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APPENDIX: PROOFS

The following technical conditions are needed.

(A1) The time points t1,ts, ..., t7 are a random sample from a probability density f and ¢ is
a continuous point of f in the interior of the support of f.

(A2) The function f,(t) is (p + 1)-times continuously differentiable for some p.

(A3) The kernel function K is a bounded symmetric probability density function with a
bounded support.

(A4) The covariates X;(t;),7 = 1,...,n are independently and identically distributed as X; (¢;)
with E{X;(t;)X;(t;)T} positive definite for j =1,...,T.

(A5) h - 0and Th — oo as T — oc.
(A6) min{n;} — co as n,T — oo.

(A7) The covariates X;(t;) satisfy condition (A4) and they are time-invariant. That is,
Xz(t]) = Xz<t1) for all j = 17 R ,T.

(A8) All the true coefficient functions are time-invariant. That is, §,(t) = 8, forallr =1,...,d
and t € [0, D].

We define further notations. Let C; = {1,t; — ¢,...,(t; — t)P}, j = 1,2,...,T and
Ky(t) = K(t/h)/h be a kernel function with a bandwidth h. Let C = (C},Cs,...,Cr)
and W = diag(Wh,...,Wyp) with W; = Kj(t; —t). Then the weights in (3) are defined
as Wept1(tj, 1) = qlegyy i (CTWC)ICW;, j = 1,2,..., T, where eq41 41 denotes a (p + 1)-
dimensional unit vector with one at its (¢+1)"" entry, and zero elsewhere. More specifically, the
local linear weights are given by wo2(t;,t), 7 =1,2,...,T with ¢ =0 and p = 1. Let K, be
the equivalent kernel of wy 11, which is defined by Kgpi1(t) = eg, 057 (1,8, ") K(t),
where S = (s;;), 4,7 = 0,1,...,p, and s;; = [ K(u)u""du. Recall that K(t) is the original
kernel function. Furthermore, define B,1(K) = [ K(u)u?™du, and V(K) = [ K*(u)du.

Proof of Lemma 1: For ¢; € A, let 5; = B(t;) and b; = b(t;). Let {(#) be the log-likelihood
defined for the logistic regression at ¢;. Refer to McCullagh and Nelder (1989) for details.
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Here 0 is the parameter vector of interest in the logistic model. Therefore, the true value of 6
is 3;, and it is estimated by b;. The first part of the Lemma on asymptotic bias follows from
equation (4.18) of McCullagh and Nelder (1989). Refer to Ferguson (1996) (page 119) for part
of the deduction below. First, expand [(8) at 3; as [(8) = (5;) —|—f01 {3+ X0 —3,)Yd\(6 - 5;).
Now let 6 = b;. Because b; is the MLE of 3;, it is a strongly consistent sequence satisfying
I(b;) = 0. Hence I(8;) = n; B, (b; — 3;), where B,,, = fo 1/n] {53, + \b; ﬁ])}d)\ Recall
the Fisher information for this logistic regression is I; = XT ; W]X 5 and note that [(8;) — I;(b; —
ﬁj) - (njan - IJ)(bJ - 6]) = 0. This 1mphes that
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n—jfj)\/”_j(bj - 5;’)} :
(A.1)

Note that under condition (A4), I; = X; WTX = S mi(1 = mi) X)) Xa(t) ~ O(ny).

Conditional on D, and under assumptions (Nl) and (N2), the normed b; is asymptotically

@—@::U%u@»4mb—@xm—@n:=¢mq*{j%u@>—U%f—

normal, i.e. I;/Q(bj - 5) 4, N(0,I) as n; — oo. We refer readers to Gourieroux and
Monfort (1981), where the result is shown in the proof of Proposition 4. Define the first term
in equation (A.1) as A,;. By condition (A4) and the Strong Law of Large Numbers (SLLN),

we have A, = l(ﬁ])/\/n_j = 0,(1). Also E(4,,) = E{l(ﬂ])}/\/n_J = 0. Define the second term
in equation (A.1) as Cy,,. From the part (3) of the proof for Theorem (4) given below, we have

Cn,|D 4, 0, or Cy; = 0p(1). Then b; — 3; = \/n_jlj_l (Anj — C’n].), and

Cov(b;|D) = E[{b; - E(bj)}{b]- — E(b;)}"]
= E{(b ) ( ﬁg)}{( i — B;) — B(b; — )}

= E{(b —B)"} = E(b; — 5;))E(b; — 5;)"

= E{n-[.-l(A — Cn,)(An, = Co))' I} +0 D)oL T
J7g nj nj nj na n; n;

= 0 [ B(A A = 0L E(A C 4+ G A

+n; [ 'E(C,, CT )I +o L
77 7 n?
J

This, combined with A,; = O,(1), C,,, = 0p(1 ) and the following result from McCullagh and
Nelder (1989), A, = (ﬁ])/\/_ XT{Y E(Y, i)}/\/1j, implies that

