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Supplementary Figure 1. B-field directions. This figure visualizes the two different coordinate
systems, one is fixed and one rotates with Beyt, and the nomenclature for the relevant field com-

ponents.
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Supplementary Figure 2. Wavefunction shifts. Repetitions of the echo amplitude as a function
of a echo pulse time delay A7 for total evolution time 7 = 10 us at 500 mT. Due to improved
high-frequency engineering the position of the maximum echo amplitude does not shift over time,
even for stabilized magnetic field gradient AB,, indicating a stable spatial electronic wavefunction

over the pulse cycle (compare Ref. 1).
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Theses expectation values are used to normalize the averaged measurement data.
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Supplementary Figure 4. Data stitching. Due to limited AWG memory we recorded four individual

time traces (different colors) in order to resolve the fast envelope modulation.

SUPPLEMENTARY NOTE 1. DISCUSSION OF LOWER COHERENCE TIMES

A discussion about the lower coherence times compared to Ref.1 will be presented in

Supplementary Note 5 once the fit model is explained.



SUPPLEMENTARY NOTE 2. QUADRUPOLAR INTERACTION

In this subsection we derive the broadening of the Larmor frequencies due to dipolar and
quadrupolar interaction of a spin 3/2 particle in the presence of a magnetic field and an
electric field gradient (EFG) that shifts the normally equidistant Zeeman levels to create
three distinct transition frequencies. A distribution of these quadrupolar broadened fre-
quencies leads to dephasing of the qubit. The quadrupole terms are considered to first order
in wq./we < 1, where w, is the Zeeman splitting of species o. Our approach is to first
compute the two-point time correlator of the transverse Overhauser field from the Zeeman
and quadrupole Hamiltonian. We then construct a frequency distribution for the precession
of classical Overhauser field contributions resulting in the same correlator.

Following Ref. 6 the Hamiltonian for a spin 3/2 including quadrupolar interaction is

- e?qQ

I+2+I_2
Hy= —21% _ ot T
T AI(I — 1)

31217
z T ;

(1)

where () is the quadrupolar moment, I the spin operator and n = (V,, — V) /Vyu the
asymmetry parameter of the electric field gradient tensor V, with spatial derivatives V;; =
0*V/(dr;0r,). Neglecting the non-secular terms because of the large Zeeman splitting, the
m = £3/2 <> m = £1/2 satellite-transitions frequency shift wq . only depends on the local
EFG V,,» = eq in the direction of the externally applied magnetic field and we obtain for

species o

_eQq
2

‘/x’x’- (2)

wQ7a

In order to relate electric fields F in the sample to EFGs, we use the general tensor relation:
Vi = Z Rij i By, (3)
k

where R;j, is the third rank response tensor. The secular component of V in the z'-direction

can be written as

Ve =0-V - =—=2Ry, - (nyn,E,) (4)
= 2R14,q - (cos(¢) sin(y) Ez)
= RiyoE. sin (2¢) (5)
= R4 E, cos (26) (6)



with the species dependent response tensor component R4, and fi being a unit vector in
the direction of Be. In the last step the angle v, measured from the [100]-direction, is
transformed to the angle #, introduced in the last section. We find that the EFG only
depends on the electric fields in z-direction, which predominantly originates from the trian-
gular quantum well potential of the heterostructure. Nuclear spins in the proximity of the
electron quantum dot additionally experience a spatial variation of these EFGs due to the
electron’s own charge density, which translates into a distribution of quadrupolar frequency
shifts.

To obtain the frequency spectrum arising from these shifts we start by deriving the quantum-
mechanical correlator of the angular momentum operator. Without loss of generality and
consistent with the chosen coordinate system, we consider the y/-component of the angular

momentum operator of a single spin 3/2

0 V3 0 0
gk 0o v
tf o —v4 0 V3

0 0 —/3 0

Using the time evolution operator of the system

, (7)

iwqt

e h 0 0
» 0 e 0 0
iHt
€ - iw3t Y (8)

0 0 e 0
0 0 0 %

o

to transform into the Heisenberg picture, one obtains

Jy(t) = et j e it = (9)
0 V3 0 0
0 0 Vi o
st | FHC (10)
0 0 0 V3e
0 0 0 0

where we introduced the transition frequencies w;; = w; — w;.
Using the infinite temperature density matrix p = }L]l for the spin, we obtain for the two-

point correlator

(yr(0)dy(t = 0)) = tr (L (0)Jr (£ = 0)p) (11)



3 1 3
=3 cos(wyat) + 5 cos(wast) + B cos(wsyt). (12)

