each of the differentiated state states.
We also examine the existence and stability of a fixed point given by:

x, =(a.a,p0) [E12]

Existence and linear stability of x,, X, and x,. We begin our analysis by examining the

properties of x,. By using the steady-state version of equations [E1] to [E4] (ie., —=0 ),
T

we have that, from [E1] and [E2], & must satisfy:

caa’ - p,ba+c=0 [E13]
caa’ - p,ba+c=0 [E14]

which implies that p, = p, 1.

IIf p, # p,, we have a steady-state X,= (0{1, a,, 0,0), which has the same properties as X,
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The equations [E3] and [E4] are trivially satisfied. If this restriction on p, and p, is satisfied,
then ¢ is given by:

2
o=l [1_g% [E15]
2ac D,b,

According to this equation, for « to be real, the following condition must be satisfied:

<1 [E16]

Provided that [16], the linear stability of x, is determined by the sign of the eigenvalues of the
corresponding Jacobian matrix, J ,, obtained by linearising the right hand side of equations

[E1] to [E4] around x,, which is given by:

Jp= Ap 0 0 [E17]
0 -c 0
0 0 -c

where A, is a2 x 2 matrix corresponding to the linearisation of equations [E1] and [E2].

4, = p.ba —c p.ba [E18]
(l+aaz)l (1+aa2)z
p,ba p,ba

Given the block structure of J , its eigenvalues are the eigenvalues of each block; i.e.:

==l = e
b o
A, =2 P)b _

E20
(1+ac’) e

As for x, to be stable, all the eigenvalues of the Jacobian J , must be negative, we have a

second condition that the system must satisfy:
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e>2 DD [E21]

(1—aa2)z

An analogous analysis regarding the conditions for the existence of X, and x,leads to the

following conditions:

2
ac

4 sl [E22]
Psbs
2

4 “Cb <1 [E23]
DD,

respectively. Similarly, for them to be stable, the following conditions must hold:

pébZ/))

> 2P [E24]
psbzﬂ

c> 2—(1 - a/))Z )2 [E25]

The less restrictive pair of existence-stability conditions gives the region of coexistence of the
three states as stable steady states. Parameter values compatible with such situations are given
in Table S7.

Table S7
Parameter Value Description References
T, 60 Characteristic scale for number of binding sites [Dodd et al., 2007]
Yo 600 Characteristic scale for number of protein
hy 1 Activity of histone methyl transferases
h, 1 Activity of histone demethylases
hy 1 Activity of histone acetyl transferases
h, 0.9 Activity of histone deacetylases
d, 0.027 Rate of recruited nucleosome modifications
d, 0.003 Rate of unrecruited nucleosome modifications
d; 0.425 See Appendix C
Cp, 0.425 See Appendix C
Cp, 9-10° Re-scaled dimer-promoter affinity (See Appendix E)
b, 5 Re-scaled rate of OCT4 and SOX2 protein production (See
Appendix E)
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b, 10 Re-scaled rate of LSG1 and LSG2 protein production (See

Appendix E)
c 1.1-10° Re-scaled rate of protein degradation (See Appendix E)
o 1 See Appendix C
Cs 1 See Appendix C
P 1 See Appendix C
P 1 See Appendix C

Parameter values corresponding to the baseline scenario

APPENDIX F. Competition and invasion for clones originated from CSCs de novo
generated by nuclear reprogramming

We have analysed a mathematical model of competition between two cell populations, i.e., a
native, “resident” population sustained by normal stem cells (SCs) and an “invader”
population of cancer stem cells (CSCs) de novo generated by oncometabolic nuclear
reprogramming. We focused on the so-called neutral scenario. We assumed that
reprogrammed CSCs display the same features as normal SCs, i.e., they possess the same self-
renewal and differentiation rates and, crucially, are under the same homeostatic controls than
their healthy counterparts. By choosing this setting that corresponds to a base-line case of
least favourable invasion, we are faced with a situation in which the CSCs are initially under
zero-net growth conditions, i.e., identical to that of the native (healthy) cell population. This
implies that the early evolution of the invader can be studied in terms of a simple diffusion
equation, since its dynamic is essentially dictated by fluctuations due to smallness of the cell
population.