Cov(b;|D) = I'XJE{Y; — E(Y;)H{Y; — EY)}YTIXL {1 +o(1)}
— XTWE T+ o(1)) = 71+ o(D)},
and  Cov(b;, bg|D) = E[{(b; — 5;) — E(b; — 5;)H{(bx — Bx) — E(bx — Bi)}']
= E(b; — B;)(bx — B)" — E(b; — 5;)E(bx — Bi)"
= E {\/n_j\/n_klj’l(Anj — Cn, ) (A, — an)TIk’l} — o(nj’l)o(n,;l)
= /el (A AL L — gyl B(A, C 4+ Co A



L E(Co, O I — of (i) ™)
— ['XTE Y, - BO)HY: - BN Kl = gyl E{O,(Dop (1)} !
VL Blop DoV} = of (myme) '}
= I 1XTW MkW XL 'y (ty 1) + of (ngmy) ™'} = LM Ly (ty, ) {1 + o(1)
This completes the proof.

Proof of Theorem 1: Suppose the conditions of the theorem hold. Then

E{A(Q)(t)ﬂ)}

—Z%w t)E {b, (¢ }—qup+1 t) {8 (t;) + O(1/ny)}
= qu,pﬂ@j,wmw) + {qu,pﬂww} O(1/n,)

St [E OB -

Z{&’f'( Zw”“ ot }*Z%m Do {(t; — D"} + O(1/n,)

+0(1/nx)

A0+ {ﬁﬁﬁwm T op<1>} S wupialty Ot = 7 +0(1L/n)

1P () pp—atl
~50(0) + By () (14 0,1} + O(1 /),

where we used Lemma 2 of Fan and Zhang (2000) in the third and the last two equalities. The
conclusion of the Theorem follows immediately.

Proof of Theorem 4: Under mild conditions, the MLE b; of (3 exists and is strongly
consistent. We will show the asymptotic normality of the vector (b — (3) as ny — oco. Without

loss of generality, let’s consider a simple case: n; =n,j =1,...,T. From the proof of Lemma
1, we have b; — 3; = | /njlj_l (Anj — Cn].). Then we can write the vector (b — 3) as

bi—h An, = Ch,
b Ap,—Ch,
? :62 =Diag (vl ', ..., v/nl;") : =B(n)(Am)—Cw)),
r— Br AnT_CnT

where Ay = (An,, ..., Ap,)7, By = Diag (oI, ..., v/nlz") and Cpy = (Cpy, ..., Cpp)T.
In the following, we would like to prove that, conditional on D, v/n(b— ) = v/nBu)(AnrCrm))
is asymptotically normal when n — oo and T is fixed.
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1. From the notations above, we have \/nB(,) = n Diag (]fl,...,IT_l) and its inverse
(v/nBgy) ' = Diag{f,...,Ir} /n. Under the condition (A4) and by SLLN,

1 1= =~ 1
~I; = —XW;X;= - N (1= 7 Xa(ty) T Xi(t5)

N E{m] 1— ) X ()" X (t )}:IO(BJ)'

Therefore, with probability one, n~'I;|D — Io(B;). And with probability one, v/nBg,)|D —
B, a constant matrix.

2.
Am l(ﬁl) . Xz( ){Y<t1) 7Tzl}
A(n): Ain2 :% l(5 1n Xl Y(t 7r22} ZZ
Any i(6r) | Xt Wil —mir)

To prove that A, |D 4N (0,%), we need to show that the following Lindeberg con-
ditions hold. Conditional on D, Y " | E|Z]|*1{||Zi]| > €} — 0, every ¢ > 0, and
Sor, Cov(Z;) — X

Proof: || Z;|| = [Zle | X () |12{Yi(t;) —mi; 1242 //n. Conditional on D, and for all € > 0,
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- 2 N ZP 2
Z;EHZAI 1{HZZ-H>€}<;E = HQEézE ZHX IPAYi(ty) = mij}

Now let A{X,(t1), .-, Xiltr)} = B[Sy [1X(t5) P{Yi(ts) — 3y PID) 2. Since [Yi(t,) -
mi;| <1, and by the assumption (N1),

2496
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En{Xi(t),..., X;(tr)} < E (Z | X (¢ ||2> < (T xdx M§)¥ < 0.

By the condition (A4) and SLLN, [SX7 h{X;(t1), ..., Xi(tr)}]/n =5 BR{Xi(th), ..., Xi(tr)}.

That is, with probability one and conditional on D,

% Z MXi(t),. .., Xi(tr)} — Bh{Xi(t)),..., X(tp)},

ZE||Zz‘||21{||Zi|| >ef = i Zh{Xz‘(tl); o Xi(tr)} — 0,
i=1 2 i=1
Xi(t){Yi(t) — man }
1 Xi(t2)Yi(ta) — m; 1
and CovZ; = —Cov (t2){ ( 2) 2} = =3
n : n

Xi(tr)(Yi(tr) — mir}



By the condition (A4) and SLLN, >°"  CovZ; = (3.1, %;)/n == . With probability
one and conditional on D, )", CovZ; — X. It is obvious that E(Z;|D) = 0. Therefore,
the multivariate Lindeberg-Feller Central Limit Theorem from Van der Vaart (1989)
applies. We have shown that A(,)|D is asymptotically normal with distribution N(0, 3).

