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S1. Proof of Proposition 2.1. Notice that (2.1) admits a closed-form
representation given as:

A0 if0<6<A
PA0) = QA2+ L (21— 2a) +ard — 367 if A <6 <al
22 LA (1 - 2a) + 1a?N? if 0> a\
A0 if0<6<A
(SL.1) = LA rand— 167 if A< <ar
F(a+1)\2 if 0 > aX

Let F(-): Ry — R be defined as

a+1

F(f) := min {(9 —al)k + %(a — 1)52} + A2,

KE[0, A]

We next show that F'(6) = Py(0) for any # > 0. Observe that

(S1.2)  F(f) = min {%(Q_D <M+K2>}+a‘;l)\2

€0, Al 5(a—1)
 min L a1 (02, 202 —2a)00 + \?
ke0,N] | 2 a—1 2(a — 1)

Further notice that the unique minimizer £* of min,ep, ) {(6 — aA)x + 3(a — 1)s?}
is

O—aX O—aX
—e1 B0 —TF <A

K =140 if —f=a2 <
A if —0=ad > )\
a—1
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Equivalently,

—0=a if N <0 <a)
(S1.3) =40 if 0 > a\

A it g <\

Eq. (S1.3) provides a closed-form solution to the single variable minimization
problem involved in (S1.2). Therefore, we can equivalently rewrite F'(f) into

(S1.4) F(8) = (6~ an)* + (o~ 1)(x")2 + T20N2

Combining (S1.1), (S1.3), and (S1.4) immediately gives us the equality,
F(6) = Px(0). Therefore, Model (1.1) is equivalent to

I T
%2255 QB+q' P

1 a+1
il — aX —-1)-g ——\2d.
+n292m1n {\6[ aX) - g 2(@ ) gl}—i-n 5
which immediately provides the desired result in Part (a).

As to Part (b), comparing (S1.3) and (2.1), we immediately have k* =
P;(0), which is the desired result.

S2. Proof for Proposition 2.3. This proof follows a closely similar
argument to the proof for Proposition 2.1 in Appendix S1. Notice that, per
(2.2),

M -2 if0<6<ar
S2.1 Py (0) := 2a - =
( ) A() {%a)\2 if @ > a\

Define L
F(0) := in —kr?— =
(9) Hen[% %)\] 2@/-{ 9/{ + 0
and we want to show that F'(§) = Py\(0). Observe that, for any 6 > 0,
1 1 5 02
($22) FO)= min 506~ 05 H00= i 5= 0)" - 540

whose closed form solution k* is given as

. 0 if0<0<al
K" =
aX if 8 > aA
Replacing £ by the minimizer x* in (S2.2), we can drop the minimization

operator “min”. Then this easily leads to the equality, F'(f) = Py(6). This
immediately results in both (a) and (b).
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S3. Proof for Lemma 4.1.

ProoOF. Note that
168" = B"|l2 < 3:

L(F) — L(8") — (V5L(B"), B — 6")
1
N R R L

64k log d logd
> <T - u) 18— "I — =58 — B

Observe that for all (8',8") € {(8',8") : |8 — 8" |lo < 64k — 1}, we have

764’”“1%51 + p < a. In view of (4.2), we have for all

log d log d

—— |8 = B"* < (64k — )7 ——||8' — "3

Thus for all (8/,5") € {(8,8"): |18/ = B"|l2 <3, || — B"|lo < 64k — 1}

ktlogd
L)~ £(8") 2VL(E), 5 - 8+ (DL o o

(S3.1) _ 7(64k —1)logd

I~ 813
2L, 0 - 8+ (TEL ) 18 - 01

Notice that per Taylor expansion we have that for some x € [3', 8”]

(53.2) L(3)~L(8") = (VL(B"), &/~ ")+ 58—, [VLOO]T (8~ ")

Thus, combining (S3.1) and (S3.2), we obtain that for all (8’, 8”) € {(5',8”) :
18" = B"ll2 <3, 18" = B"llo < 64k — 1},

logd
Tog+

309 = 8 (LT (8 - 5 = (B ) 1 - 1,

Further notice V2L = XX —X_ Then it follows that for all c € Ry, V(8,8") €
{(8,8"): |18 — 8"l < 3, 1|8 — 8"llo < 64k — 1},

Tlogd
n

el = 8, XXl = 8 2 (TEL 4 ) et - B
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This implies that for all (8',5") € {(#,8") : |8 = B"|lo < 64k — 1}, and
x €18, 8",

(533) (8~ 8", [(V*LOOIT (8 ")
Tlogd

_ %W - 8", XTX(8 - 5") = ( * M> 18" = 8”11

which, combining with (S3.2), gives that

Tlogd
n

L) — L(8") = (L"), B — B") + ( n u) 18 — 8|2

for all (8',8") € {(B',8") : || — B"||o < 64k — 1}.