Introduction. We herein addressed how significant is the increase of reprogramming rate
observed in our proof-of-concept studies with live cells in terms of cancer evolution. In our
hands, the number of reprogrammed CSC-like colonies increased by >10 times in the
presence of the oncometabolite 2HG. In this appendix we propose a simple mathematical
model of cancer evolution in which we demonstrate that the probability of spontaneous
clearance of an invader generated by a colony of de novo reprogrammed CSCs decreases
exponentially with the size of the colony.

Model formulation

Model hypotheses

Our modelling approach is based on a wealth of papers that have approached the problem of
regulation of differentiation cascades (Marciniak-Czochra et al., 2009; Pepper et al., 2007;
Rodriguez-Brenes et al., 2010; Sdnchez-Taltavull and Alarcon, 2014).

(1) We assume that a hierarchical differential cascade maintains each population:

Resident: SC — TAC1 —- TAC2 - - - - MC
Invader: CSC — TAC1 — TAC2 - - - - MC

SC: stem cell, CSC: cancer stem cell, TAC: transient amplifying cell, MC: mature (fully
differentiated) cell.
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We assume that the length of the differentiation cascade (i.e. the number of stages between
SC or CSC and MC), L, is the same for both populations. SCs and CSCs are the only cell
types with the ability for self-renewal whereas TACs are assumed to differentiate upon
proliferation.

(i1) Both populations are assumed to compete for a common pool of resources. As far as the
model is concerned, this is implemented through a carrying capacity that limits the size of the
total population (i.e., resident p/us invader).

(ii1)) We consider the most disfavourable situation from the point of view of the invader, i.e.
we will assume a neutral scenario in which all the parameter values, e.g. birth rates, death
rates, differentiation rates, etc. are set to be the same for both populations. We examine the
ability for an invader to take over the resident population as a function of the number of CSCs
(equivalently, of the rate of reprogramming of somatic MCs).

(iv) Population dynamics (Pepper et al., 2007, Sanchez-Taltavull and Alarcon, 2014):
(a) SCs and CSCs undergo:

- Asymmetric division at a rate:

(1— ()])(,(’_‘”""vl".

where M = M, + M; with M, and M, are the number of mature cells of the resident
and invader, respectively. K is the carrying capacity and the probability of SC
(CSC) symmetric division. Note that if M>>K (i.e. the mature population is much
larger than the carrying capacity) the division rate tends to zero, whereas when
M<<K the proliferation rate approaches its maximum value.

- Symmetric self-renewal at a rate:
(1 — (‘1())('])(,("_‘U""l"
where dy is the probability of symmetric SC (CSC) differentiation.
- Symmetric differentiation at a rate:
/K

doepoe™

- Apoptosis at a rate lop. We will assume that both SCs and CSCs undergo cell
death at a very slow rate.

(b) For simplicity and without loss of generality we assume that all TACs differentiate
and die at the same rate, regardless of their position in the cascade:

(c) Symmetric differentiation at a constant rate d,
(d) Apoptosis at a rate A,

(e) Mature cells undergo death at a constant rate A5
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Table S8

Event (Resident population) Transiton rate Tk

Asymmetric SC division W,, = (1 — e)ppe XX, rr, = (0,+1,0,..., 0)

Symmetric SC self-newal Wy, = €(1 - (1())])()6.’_"”/1\.)(,-1 rr, = (+1,0,0,..., 0)

Symmetric SC differentiation W,, = edopoe— f”"X,.l ey = (—1,42,0,...,0)

SC apoptosis W, = A Xy, ey = (—1,0,0,...,0)

Symmetric jth-TAC differentiation W, AR =d1 Xy, 5 TR (0,0,...,-1,+2,...,0)
TAC apoptosis Wi sa-aye = M Xr; Trasag-aee = (0 05...,—1,0,...,0)
MC apoptosis ”"'1+.n,1_—:4:.+:s = A\3X,, Treio(L_s)ts = (0,0,0,...,-1)

Event (Invader population) Transiton rate Tk

Asymmetric CSC division W;, = (1 — e)poe M8 X, vy = (0;41,0,0:4,0)

Symmetric CSC self-newal Wi, =(1- d())f])[)f.’-_‘“"”\‘x\’il ri, = (+1,0,0,...,0)

Symmetric CSC differentiation Wi, = doepoe MK X, riy = (=1, 42, (] ..... 0)

SC apoptosis Wi, = MXj, i, = (-1,0,0,...,0)

Symmetric jth-TAC differentiation Wi, ., ., = d1Xj Yiemu=aiz, =0 Uyerg it v D)
TAC apoptosis /T 0 ¢ Figros—giz = (0:05--.,-1,0,...,0)
MC apoptosis W; anena A3 X, Pigra(r—g)ss = (0,0,0,...,-1)

Transition rates associated to the stochastic dynamics of the competition between the resident
and the invader hierarchical populations. X,; and X;; are the number of SC and CSCs,
respectively, X,; and Xj;, j=2, . . . ,L—1, are the number of TACs of the resident and invader,
respectively and X, and X;; are the number of the mature cells in either population. The total
mature population, M, is given by M=X,,.+X;.