We continue by calculating the correlator for the y’-component of the hyperfine magnetic
field operator appearing in the nuclear part of the effective Zeeman Hamiltonian Hye =

gH,uBBnuCS:
BYL(t) Z Al ( (13)
where ¢ runs over all nuclear spins. Hence

(Bl (Bl (t = 0))

nuc nuc

—ZAA (Jo(t).J3,(t = 0)) (14)
- ZA%U;@)J;@ —0)) (15)

1 . .
= Z A? ( cos(wiyt) + 3 cos(wyst) + gcos(w§4t)> : (16)

where A; is the hyperfine coupling parameter for spin ¢ and we have used that different spins
1 # j are uncorrelated. The transition frequencies wég = Wa(i) + Aw; and w§2734 = Wa(i) T
Aw; twq,; are composed of the species-dependent Larmor frequency wa iy = Ya(i)Bext With 74
being the gyromagnetic ratio of species «, a site dependent frequency shift Aw; = v, AB;
arising from an effective field variations AB; ~ 0.1 mT due to interactions between nuclear
spins, and the quadrupole shifts wq,. The latter depend on the local electric field via
Supplementary Equations (2) and (6) and on the species « via the quadrupole moment @),
In consideration of the large number of spins, we model these variations by species-dependent

continuous frequency distributions
2 3
Fa(w) = s Mi(w) +  No(w) (17)

with N and Ng being Gaussian distributions representing the interaction broadened center
transition and the quadrupole broadened satellite transitions, respectively. Their prefactors
follow from the relative weights in Supplementary Equation (16). N; and Ng are both
assumed to be centered around w,. The standard deviation of N is chosen to correspond to
an interaction strength 0B = 0.1 mT and that of N is parametrized in terms of the species
independent parameter dwq o/(QaR14.4). It determines the rms strength of the distribution
of local electric field gradients via Supplementary Equation (6), added in quadrature to 0 B.
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To arrive at a classical description of the dynamics of the nuclear ensemble, we introduce

€1

giant effective classical spins & whose contributions to B;;,.

are described by uncorrelated
Gaussian variables, each representing a narrow range of frequencies of width Aw. We thus
express the transverse nuclear field as a sum of complex-valued classical fields B¥-(t) +

nuc

iBYH(t) = Y. Be(t) = 32, BF(t) + iBY(t). The complex notation was introduced for

nuc

convenience so that the time-dependence of the By(t) terms can be written as

We further write the initial conditions By(0) = Byz, for the kth spin in terms of their rms
values B, and random variables z, = x, + iy following a Gaussian probability distribution
p(z,2%) = £ exp(—2z2*/2) with unit variance. The By reflect both the number of spins
with a corresponding level splitting in one of the three transition as well as the strength of
that transition. Hence, one can loosely think of each effective spin as representing a group

%

of nuclei with approximately the same transition frequency w;,,,,

with the latter depending
on the quadrupolar splitting, the local field arising from dipolar coupling to neighbouring

nuclei, and the state of each nucleus determining the available transition.

Equation (18) leads to a correlator

(BUi (Bt = 0)) = > Bf cos(wyt). (19)
k
For this correlator to approximate that of Supplementary Equation (16), the By have to

be chosen according to
Fogry (wr) Aw. (20)

Here N is the number of unit cells overlapping with the quantum dot, n,() is the number of
nuclei of species o per unit cell and A, ) is the hyperfine coupling strength. We neglect a
variation of A; depending on the position of the nuclear spin relative to the electronic wave
function as this inhomogeneity of the coupling was found to be negligible in Ref. 1, thus
setting A; = Aq;)/N. We found that discretizing the frequency distribution of each species

into seven equidistant intervals Aw was sufficient to suppress any numerical artifacts.



SUPPLEMENTARY NOTE 3. g-FACTOR ANISOTROPY IN ASYMMETRIC
GaAs HETEROSTRUCTURE

In this section we will show that a g-factor anisotropy leads to a linear coupling to the
transverse Overhauser-field, as illustrated in Supplementary Figurel, causing additional
dephasing (see Supplementary Note 4). In the main axes coordinate system with z || [110],

y || [110] and z || [001], the electronic g-tensor is of diagonal form:

gz 0 0
g=1|0 g, 0 |- (21)
0 0 g..

