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Matrix based computer algorithm and Matlab and Python codes for the calculation of 

anisotropic elasticity 

For an arbitrary orientation of the cubic crystal with optical surface parallel to the (h k l) plane, the 

coordinate system (e1, e2, e3) is defined by the surface normal [h k l] and two other orthogonal vectors 

in the crystal surface. The three normalized vectors could be 

e1 =[h k l] / 222 lkh ,  e2 =[0 l -k] / 22 lk ,  e3
 =[ (k2+l2)  –h*k  –h*l] / )(*)( 22222 lkhlk  (a)  

The formalism in (Wortman et al. 1965) can be used to calculate the stiffness coefficient matrix Chkl 

and compliance matrix Shkl for any silicon crystal plane. We have re-written this formalism in matrix 

form and coded in MatLab as follows: 

μ = c11 -c12 -2*c44 ; 

Ce = zeros(6,6) ; Ce(1,1)=μ; Ce(2,2)=μ; Ce(3,3)=μ; 

M0 = [e1.* e1; e2.* e2; e3.* e3; e2.* e3; e1.* e3; e1.* e2];      $M= M0* M0´; 

C = C100 + μ*M - Ce;  

The compliant coefficient matrix S=C-1 can be used to calculate Young’s modulus E, shear modulus 

G and Poisson’s ratio ν as: 

S = inv(C); 

E = [1/S(1,1), 1/S(2,2), 1/S(3,3)]; 

G = [1/S(4,4), 1/S(5,5), 1/S(6,6)];  

ν = - S(1:3,1:3)./( [1/S(1,1); 1/S(2,2); 1/S(3,3)]*ones(1,3)); 

Where E and G are vectors 1x3, represents E = [E11, E22, E33], G = [G23, G13, G12]. Poisson’s ratio 

matrix ν is of dimension 3x3, there are 9 elements but only the 6 elements ν12, ν13, ν21, ν23, ν31, ν32 are 

used. In general, the Poisson’s ratio matrix is not symmetric: νij ≠ νji. Attention should be paid to the 

order of index in the Poisson’s ratio. 

When using finite element software ANSYS, the 6x6 stiffness coefficient matrix C relates the terms 

ordered as {1, 2, 3, 12, 23, 31}, whereas for most published materials (Mason 1958, Wortman et al. 

1965 for Silicon) the order is given as {1, 2, 3, 23, 31, 12}. This difference requires the C matrix 

terms to be converted to the expected format. It is more convenient to generate directly the stiffness 

coefficient matrix C in ANSYS convention by using following matrix M0: 

M0 = M0a = [ e1.* e1; e2.* e2; e3.* e3; e1.* e2; e2.* e3; e1.* e3]; 

The coordinate system in finite element modelling is often defined with z-axis normal to the crystal 

optical surface, and x-axis and y-axis parallel to the crystal optical surface. In that case, the vectors 

given in Eq.(a) need to be permutated as e1  e3a, e2  e1a, e3  e2a, and the matrix M0 is then:  

 M0 =M0a=[ e1a.*e1a; e2a.*e2a; e3a.*e3a; e1a.*e2a; e2a.*e3a; e1a.*e3a];   



   
 

 

   

 

Matlab code for the calculation of anisotropic elasticity of silicon: 
% Vectors e1,e2, e3 to be defined by user,  for instance 
h=3; k=1;  l=1; 
e1 =[h k l];  e1=e1/norm(e1); 
e2 =[0 l -k];  e2=e2/norm(e2); 
e3 =[(k^2+l^2) -h*k  -h*l];  e3=e3/norm(e3); 
 
% Definition of Stiffness Matrix for Si(100) 
c11 = 165.7 ; c12 = 63.9 ; c44 = 79.6;  % GPa 
C100=[c11 c12 c12 0 0 0; c12 c11 c12 0 0 0; c12 c12 c11 0 0 0; 0 0 0 c44 0 0; 0 0 0 0 c44 0; 0 0 0 0 0 c44]; 
 
mu= c11 -c12 -2*c44 ; 
Ce = zeros(6,6) ; Ce(1,1)= mu; Ce(2,2)= mu; Ce(3,3)= mu; 
M0 = [ e1.* e1; e2.* e2; e3.* e3; e2.* e3; e1.* e3; e1.* e2];       % Common definition 
% M0 = [ e1.* e1; e2.* e2; e3.* e3; e1.* e2; e2.* e3; e1.* e3];       % ANSYS definition 
M= M0* M0'; 
C = C100 + mu *M - Ce;     % Stiffness Matrix (GPa) 
S = inv(C);       % Compliance coefficient Matrix 
E = [1/S(1,1), 1/S(2,2), 1/S(3,3)];     % Young’s modulus (GPa) 
G = [1/S(4,4), 1/S(5,5), 1/S(6,6)];     % shear modulus (GPa) 
nu = - S(1:3,1:3)./( [S(1,1); S(2,2); S(3,3)]*ones(1,3));  % Poisson’s ratio Matrix 