3. In this part, we want to prove C()|D 2, 0, where

(Bnl - 11/711)\/”_1(51 - 51)
o (Bna — I2/n2)y/12(by — [32)
(Bur — Ir/n7)\/nr(br — Br)
Let Cnj = (Bnj — Li/nj)\/m(b; — ;).

(a) By Ferguson (1996), B,, —= Iy(3;). This is also the same matrix as in part 1 of
this pI‘OOfI I()(ﬁj) =E {le 7T13)X1< )TXl } Therefore B & I()(ﬁj) and
I;/n == Iy(53;) together imply that B,, — I;/n == 0 and B, — _1Ij]D £%50.

() by — B) = L L — ;). We have I*(b; — 8,)|D —— N(0,1)
from the proof of Lemma 1. Also we have n'I;|D — Iy(f3;) from (a). Therefore,

Vi (b; = B)[D = N{0, Io(8;)}-

Combined the results above, we have C(,)|D L 0.

Therefore A,y —C)|D 4, N(0,%). Conditional on D, \/n(b—f) = v/nB) (An)—Cw)) 4,

B N(0,%) as n — oo. This means b is asymptotic multivariate normal as n — co. Note that
the smoothing coefficients {w,,+1(¢;,t),7 = 1,2,...,T} only depend on ¢, {t1,...,tr} and
the specification of kernel function K and bandwidth h. When T and {ti,...,tr} are fixed,
they don’t change as n — oo. Therefore, our linear smoother (linear combination of the raw
estimates b, ..., by, for the r'* component of 3;) is asymptotically normal. Explicitly,

V{8 () = wr®)PUB} = wr(t)POVa(b — B) ~ wr(t) PO B N(0,%),
as n — 0o. This completes the proof.

Proof of Proposition 1: To prove the proposition, we first need to study the order of V7.
Define Io(t;,t;) = E{y/m1;(1 — m;) /(1 — mx) X1 (¢;) " X1 ()}, where the expected value
is taken with respected to the predictors X;(¢;)'s. More specifically, Io(t;,t;) = E{m;(1 —
71;)X1(t;)" X1(¢;)} is the Fisher information matrix In(3;) defined in (7). Also, Io(t;,tr) =
Io(tg, t;). With these notations, the matrix ¥ can be written as

In(By)  Io(ty,t2)
Io(to, t1)  Io(B2)

[O(ti.“;h) fo(t%,fz) [0<.5T)
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Thus

Io(Br) ! Io(B1) M o(ty, t2) Io(B2)
AYAT — 10(52)7110(@7tl)fo(ﬁl)fl fo(ﬁ?)*l ' . ’
Io(Br) " To(trs ) Io(B) " To(Br) " Lo(tr t2)Io(52)~" -~ Io(Br)

{[o(ﬁl)_l}(”")
PO e pTpnT — {Io(B2) Mo (ta, 1) Io(Br) ") {Io(B2) 30"

(B ot )I(B)7Y o (I8}

Therefore Vi = wT(t)P(’")BEBTP(T)TwT(t)T = itk Wypt1 (s ) wgpra (b O){L0(85) o (¢, tr)
Io(Br) 1) + Zle wi iy (b {10(8) 73 = V(1) + Vi(2). Let @(t;,tx) = wepra(t;,t)
Wapr1 (te {0 (B5) " o(ty, te) Io(B) 71}, Recall that ty,ty,...,tr are i.i.d. from a probabil-
ity density f under condition (A1l). We hereby assume the following regularity conditions:
E{ly(3;)71}") < 00, 0 = E®(t;,t) < oo and ¢ = E{®(¢;,t,)}> < oo. Notice that ®(t;,t;)
is symmetric in its arguments (¢;,¢;). In the notation of Hoeffding (1948), V(1) is propor-
tional to a U-Statistic satisfying all conditions in Theorem 7.1. By this theorem, we have
VTV (D) /{T(T — 1)} — 6] <, N(0,4¢). Thus V(1) = O,(T?) since # > 0 and ¢ > 0 in
general. As a direct result from SLLN, Vp(2) = Z?:l w;pﬂ(tj,t){]o(tj,tj)*l}(”’) = O,(T).
Therefore, Vy = V(1) 4+ Vr(2) = O,(T?). Furthermore, from the proof of Theorem 1, we have
S Wapr (t, 1), (t5) = B (£)+ 0, (h7~171)+0,(1/n). Or equivalently, wr(t) P B~ B (t) =
0, (hP~7*1)+0,(1/n). Therefore, we have Vi /> \/n{wr(t) P 3—pY (t)} = O,(v/nh?=7+1 /T)+
O,{1/(y/nT)}. This completes the proof.