When rotating the external B-field by a rotation angle # about the [001]-axis we define a
new coordinate system, such that ' || Bex, ¥ L 2’ and 2/ = 2. To calculate the g-tensor
dependence on the rotation angle, we express the g-tensor in the rotated basis using the
rotation matrix Dy

o = DogDy, (22)

For an anisotropic g-factor g, # ¢,,, the resulting tensor has both diagonal and off-diagonal

components:

Guw 08(0)* + gyysin(0)?  38in(20) (gow — gyy) O
3510(20) (goz — Gyy)  GawSIN(0)? + gy cos(0)* 0

— ¥

0 0 G2z
g gL 0
- gJ_ gy/y/ O . (23)
0 0 g..

In the last step we have defined the components parallel and perpendicular to By as
9| = 9x'z’ = YGax COS(0>2 + Gyy Sin(9)2 ~ GJaas (24)
1.
91 = Gory = Gyt = 5 sin(20) (9ew — Guyy) (25)
and find that the perpendicular components show a sin(26) dependence.
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With this g-factor anisotropy the Hamiltonian of the system now states
ﬂ = MBﬁBext : S + :uBgHBnuc : S (26>
= HUB <&BextOT) : OS + :uBgHBnuc : OTog (27)

Note that the choice of g to convert the hyperfine coupling to an effective magnetic field is

a matter of convention. In the second step we have defined

cos (¢) —sin(¢) 0
O=|sin(¢) cos(¢) 0], (28)
0 0 1

such that the vector g,BeOT only has one nonzero component along the effective quan-
tization direction of the electron. ¢ is the angle between B and the electron quanti-

zation axis &Bext and S denotes the spin operator. With 0S =S = (gx,gy,gz) and

B, = (Bﬂuc, BY BZ:L) we write, ignoring non-secular terms
‘H = UB \/ gﬁ + giBextgx
+ pBg) (Bﬂuc cos(¢) + BYct Sin(d))) Se. (29)

We further include the second-order coupling to the hyperfine field component perpendicular

to the quantization axis gyBext, derived in Refs. 1 and 5, and obtain for the total Hamiltonian

-H = MB\/gﬁ + giBextgx

+ /IngH (Bruuc COS(¢) - Br?{:ch Sln(¢)> gx

2
Bl cos(6) + Bist — Bhesin(s)) (30)
+ x
189 T
: BL.()?\ &
~ Bow + Bl — I pyit(py ¢ Dol ) g
HBY|| ( t T nuc g nuc ( )+ 2Bext

In the last step we assumed the anisotropy to be small such that sin¢ ~ tan¢ = g, /g
and cos(¢) ~ 1. Furthermore, we have defined (B )? = (BY:})? 4 (BZ:1)2. We thus
find that an anisotropy in the electric g-factor leads to linear coupling to the transverse
hyperfine-field. However, note that an anisotropic hyperfine coupling tensor in the second

term of Supplementary Equation (26) would lead to the same Hamiltonian and could not
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be distinguished from a g-factor anisotropy based on our data. We interpret our results in
terms of the latter as such an anisotropy is known to exist, whereas we are not aware of
any known corrections to the isotropic contact hyperfine interaction for the s-type GaAs

conduction band.

SUPPLEMENTARY NOTE 4. SEMI-CLASSICAL FIT MODEL

A. Derivation

In this subsection we derive the fitmodel used to fit all data sets in the main text.
The model is a generalization of the semi-classical approach used in Refs.1 and 5 as it
accounts for a linear coupling to the transverse field component via a g-factor anisotropy from
Supplementary Note 3 and quadrupolar broadening of the individual Larmor frequencies
from Supplementary Note 2.

Following Supplementary Equation (30), the effective Zeeman splitting is given by

BL (1)?
Ea(t) = gyun (B 1 Bue®® giBif(t)) , (31)
2Bext g

including both quadratic and linear coupling to the perpendicular nuclear magnetic fields
arising from the three species °Ga, "'Ga and ™ As.

Introducing the giant spin model from Supplementary Equation (18), the relative phase
pickup @ for a separation time 7, given initial conditions By (0) and for one quantum dot

for the Hahn echo (¢(t) =1 (=1) for t < 7/2 (t > 7/2)) is

B2 [ e (2 By 2 BOBI(0) 40 3 <Bk<t>>> t

k.l

T

ZBkBlzsz/c(t)ei““tdt—i-
ol 4

e Z B / (R () di (32)
0
= Z TkleZl + Z bkiEk (33)

_ _Yi#s
2]:L-Bext




In the second step we replaced the initial conditions by the random numbers z; and the rms-

values from Supplementary Equation (20). Furthermore wy = wy — w; and b, = g L%Bk.