Stochastic dynamics

The stochastic population dynamics of the system described in the above mentioned section is
described in terms of the Master Equation [1] (Gardiner, 2009):

31’((95“):2(%()( 1 )P(X —r.t)-W,(X)P(Xt) [F1]

=

The associated rates, W;, and stoichiometric vectors, r;, are given in Table S8. X is the 2L-
dimensional state vector whose entries are the numbers of each cellular type in the population.

Setup and initial conditions

We consider a setup or initial condition in which the resident population is let to evolve until
it reaches a steady state. This steady state is described (on average) by the mean-field limit of
the stochastic dynamics, as shown below. Once the resident steady state has been reached, we
evaluate the behaviour of the invader population as a function of the number of de novo
generated CSCs.

Model analysis
We start by discussing the behaviour of mean-field limit, in particular regarding its steady

states. We then proceed to study the diffusion limit of the Master Equation [1], which
provides closed form solutions for the clearance probability of the invader.
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Mean-field limit

- Mean-field limit in the absence of invader. We start by the describing the mean-field limit
(Gillespie, 1976) associated to the resident population in the absence of the invader. The
Master Equation [F1] is then given by the following system of ordinary differential equations:

(];l“ - -
l'z:l = (€e(1 — do)poe™ ™= — edgpoe "+ — Ng) Ty, [F2]
.
dz,., _ -
2 — 2(7(1()])()(7 L Tyr, — ((11 + /\1 ).’I',-, [F3]
dt :
dx,
D= 2dyx,, , — (dy — M)z, j=3,..., L-1 [F4]
dt ! !
dr,,
= 2dyx,, | — Aoy, [FS]
where x,,=X,/K. Egs. [F2] to [F5] have two steady states: the trivial equilibrium (x,;, x,2, . . .,
Xjy oo x) =(0,0,..., 0,..., 0) and the stable positive equilibrium given by:
: 2(7(1()])(](?_”" L 2
(11 A . . F7
Ly; = T'r””’“. ] = 3., L—1. [¥7]
g F
x,, = —log -0 . [F]
) €(1 — 2dy)po

The positive equilibrium exists provided that:

/\[) 1
v - < 1 and dy < ~
€(1 — 2dy)po e do 2

Eq. [F8] is obtained by imposing that the net growth rate of the SC population is equal to
ZEero:

((J. — 2(]())])()(7—“"1' - /\() = 0.

- Mean-field limit in the presence of the invader. The presence of the invader substantially
changes the structure of the steady states of the model. First, the mean-field equations for the
whole system (resident p/us invader) are:
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(l;]‘,,1

= - (((1 _ dO)pO(_)_—(J.‘,.L +zi) (d[)pO(-’-—[I'L-*_I'I) - /\0) Ty [F9]
d: Cro ) -
(1#' = 2edopoe” Exy, — (dy + A\y) x4,y [F10]
(l;]‘,.
—= =2dyx,, , — (dy — M)z, j=3,...,L—1 [F11]
dt
dx, ) F12
dtl‘ = 2dyxy, |, — Aoy, [F12]
d: ” , , . ..
;fl — (e(1 - do)poe™ L) — edypoe™FrLtTa) — No) Ti, [F13]
dt
1. Ci0 - ;
i _ 26([0])06_[1’1+I‘l);l,‘il — (dy + A1) zy, [F14]
dt -
(l;l‘i ) .
de = 2(11;'1',‘!_1 - ((1’1 - /\1);171'J, ] = ‘; ey L—1 [F15]
dx; . F16
(ltL = 2(11.‘172'1__1 - /\2;’1'1'[_ [ I

where x,;= Xrl/K and x;=X;/K.

