
S4	
   Text.	
   Consistency	
   of	
   our	
   estimates	
   with	
   an	
   extended	
   version	
   of	
   back-­‐
calculation	
  

Back-­‐calculation,	
   as	
   was	
   originally	
   introduced	
   by	
   Brookmeyer	
   and	
   Gail	
   to	
  
estimate	
  the	
  size	
  of	
  the	
  HIV-­‐AIDS	
  epidemic	
  in	
  the	
  1980s	
  [1,2],	
  combines	
  reports	
  
of	
  symptomatic	
  cases	
  with	
  information	
  on	
  the	
  distribution	
  of	
  incubation	
  periods	
  
to	
   estimate	
   the	
   total	
   number	
   of	
   individuals	
   currently	
   infected	
   during	
   an	
  
established	
   epidemic.	
   The	
   advantages	
   of	
   the	
   method	
   are	
   that	
   it	
   is	
   purely	
  
statistical	
   (i.e.	
   does	
   not	
   require	
   any	
   simulation	
   of	
   outbreaks),	
   and	
   can	
   be	
   used	
  
even	
  when	
  there	
  are	
  several	
  unknown	
  variables	
  in	
  the	
  system	
  (such	
  as	
  the	
  total	
  
population	
   size,	
   and	
   the	
   values	
   of	
   disease	
   transmission	
   parameters).	
   Back-­‐
calculation	
  is	
  widely	
  used	
  [3-­‐8,9],	
  and	
  provides	
  a	
  methodology	
  for	
  estimating	
  the	
  
number	
   of	
   presymptomatic	
   infected	
   individuals,	
   which	
   is	
   an	
   input	
   for	
   the	
  
simulation	
  methods	
  presented	
  in	
  our	
  paper.	
  	
  
	
  
To	
  test	
  whether	
  major	
  outbreaks	
  can	
  ever	
  be	
  predicted	
  from	
  symptomatic	
  case	
  
data	
  alone,	
  we	
  used	
  the	
  exact	
  distribution	
  for	
  the	
  number	
  of	
  infected	
  individuals	
  
in	
  the	
  light	
  of	
  presymptomatic	
  infection.	
  If	
  this	
  distribution	
  has	
  to	
  be	
  estimated,	
  
for	
   example	
   via	
   back-­‐calculation,	
   estimates	
   of	
   the	
   number	
   of	
   presymptomatic	
  
infected	
   individuals	
   are	
  necessarily	
   less	
  precise.	
   Consequently,	
   the	
   calculations	
  
we	
  present	
  in	
  the	
  main	
  text	
  of	
  the	
  paper	
  are	
  an	
  upper	
  bound	
  on	
  the	
  accuracy	
  of	
  
forecasts	
  using	
  symptomatic	
  cases	
  data	
  alone.	
  We	
  illustrate	
  this	
  below.	
  However,	
  
we	
   also	
   go	
   on	
   to	
   show	
   how	
   the	
   naïve	
   estimate	
   obtained	
   from	
   simple	
   back-­‐
calculation	
  methods	
  can	
  be	
  improved	
  with	
  complete	
  data	
  on	
  symptomatic	
  cases,	
  
and	
   knowledge	
   of	
   the	
   values	
   of	
   disease	
   transmission	
  parameters	
   and	
   the	
   total	
  
population	
   size,	
   that	
  we	
   assume	
   are	
   available.	
   This	
   improved	
   version	
   of	
   back-­‐
calculation	
  leads	
  to	
  an	
  identical	
  distribution	
  to	
  that	
  used	
  in	
  our	
  paper,	
  showing	
  
that	
  our	
  method	
  and	
  back-­‐calculation	
  are	
  consistent.	
  
	
  
Estimating	
  the	
  number	
  of	
  presymptomatic	
  infecteds	
  for	
  the	
  SEIR	
  model	
  
	
  
In	
  the	
  SEIR	
  model	
  case,	
  each	
  of	
  the	
  N	
   individuals	
   in	
  our	
  population	
  is	
   in	
  one	
  of	
  
four	
  epidemiological	
  classes:	
  (S)usceptible,	
  (E)xposed,	
  (I)nfected	
  or	
  (R)emoved.	
  
Exposed	
   individuals	
   are	
   presymptomatic,	
   i.e.	
   are	
   infected	
   but	
   do	
   not	
   yet	
   show	
  
symptoms.	
   We	
   estimate	
   a	
   probability	
   distribution	
   for	
   the	
   number	
   of	
   exposed	
  
individuals	
  using	
  data	
  from	
  the	
  symptomatic	
  (I)	
  cases.	
  We	
  perform	
  estimation	
  at	
  
time	
  te,	
  by	
  which	
  time	
  m	
  individuals	
  have	
  become	
  infected	
  or	
  removed	
  (i.e.	
  I	
  +	
  R	
  =	
  
m).	
  	