The definition of T}, follows from the last equality and is consistent with Ref. 1.
To perform the ensemble average (e~‘®) we have to integrate over the distribution of
initial nuclear fields. This integral is solved for one single electron dot by applying the

T-matrix approach, similar to Ref. 1, extended by a linear coupling term byx;.

<€—¢<I>> :/<Hdzjd2;p(zj,z;)> X

J
. 2520

eXxp | —1 Z TMT + Z bkxk (34)

kel k
\ ) o 5P s
= H dzjdzip(zj, 2) - exp —2)\j7 +bjz;
J

1 207
— 35
IZIHMjeXp(Hmj)’ (35)

where ); are the eigenvalues from T}; = UD;, ;U for group j, with D being the diagonal

matrix of eigenvalues A;. For b = Ub the same basis transformation is performed.

As the nuclei sampled by the electron spins in the left and right dot can be assumed to be
statistically independent, the total decoherence function for dephasing of the two electron
spins in a double dot can be written as the product of two identical dots |(e~*®)|%. While for
an ideal Hahn echo measurement the echo response is given by Supplementary Equation (35),
we also included a visibility factor A" and an overall offset o in our fit model to account for
imperfect m-pulses in the refocusing part of the Hahn echo sequence, loss of measurement
contrast at higher magnetic fields and possible leakage.

The final fit function of the Hahn echo amplitude states

~ 2
B 1 2b3 (~42 )*4
Ps(T) —/\/’1;[ <1+i)\jexp<1+i>\j>) e\ Tsp

+ 0+ Ae T (36)

Here we also introduced a multiplicative term to account for dephasing due to spectral diffu-
sion, which according to theory®? shows a e~ (7/ Tsp) ™ dependence (see Sec. C). Furthermore,
we add an additional exponential decay with a fixed time constant of 1.5 us (see Sec. D).

Using this model we perform a global fit of all measurement data (Fig. 1-3 of the main
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text) with the following free parameters: the number of unit cells N, the spectral diffusion
time constant 7sp (see Sec. C), the species independent parameter dwq o/(QaR14,.) related
to the distribution of EFGs (see Supplementary Note 2 and Sec. B), the linear coupling to
transverse hyperfine fields g, and the scaling and offset parameter (allowed to vary for each
data set). The value for N was kept unchanged for all data sets and the best fit yields a

value of 2.4 x 10° nuclear spins, with two electrons per unit cell for GaAs.

B. Variance of electric field

Modeling the electron as a two-dimensional 25 x 25 nm charge density we estimate a
maximal change of the EFG of 6(0E/0z) = Risae/(€0€,25 nm?) across the wave function
according to the Poisson equation and Supplementary Equation (6). Expressing this EFG as
equivalent Larmor line width using Supplementary Equation (2) and using literature values,
we obtain broadenings reaching from 0.34 to 1.86mT for the different species, in good
agreement with the fitted values. Even though we can reproduce the line width quite well,
other effects, such as strain, electrical field from charged impurities and the lateral confining

gates may also contribute to quadrupolar interaction.

C. Spectral Diffusion Time Constant

The spectral diffusion term introduced in Supplementary Equation (36) accounts for ad-
ditional dephasing from fluctuations of Bl due to spin diffusion. The multiplicative form
can be justified with the assumption that Bl and BiL are uncorrelated, with i being either
y' or z'. The value of 7gp is difficult to extract independently without going to very large
magnetic fields. We obtain good fits by fixing it at 7sp = 30 us for all data sets, consistent
with earlier measurements' and theory. As the resulting decay sets in at larger times than
that seen in the experimental traces, this value corresponds to a very small effect on the
fitted curves and indicates that spectral diffusion has a very small contribution compared
with dephasing from transverse fields. However, the quality of the fits is not very sensitive

to 7sp so that the above value is not very reliable.
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D. Deviation of First Data Points

Similar to Ref.1 we find that the first data points deviate from our fit model and our
best fits show an exponential time dependency with a time constant of 1.5 us with varying
amplitude. This additional decay is most visible for high values of the external magnetic
field and also more pronounced with a high Overhauser field AB,, i.e. the echo time trace
at 750mT in Fig. 1c of the main text. While the origin of this behaviour is currently not
understood, it was phenomenologically added to the fit model to ensure that deviations at

short times do not affect the quality of the overall fit.