As an immediate result,
(S3.4) L(B") — ullB'3 — L(B") + ull 3”113
1 Y 7logd I a2 12 )2
>(VL(B"), B'= ") + + 1) 118" = B3 — wllBllz + pll 8711

(VL") ~ 2, )+ (T2

+,Uf”6//”% +2N<B//a ,8/ —,8//>.

Notice that

+u> 18— B2 — ull 8|12

(83.5) ullB = 8715 = ull B3 + mll 8115 + 2u(B", B = 8") = 0.
Combining (S3.4) and (S3.5), we obtain
(53.6) L(B') = ullB'lI3 = L(B") + el 3”13

Tlogd

>(VL(B") —2uB", B —B") + 18" - B"|3.

n
for all (8, 8") € {(8,8") : 18" — B"|lo < 64k —1}. It is easy to check that
Z?Zl Py\(|Bi]) — A\|B| is continuously differentiable in /3. Denote that G(f) :=

d N
i PA@%@D Ly Invoking the assumption that u|8]2 + S0, Pr(|8]) is
convex, we know that, for all (8,8") € {(6",8") : |8’ — 5" |lo < 64k — 1}:

d d
(S3.7) pl 8115+ Pa(Bi) — 8713 =D P8

i=1 i=1

2 <2/,L/8”+g(,8”)+p(,8”), /8/_/8//>
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where D(3") € A[0|B|] 5z is a subgradient of A| - | at 8" and | - | is the
subddiferential of A| - |. Combining (S3.6) and (S3.7), we have

LF) £

n n
d

d
=L(8)+ > P8 — L(B") = Y PA(8))
=1 =1

Tlogd

> (VL(B") +G(8") +D(B"), 8 —pB") + 18"~ B"[15.

n
Observe that, by definition, VL(8") + G(8”) = VL(3"), where L is defined
as in (4.3). Therefore, we have the desired result. O

S4. Extended Numerical Results for Comparison in Optimiza-
tion Quality. This section of the appendix presents extended numerical
results that complete Table 4. More specifically, Table S1 extends the LR-
SCAD case (in the upper panel) of Table 4 and Table S2 extends the LR~
MCP case (in the lower panel) of Table 4.
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TABLE S1
Ezxtended results for the upper panel of Table 4 on comparison between LLA and the
proposed MIPGO to solve LR-SCAD

| MIPGO | LLA»,- gaP (%) | LLAO gaP (%) | LLA1 gap(%) |

TS 1 Min. 67.01 67.01 0.00 83.24 19.50 88.84 24.57
d=10 Ave. 67.01 84.44 20.64 83.24 19.50 88.84 24.57
n =10 Max. 67.01 120.30 44.30 83.24 19.50 88.84 24.57
TS 2 Min. 76.15 76.15 0.00 76.15 0.00 106.02 28.16
d=10 Ave. 76.15 93.58 18.63 76.15 0.00 106.02 28.16
n =10 Max. 76.15 113.86 33.12 76.15 0.00 106.02 28.16
TS 4 Min. 90.58 92.88 2.48 106.05 14.59 90.58 0.00
d=20 Ave. 90.58 110.35 17.91 106.05 14.59 90.58 0.00
n =10 Max. 90.58 149.19 39.29 106.05 14.59 90.58 0.00
TS 5 Min. 64.98 64.98 0.00 64.98 0.00 107.19 39.38
d =20 Ave. 64.98 86.10 24.53 64.98 0.00 107.19 39.38
n =10 Max. 64.98 167.61 61.23 64.98 0.00 107.19 39.38
TS 7 Min. 132.04 132.04 0.00 162.05 18.52 168.77 21.76
d =40 Ave. 132.04 181.12 27.10 162.05 18.52 190.76 21.76
n =15 Max. 132.04 284.86 53.65 162.05 18.52 190.76 21.76
TS 8 Min. 146.79 146.79 0.00 165.00 11.03 146.79 0.00
d =40 Ave. 146.79 196.85 25.43 165.00 11.03 146.79 0.00
n =15 Max. 146.79 291.78 49.69 165.00 11.03 146.79 0.00
TS 10 Min. 702.54 702.54 0.00 830.80 15.44 830.80 15.44
d =200 | Ave. 702.54 788.15 10.86 830.80 15.44 830.80 15.44
n =60 | Max. 702.54 866.43 18.92 830.80 15.44 | 830.80 15.44
TS 11 Min. 782.59 905.47 13.57 914.25 14.40 782.59 0.00
d =200 | Ave. 782.59 | 1026.62 23.77 914.25 14.40 782.59 0.00
n = 60 Max. 782.59 | 1332.02 41.25 914.25 14.40 782.59 0.00
TS 13 Min. 962.10 | 1032.77 6.84 | 1225.51 21.49 | 1135.80 15.29
d =500 | Ave. 962.10 | 1187.43 18.98 | 1225.51 21.49 | 1135.80 15.29
n = 80 Max. 962.10 | 1252.43 23.18 | 1225.51 21.49 | 1135.80 15.29
TS 14 Min. 703.79 703.79 0.00 921.93 23.66 892.53 21.15
d =500 | Ave. 703.79 914.86 23.07 921.93 23.66 892.53 21.15
n = 80 Max. 703.79 | 1321.40 46.74 921.93 23.66 892.53 21.15
TS 16 Min. | 1037.19 | 1037.19 0.00 | 1246.49 16.79 | 1246.49 16.79
d =1000 | Ave. 1037.19 | 1200.53 13.61 | 1246.49 16.79 | 1246.49 16.79
n =100 | Max. | 1037.19 | 1400.49 25.94 | 1246.49 16.79 | 1246.49 16.79
TS 17 Min. 1036.06 | 1036.06 0.00 | 1413.73 27.55 | 1413.73 26.71
d = 1000 | Ave. 1036.06 | 1276.52 18.84 | 1413.73 27.55 | 1413.73 26.71
n =100 | Max. | 1036.06 | 1429.95 27.55 | 1413.73 27.55 | 1413.73 26.71
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TABLE S2