As in the previous case, Egs. [F9] to [F16], have two steady states: the trivial equilibrium (x,,,
X2, Xpjp oo XL, Xit, X2, « - -, Xijy o+ o xi)=(0,0,...,0,...,00,0,..., 0, ..., 0). The
associated positive equilibrium is given by:

gy = BtA [F17)
2edgpoeFrtE) T
dy + A _
“I'?I'J - %']‘T(J_*l:,? J — :;- e ey L - 1? [F18]
1
B 2edgpoe” Fretri) 2
(11 + )\1 . . [F20]
Iij = T;ri(]°1]" ] = -.;, Ce e L - l,
Ao
T, +r; = —log = . [F21]
. - ° (6(1 - 2(10)])(,)

Note that in the presence of the invader, the system does not exhibit a unique positive
equilibrium but rather a continuum of equilibria determined by Eq. [F21]. Eq. [F21] is a
restatement of the requirement that the growth rate of the SCs and CSCs is equal to zero. The
positive equilibria exist provided that:

Ao , 1
, < 1land dy < =
€(1 — 2dy)po 2

38



Neutral dynamics: Fokker-Planck equation with demographical noise

We now formulate a diffusion approximation of the stochastic process under the following
conditions: Once the resident population has settled down onto its steady state, we introduce a
number of de novo reprogrammed CSCs and study the behaviour of the invader population
generated by the CSCs. The diffusion approximation allows us to find closed form analytical
expressions for how the probability of clearance of the invader varies as the number of CSCs
changes.

Before proceeding with the formal derivation of the diffusion approximation, an important
caveat, which greatly simplifies the analysis, is in order. The scenario we are contemplating,
in which a number of CSCs appear in the system (in steady state) as a result of oncometabolic
reprogramming of somatic mature cells, implies that both the SC (i.e. the native stem cells of
the healthy, resident tissue) and the CSC populations are under conditions of zero net growth
rate. Initially, X;;, the number of fully differentiated cells associated to the invader, is X;z=0
and X is similar to N where N = QK, which satisfies the equilibrium condition whereby the
growth rate of the CSC population is zero, i.e., the dynamics of the CSC population is critical.
Since this condition is initially fulfilled, the whole system continues to evolve under
conditions so that Egs. [17] to [21] are satisfied at any later time.

Under these conditions, the dynamics of the CSC population is critical with an average total
mature population given by Eq. [21]. Therefore, its dynamics is entirely dominated by
fluctuations. Furthermore, if we assume that K is big enough so that X,;, + Xj; is similar to
N(=cnt.), we can assume that the dynamics of the CSCs is decoupled and can be studied
independently.

Diffusion approximation: system size expansion. The systems size expansion is a well-
established technique, originally proposed by Kampen et al. (2008), to extract the mean- field
limit, i.e., the deterministic behaviour associated to infinite systems where no fluctuations are
present, and its first stochastic correction given by the Fokker-Planck equation for the
Gaussian fluctuations around the mean-field behaviour (Gardiner, 2006; Kampen et al., 2008).
This approximation has been widely used and successfully applied to many different types of
problems.

The original approach of Kampen et al. (2008) has been recently critiqued by Di Patti et al
(2011), who noted that it breaks down for systems with absorbing states (e.g. extinctions) in
the proximity of the absorbing state. They further propose a modification of the basic size
expansion that exhibits improved accuracy for systems with absorbing states. The system size
expansion is based on the following assumption regarding the stochastic process:

X (t) = Nx(t) + NOE(¢),

where N is a measure of system size, X(?) is the mean-field limit, §(t) is a stochastic correction
to the mean-field. In the original proposal by Kampen et al. (2008) o = 1/2, which implies that
the size of the effects of noise relative to the size of the systematic (mean-field part) decreases
as N 7 as system size grows. This Ansatz produces a consistent expansion which, at the
lowest order, yields a linear-noise (i.e. independent of §(t)) Fokker-Planck equation (FPE) for
the probability density function (PDF) of &.
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Di Patti et al. (2011) have shown that, in the case in which the stochastic process has an
absorbing state, the Van Kampen’s Ansatz is no longer consistent. On the contrary, for the
system size expansion to be consistent they show that a = 0, i.e. the size of the effects of
noise is independent of system size. In this case, the Fokker-Planck equation one obtains for
the PDF of &(t) is no longer a linear-noise equation. On the contrary, one obtains an FPE with
a particular type of non-linear (i.e. dependent on the random variable £(t)) noise which we
refer to as demographic noise. We proceed now to formulate the associated FPE for our

system. For the technical details regarding the expansion, we refer the reader to Di Patti et al.
(2011).