 
Python code using Numpy for the calculation of anisotropic elasticity of silicon: 

import numpy as np 
# Vectors e1,e2, e3 to be defined by user, for instance 
h=3; k=1;  l=1; 
e1 = np.array([h, k, l]);  e1 = e1/np.sqrt(np.dot(e1,e1)) 
e2 = np.array([0, l, -k]); e2 = e2/np.sqrt(np.dot(e2,e2)) 
e3 = np.array([(k*k+l*l), -h*k, -h*l]);  e3 = e3/np.sqrt(np.dot(e3,e3)) 
 
# Definition of Stiffness Matrix for Si(100) 
c11 = 165.7 ; c12 = 63.9 ; c44 = 79.6   # GPa 
C100= np.array( [ [c11, c12, c12, 0, 0, 0],[c12, c11, c12, 0, 0, 0],[c12, c12, c11, 0, 0, 0],[0, 0, 0, c44, 0, 
0],[0, 0, 0, 0,c44, 0],[0, 0, 0, 0, 0, c44]]) 
 
mu= c11 -c12 -2*c44 ; 
# note that python indices start by zero 
Ce=np.zeros((6,6)) ;  Ce[0,0] = mu  ; Ce[1,1] = mu  ; Ce[2,2] = mu 
M0 = np.array( [e1*e1, e2*e2, e3*e3, e2*e3, e1*e3, e1*e2] )       # Common definition 
#M0 = np.array( [e1*e1, e2*e2, e3*e3, e1*e2, e2*e3, e3*e1] )     # ANSYS definition 
M = np.dot( M0,M0.transpose() ) 
C=C100+mu*M-Ce                                                                         # Stiffness matrix (GPa) 
S = np.linalg.inv(C)                                                                         # Compliance coefficient Matrix  
E = [1/S[0,0], 1/S[1,1], 1/S[2,2]]                                                   # Young’s modulus (GPa) 
G = [1/S[3,3], 1/S[4,4], 1/S[5,5]]                                                   # shear modulus (GPa) 
nu = -S[ 0:3,0:3 ] / np.array( [ [S[0,0],S[0,0],S[0,0]],[S[1,1],S[1,1],S[1,1]],[S[2,2],S[2,2],S[2,2]] ] )         
                                                                                                        # Poisson’s ratio 

  



  
 

 

   

 

Stiffness Matrix of silicon for crystal orientations (100), (110), (111), (311) 

 

 {1  2  3  23  31  12} {1  2  3  12  23  31} 

  Common ANSYS convention 

Si (1 0 0) 

(e1
‘, e2

‘, e3
‘ ) [1 0 0], [0 1 0], [0 0 1]  [0 1 0], [0 0 1], [1 0 0] 

 

6.79

6.79

6.79

7.1659.639.63

9.637.1659.63

9.639.637.165

100C

 

6.79

6.79

6.79

7.1659.639.63

9.637.1659.63

9.639.637.165

100

aC

 

Si (1 1 0) 

(e1
‘, e2

‘, e3
‘ ) [1 1 0], [0 0 1], [1 -1 0]  [0 0 1], [1 -1 0], [1 1 0] 

 

6.79

9.50

6.79

4.1949.632.35

9.637.1659.63

2.359.634.194

110C

 

6.79

9.50

6.79

4.1942.359.63

2.354.1949.63

9.639.637.165

110

aC

 

Si (1 1 1) 

(e1
‘, e2

‘, e3
‘ ) [1 1 1], [0  1 -1], [2 -1 -1]  [0  1 -1], [2 -1 -1], [1 1 1] 

 

47.60053.13000

047.60053.1353.130

53.13003.70000

053.1304.19433.5477.44

053.13033.544.19477.44

00077.4477.44204

111C

 

47.60053.13000

047.600053.1353.13

53.13003.70000

00020477.4477.44

053.13077.444.19433.54

053.13077.4433.544.194

111

aC

 

Si (3 1 1) 

(e1
‘, e2

‘, e3
‘ ) [3 1 1], [0 1 -1], [2 -3 -3]  [0 1 -1], [2 -3 -3], [3 1 1] 

 

38.7407.11

79.66032.507.111.16

07.1112.56

032.520242.4009.51

07.1142.404.19468.58

1.1609.5168.587.183

311C

 

38.7407.11

79.661.16032.507.11

07.1112.56

1.167.18309.5168.58

032.509.5120242.40

07.1168.5842.404.194

311

aC

 

 




