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I. SYNCHRONOUS UPDATING METHOD FOR SIR
MODEL

We implement the synchronous updating method [1] to renew the
states of nodes in the SIR model. Initially, a node u is randomly se-
lected as seed (infected), while the remaining nodes are susceptible.
Two queues Q1 and Q2 are used to store nodes which are infected in
previous steps and current step, respectively. At time step t = 0, put
the seed node u into the end of Q1. When t ≥ 1, the updating pro-
cesses at every time step are executed as follows: (1) Set t → t+ 1.
(2) Every node in Q1 tries to transmit the disease to each neighbor
v. If node v is susceptible, v becomes infected with probability β,
and node v is put into the end of queue Q2; otherwise, nothing hap-
pens. (3) Every node u in Q1 recovers with probability γ. If node u
recovers, we move it from Q1. (4) Add all nodes of Q2 at the rear of
Q1, and delete all nodes in Q2. Repeat steps (1)-(4) until all infect-
ed nodes become recovered. Finally, we count the fraction of nodes
being in the recovered state, which is denoted as the epidemic size r.

II. NUMERICAL IDENTIFYING EPIDEMIC THRESHOLD

We use the relative variance χ to numerically determine the size-
dependent critical value [2]

χ =
⟨r − ⟨r⟩⟩2

⟨r2⟩ , (1)

where r denotes the final epidemic size and ⟨· · · ⟩ is the ensemble
averaging. We use at least 105 independent dynamic realizations on
a network to calculate the average value of χ, which exhibits a max-
imum value at the epidemic outbreak threshold λc. This numerical
prediction λc by observing χ can be considered the accurate epidem-
ic threshold.

Figure 1 shows how λc is located by observing χ in a scale-free
network and a California network. In scale-free networks with de-
gree exponent νD = 3.5, we find that the MFL and DMP meth-
ods produce results close to the accurate epidemic threshold λc. In
the California network, the epidemic threshold predicted by MFL
method is closer to λc than the two other methods.

III. CORRELATED CONFIGURATION NETWORKS

We generate the correlated configuration networks according to
the method in Ref. [3]. As shown in Fig. 2, the DMP method per-
forms better than MFL and QMF methods.
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FIG. 1. (Color online) Illustrations of the numerical identification
of epidemic threshold. The epidemic size r (a) and relative vari-
ance χ (c) versus the effective spreading probability λ on scale-free
networks with degree exponent νD = 3.5. The epidemic size r (b)
and relative variance χ (d) versus λ for California network [22]. In
(a) and (b), the solid black curves denote r and χ, respectively. The
four vertical lines are the epidemic thresholds which are predicted by
the numerical simulations λc (red solid lines), MFL method λMFL

c

(blue dished lines), QMF method λQMF
c (green dish-dotted lines),

and DMP method λDMP
c (purple dotted lines), respectively.

IV. REAL-WORLD NETWORKS

In this paper, we predict the SIR epidemic threshold for 56 real-
networks, which are downloaded from website [4]. The 56 include
social networks, coauthorship networks, metabolic networks, infras-
tructure networks, and citation networks. Table I displays their sta-
tistical characteristics in detail.
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FIG. 2. (Color online) Predicting epidemic thresholds for correlat-
ed configuration networks. Theoretical predictions of λMFL

c (black
circles), λQMF

c (blue up triangles), λDMP
c (green left triangles) and

numerical predictions (red squares) as a function of degree-degree
correlations r for degree exponent νD = 2.1 (a) and νD = 3.5 (b).
The networks size is set to be N = 8, 000.
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TABLE I. Statistical characteristics and the theoretical epidemic thresholds of the 56 real-world networks. The statistical characteristics
including the network size (N ), number of edges (E), minimum degree (kmin), maximum degree (kmax), first (⟨k⟩) and second moments
(⟨k2⟩) of degree distribution, degree-degree correlations (c), clustering (c), modularity (Q), the inverse participation ratios of the adjacent
matrix IPR(Λ1

A) and non-backtracking matrix IPR(Λ1
M )). The theoretical epidemic thresholds are the MFL method (λMFL

c ), the QMF
method (λQMF

c ) and DMP method (λDMP
c ).

Category Networks Statistical Characteristics of Networks Theoretical Epidemic Thresholds
N E kmax ⟨k⟩ ⟨k2⟩ r c Q IPR(Λ1

A) IPR(Λ1
M ) λMFL

c λQMF
c λDMP

c
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Gowalla [11] 196591 950327 14730 9.668 2964 −0.029 0.023 0.621 0.018 0.005 0.003 0.006 0.006
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