E. Discussion of Lower Coherence Times

The size of the quantum dot determines the overlap of the electron wavefunction with
the nuclear spins in the vicinity and hence has a strong influence on coherence times. Fit-
ting all our data, we find that the number of overlapping nuclei is a factor of two smaller
compared with Ref. 1, leading to shorter coherence times, that are more comparable with
Ref.10. Note that a smaller electronic wavefunction directly translates into an increased
quadrupolar broadening 0 B, via Supplementary Equation (2) and (6), further contributing
to lower coherence time. The smaller wavefunction may be caused by the thinner spacer
layer of the heterostructure and possibly more disorder in the heterostructure used in this

work, compared with the one used in Ref. 1.

F. Loss of Visibility

The m-pulse used to invert the qubit state is realized by detuning the electrons for a
typical time of 5 — 7 ns to a finite exchange splitting .J, which was adjusted to show maximal
contrast before each measurement run. Ideally, the m-pulse should rotate about a Bloch
sphere axis perpendicular to that of AB,, which is only achieved for J > AB,. As we
cannot set the gradient AB, to zero, the two rotation axes are in practice not perfectly
orthogonal. We typically used an exchange value of J ~ 160 MHz and limited AB, <
60 MHz, limiting the typical contrast of the Hahn echo to a value of around 0.3. The
gradient AB, is induced unintentionally and for unknown reasons by the pulses applied

to the qubit. For measurements performed at magnetic fields above 500 mT the induced
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polarization increased, for an unknown reason so far, further reducing the visibility due to

faster relaxation during the readout of the qubit state!!.

SUPPLEMENTARY NOTE 5. CHECKS FOR SLOW DRIFTS IN THE CON-
TROL ELECTRONICS

To check for slow drifts in the control pulses, which would lead to spatial shifts of the
electronic wavefunction (compare Ref. 1), we shift the m-pulse by a time A7 and track the
echo amplitude as a function of A7 of the m-pulse for the whole measurement time. For
AT = 0 the evolution time before and after the 7w-pulse is exactly the same and should yield
the best refocusing. A drift of the maximum of the echo amplitude would indicate that the
electrons sample different nuclear spins before and after the 7w-pulse, caused for example by
a change in gate voltages. In Supplementary Figure 1 one can clearly see that the position
of the echo amplitude is stable over the whole measurement time, even for intentionally
stabilized AB, which showed to increase the shift in position!, reflecting a stable control
voltage over the duration of the separation time. Nonetheless we tested the effect of the pulse
optimization procedure from Ref. 1 by adding a slope to the detuning once the electrons are
separated but are not able to obtain longer coherence times. This test confirms that the

pulses already have the optimal shape without further compensation.

SUPPLEMENTARY NOTE 6. DATA NORMALIZATION AND STITCHING

In order to link measured RF sensor? voltages to the actual qubit states |S) and |Tp)
we simultaneously record histograms of the single shot readout voltage, averaged over the
measurement window after each pulse. As seen in Supplementary Figure 3 these histograms
typically show two Gaussian distributions, corresponding to |S) and |Ty), which are smeared
out due to T; relaxation from |Tp) to |\S) and excitation from |S) to |Tp). Using a fit model
similar to Ref. 3 and a measured relaxation time of ~ 16 us for the metastable (1,1) charge
configuration, we are able to obtain the distributions for singlet and triplet states. (Note
that this relaxation occurs at the measurement point and is different from the relaxation
rate of the qubit at its operating point with separated electrons.) We then use the mean

voltages F(S) and E(T), corresponding to S and T values, respectively, to normalize our
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measurement data. While this procedure should largely eliminate readout-related visibility
losses, m-pulse errors still contribute to the visibility being less than 0.5. As the relax-
ation time shows a strong dependence on the magnetic field gradient AB,, we restrict our
measurements to gradients below 60 MHz by using Dynamic Nuclear Polarization (DNP)*.
Simultaneously recorded values for AB, allow for post-selection in case DNP failed (only

used for measurements performed at high external magnetic fields along the [110]-axis).

To resolve the fast oscillations of the echo amplitude when rotating the external magnetic
field, it is necessary to increase the resolution of the evolution time 7 to 20 ns, exceeding AWG
memory for 7 = 36 us if all pulses were uploaded simultaneously. We therefore consecutively
record four different time intervals, each overlapping by 2 us, and stitch them back together
post measurement. Recording individual single shot histograms and normalizing data before
stitching allows the removal of slow 1/ f-noise and individual time traces fit well, as depicted
in Supplementary Figure4. Within each interval, a low-noise, high data quality is obtained
by recording different evolution times consecutively and then averaging over many repetitions
to elude slow drifts in the sensor or gate voltage configuration. For a typical dataset the
evolution time was rapidly swept 101 times for a total measurement time of 101 x 36 us =~

3.6 ms and then averaged over > 250 repetitions.
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