Ezxtended results for the lower panel of Table 4 on comparison between LLA and the
proposed MIPGO to solve LR-MCP

| MIPGO | LLA»,- gap(%) | LLAO gap(%) | LLA1 gap(%) |

TS 1 Min. 10.23 20.48 32.03 13.46 24.04 15.04 32.03
d=10 Ave. 10.23 23.03 37.99 13.46 24.04 15.04 32.03
n =10 Max. 10.23 30.63 55.02 13.46 24.04 15.04 32.03
TS 2 Min. 19.21 20.48 6.19 23.52 18.31 22.50 14.61
d=10 Ave. 19.21 23.03 16.58 23.52 18.31 22.50 14.61
n =10 Max. 19.21 30.63 37.27 23.52 18.31 22.50 14.61
TS 4 Min. 14.18 17.52 19.10 17.88 20.71 22.51 37.02
d=20 Ave. 14.18 26.05 45.57 17.88 20.71 22.51 37.02
n =10 Max. 14.18 35.00 59.50 17.88 20.71 22.51 37.02
TS5 Min. 13.54 17.61 23.09 15.79 14.21 25.00 45.83
d=20 Ave. 13.54 26.44 48.78 15.79 14.21 25.00 45.83
n =10 Max. 13.54 42.50 68.14 15.79 14.21 25.00 45.83
TS 7 Min. 32.05 39.03 17.88 32.05 0.00 48.76 34.28
d =40 Ave. 32.05 48.73 34.24 32.05 0.00 48.76 34.28
n =15 Max. 32.05 71.25 55.02 32.05 0.00 48.76 34.28
TS 8 Min. 29.28 32.97 11.18 31.87 8.11 41.49 29.41
d =40 Ave. 29.28 43.23 32.27 31.87 8.11 41.49 29.41
n =15 Max. 29.28 56.25 47.94 31.87 8.11 41.49 29.41
TS 10 Min. 119.06 | 130.46 8.73 | 122.72 2.98 | 130.46 8.73
d =200 | Ave. 119.06 | 156.16 24.76 | 122.72 2.98 | 130.46 8.73
n =60 | Max. 119.06 | 550.37 78.37 | 122.72 2.98 | 130.46 8.73
TS 11 Min. 118.83 | 124.04 4.20 | 157.43 24.52 | 124.04 4.20
d =200 | Ave. 118.83 | 136.78 13.13 | 157.43 24.52 | 124.04 4.20
n = 60 Max. 118.83 | 201.01 40.89 | 157.43 24.52 | 124.04 4.20
TS 13 Min. 155.77 | 171.67 9.26 | 155.77 0.00 | 176.95 11.97
d =500 | Ave. 155.77 | 184.67 15.65 | 155.77 0.00 | 176.95 11.97
n = 80 Max. 155.77 | 355.23 56.15 | 155.77 0.00 | 176.95 11.97
TS 14 Min. 167.06 | 171.33 2.50 | 194.65 14.18 | 186.32 10.34
d =500 | Ave. 167.06 | 198.97 16.04 | 194.65 14.18 | 186.32 10.34
n = 80 Max. 167.06 | 250.78 33.39 | 194.65 14.18 | 186.32 10.34
TS 16 Min. 201.65 | 212.05 4.91 | 212.05 4.91 | 265.49 24.05
d =1000 | Ave. 201.65 | 223.29 9.69 | 212.05 4.91 | 265.49 24.05
n =100 | Max. 201.65 | 265.49 24.05 | 212.05 4.91 | 265.49 24.05
TS 17 Min. 139.16 | 139.16 0.00 | 139.16 0.00 | 162.25 14.23
d = 1000 | Ave. 139.16 | 156.37 11.00 | 139.16 0.00 | 162.25 14.23
n =100 | Max. 139.16 | 283.85 50.98 | 139.16 0.00 | 162.25 14.23
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