Assuming that X, + X, = N, we can define a stochastic dynamics for the evolution of the
number of CSCs defined by the transition rates:

Wi(X;,) = (:‘_”(p(,(l —dy)X;,, T = +1,
Ws(X;,) = (f_“(p(,(l()_\'il. ro = —1,
I‘Y;;(x\'il) = /\(]_Xril. Ir's = —1.

We further define 7%(z;;) where z;; = X;;/N as:
T+(Z,‘l) = ()._Q(])()(J. - ([(])Zil. T—(’:il.) = (v(:'_u('])(]([() t A()):il- [F22]

Finally, we expand the quantities Ti(zi;)) = Te(p+N"'&) as a power series of y=N""'&(1):
T (o +y) Z T( (&) [F23]
k=0

With the above definitions, Di Patti et al. (2011) have shown that the Fokker-Planck equation
for the PDF of &(2), P (&¢), is given by:

or _ (1) _ pll) g » 1 (1) (1)
= = (T+ (0) - T° (())) E(&P) 5 (T+ (0) + T¢ (())) ()g_(gp) [F24)
In our case:

T19(0) + T(0) = e~ %epg + Ao,
see Eq. [F21], and
T0) + T (0) = e Pepy + Ao,

and, therefore, Eq. [F24] reads:
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oP_D& ., [F25]
o~ zae )

where D=e “py+iy. Eq. [F25] is the diffusion approximation for the process of neutral
dynamics of the CSC population.

Survival probability of the CSC population: backward Kolmogorov equation. In order to
study the survival probability of the CSC population, rather than directly using the FPE Eq.
[F25], it is more convenient to use an equivalent description, the so-called Kolmogorov
backward equation (KBE) (Demetrius et al., 2009; Gardiner, 2009). Mathematically speaking,
the KBE is the adjoint equation of the FPE (also known as the Kolmogorov forward
equation). The KBE associated to the Fokker-Planck equation Eq. [25] is given by (Demetrius
et al., 2009 and Gardiner, 2009):

ov D 9*V

vt _Z _ [F26]
o~ 279

with natural boundary conditions Y(q =0,t)=0 and ¥(q = oo,t)=1. The associated initial
condition is ¥(q,t=0)=1 for positive g. With these boundary conditions, the solution of the
KBE can be interpreted as the probability of survival of a CSC population of initial size g at
time ¢. The associated clearance probability at time ¢, Pc(q, t), is therefore given by

Pc(q,)=1-¥(q,1).

It is possible to obtain a closed form, analytical solution for Eq. [F26] by considering its
similarity structure (Ockendon et al., 2003). It is immediate to verify that, if ¥(q, ¢) is a
solution of Eq. [F26 ], so is Y(ug,ut) where u is an arbitrary constant. Therefore, for any given
value of ¢, we can set u=¢ ', so that ¥(q,t)=F(q/t) for some function F to be determined from
Eq. [F26]. By writing 7=q/¢, Eq. [F26] can be re-written as:

D (]2F ([F 0 [F27]

P l —_ =
2 dn?  dpn

with boundary conditions F(3=0)=0 and F(y = «)=1. The solution is therefore given by:

4
T

e[S

U(q,t) = F(q/t) =1~ Pe(q,t)=1—(Pi(t))!=1—¢T [F28]

where P,(t) is the probability of clearance of a single CSC at time ¢. The clearance probability
is therefore given by Pc(q,t)=(P;(t))". This result implies that the probability of spontaneous
clearance of a population generated by a colony of reprogrammed CSCs decreases
exponentially as the size of the colony, ¢, increases. This implies that with a 10 to 20-fold
increase in nuclear reprogramming frequency, the chances of clearance of the population
generated by the oncometabolically de novo reprogrammed CSCs decreases by many orders
of magnitude.

In summary, we are able to find an analytical solution for spontaneous clearance probability

of the CSC population as a function of the size of the de novo reprogrammed CSC pool, ¢, at
time ¢, Pc(q,t)=(P(t)?, where P;(¢)<I is the probability of clearance at time ¢ of a single
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CSC. Therefore, from the point of view of cancer evolution, an apparently inefficient 10 to
20-fold increase in the reprogramming frequency is highly significant in terms of the
prolonged survival of the initial population generated by the de novo reprogrammed CSCs.
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