  	
  
	
  
Since	
  we	
   assume	
  we	
  know	
   the	
   full	
   time	
   course	
   of	
   the	
   number	
   of	
   symptomatic	
  
infected	
   individuals,	
   I(t),	
   we	
   can	
   write	
   down	
   probabilities	
   that	
   a	
   randomly-­‐
chosen	
  individual	
  is	
  in	
  any	
  of	
  the	
  S,	
  E,	
  I	
  or	
  R	
  classes.	
  In	
  particular	
  
	
  

𝑝! = exp −𝛽   𝐼 𝑠   d𝑠!!
! ,	
  

𝑝! = 𝛽𝐼(𝑡)exp −𝛽 𝐼 𝑠   d𝑠!
!

!!
! ×  exp −𝛾(𝑡! − 𝑡)   d𝑡,	
  

𝑝! = 𝛽𝐼(𝑡)exp −𝛽 𝐼 𝑠   d𝑠!
!

!!
!

!!
! ×  𝛾exp −𝛾(𝑢 − 𝑡) ×exp −𝜇(𝑡! − 𝑢)   d𝑢d𝑡,	
  



𝑝! =    𝛽𝐼(𝑡)exp −𝛽 𝐼 𝑠   d𝑠!
!

!!
!

!!
! ×  𝛾exp −𝛾(𝑢 − 𝑡) ×𝜇exp −𝜇(𝑣 −!!

!
𝑢) d𝑣d𝑢d𝑡.	
  

	
  
The	
   probability	
   that	
   a	
   randomly-­‐chosen	
   asymptomatic	
   individual	
   is	
   infected	
   is	
  
then	
  simply	
  
	
  

𝑝 = P 𝐸     𝑆  or  𝐸) =   
𝑝!

𝑝! +   𝑝!
  ,	
  

	
  
cf.	
  Eqn.	
  (S1)	
  in	
  Text	
  S1.	
  The	
  number	
  infected	
  of	
  the	
  N	
  –	
  m	
  individuals	
  that	
  are	
  not	
  
showing	
  symptoms	
  is	
  then	
  binomially	
  distributed,	
  with	
  	
  
	
  

P 𝐸 = 𝑒  |  𝐼 + 𝑅 = 𝑚 = 𝑁 −𝑚
𝑒 𝑝!!!!!(1− 𝑝)! .	
   	
   (S2)	
  

	
  
We	
   use	
   this	
   closed-­‐form	
   expression	
   for	
   the	
   distribution	
   of	
   the	
   number	
   of	
  
presymptomatic	
  infected	
  individuals	
  in	
  the	
  simulations	
  we	
  present.	
  
	
  
Standard	
  back-­‐calculation	
  
	
  
Back-­‐calculation	
   instead	
   estimates	
   the	
   probability	
   that	
   a	
   randomly	
   chosen	
  
infected	
   individual	
   is	
   symptomatic.	
   Typically	
   this	
   probability	
   is	
   estimated	
  
conjointly	
  with	
   the	
  number	
   infected	
   from	
   the	
   case	
   report	
  data.	
  However,	
   since	
  
we	
  have	
  full	
  data	
  on	
  all	
  epidemiological	
  transitions	
  of	
  symptomatic	
   individuals,	
  
we	
  can	
  in	
  fact	
  simply	
  write	
  down	
  this	
  probability	
  
	
  

𝑞 = P 𝐼  or  𝑅 𝐸  or  𝐼  or  𝑅) = !!  !  !!
!!  !  !!  !  !!

.	
  
	
  
This	
  allows	
  us	
  to	
  write	
  a	
  likelihood	
  function	
  that	
  there	
  are	
  n	
  infected	
  individuals,	
  
namely	
   the	
   probability	
   of	
   observing	
   the	
   number	
   of	
   symptomatic	
   infections	
  
actually	
  seen	
  given	
  there	
  are	
  E+I+R	
  =	
  n	
  infected	
  individuals	
  

	
  
𝐿 𝑛 =   P 𝐼 + 𝑅 = 𝑚   𝐸 + 𝐼 + 𝑅 = 𝑛)	
  =   𝑛𝑚 𝑞!(1− 𝑞)!!!.	
  

	
  
Back-­‐calculation	
  then	
  leads	
  to	
  a	
  point	
  estimate	
  of	
  the	
  number	
  of	
  presymptomatic	
  
infections	
  by	
  maximizing	
  this	
  likelihood.	
  If	
  desired,	
  confidence	
  intervals	
  can	
  also	
  
be	
  estimated	
  via	
  standard	
  techniques,	
  namely	
  by	
  inverting	
  a	
  likelihood	
  ratio	
  test.	
  
	
  
Extending	
  back-­‐calculation	
  
	
  
What	
  we	
  actually	
  require	
  to	
  drive	
  our	
  forward	
  simulations	
  is	
  the	
  full	
  distribution	
  
of	
   the	
   number	
   of	
   presymptomatic	
   infected	
   individuals.	
   Assuming	
   the	
   relevant	
  
probabilities	
  could	
  be	
  calculated,	
  this	
  would	
  immediately	
  follow	
  from	
  the	
  above	
  
likelihood	
  function	
  via	
  Bayes’	
  theorem	
  	
  
	
  

P 𝐸 = 𝑛 −𝑚     𝐼 + 𝑅 = 𝑚) = ! ! ! !!!!!!!
! !!!!!

.	
  
	
  



The	
   terms	
   on	
   the	
   right-­‐hand	
   side	
   of	
   this	
   expression	
   typically	
   cannot	
   be	
  
estimated.	
  However,	
  we	
  can	
  use	
  our	
  epidemic	
  model,	
  our	
  rich	
  case	
  data	
  and	
  our	
  
knowledge	
   of	
   the	
   transmission	
   parameter	
   values	
   and	
   total	
   population	
   size	
   to	
  
calculate	
  the	
  requisite	
  probabilities.	
  	
  In	
  particular	
  	
  
	
   	
  

P 𝐸 = 𝑛 −𝑚     𝐼 + 𝑅 = 𝑚) =
!
! !!(!!!)!!! !

! (!!  !  !!!  !!)!(!!)!!!

!
! (!!  !  !!)!(!!  !  !!)!!!

.	
  

	
  
Following	
  some	
  algebra,	
  this	
  reduces	
  to	
  exactly	
  the	
  expression	
  in	
  equation	
  (S2)	
  
above,	
  with	
   e	
  =	
  n	
  –	
  m.	
   Consequently,	
   this	
   extended	
   version	
   of	
   back-­‐calculation	
  
leads	
  to	
  exactly	
  the	
  same	
  distribution	
  for	
  E	
  that	
  we	
  use	
  in	
  the	
  paper.	
  
	
  
Numerical	
  example	
  
	
  
To	
  illustrate	
  the	
  methodology,	
  we	
  consider	
  a	
  dataset	
  created	
  using	
  the	
  stochastic	
  
SEIR	
  model	
  under	
  the	
  same	
  conditions	
  as	
  in	
  the	
  main	
  text	
  of	
  the	
  paper,	
  i.e.	
  until	
  
the	
  fourth	
  death	
  occurs.	
  We	
  apply	
  the	
  estimation	
  method	
  used	
  in	
  the	
  main	
  text	
  of	
  
the	
  paper	
  to	
  give	
  the	
  true	
  distribution	
  of	
  the	
  number	
  of	
  presymptomatic	
  infected	
  
individuals	
   given	
   presymptomatic	
   infection.	
   We	
   then	
   also	
   apply	
   the	
   simple	
  
version	
  of	
  back-­‐calculation	
  and	
  our	
  extended	
  version	
  of	
  back-­‐calculation	
  to	
  this	
  
dataset	
   to	
   obtain	
   distributions	
   for	
   the	
   number	
   of	
   presymptomatic	
   infected	
  
individuals.	
  The	
  dataset	
  is	
  shown	
  in	
  Fig.	
  S10A,	
  and	
  in	
  Fig.	
  S10B	
  is	
  the	
  likelihood	
  
distribution	
   for	
  E	
   obtained	
   using	
   simple	
   back-­‐calculation.	
   Fig.	
   S10C	
   shows	
   the	
  
extended	
  version	
  of	
  back-­‐calculation	
   (blue)	
  with	
   the	
   true	
  distribution	
  obtained	
  
as	
  in	
  the	
  main	
  text	
  of	
  the	
  paper	
  (red	
  stars).	
  As	
  can	
  be	
  seen,	
  the	
  true	
  distribution	
  
of	
   the	
   number	
   of	
   presymptomatic	
   infected	
   individuals	
   is	
   significantly	
   more	
  
precise	
   than	
   the	
   distribution	
   obtained	
   using	
   simple	
   back-­‐calculation,	
   but	
   the	
  
exact	
  distribution	
   is	
  obtained	
  when	
  back-­‐calculation	
   is	
   extended	
   in	
   the	
   light	
  of	
  
perfect	
   knowledge	
   of	
   symptomatic	
   cases,	
   total	
   population	
   size	
   and	
   parameter	
  
values.	
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