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Supplementary Figure 1 | Simulated field patterns according to experimental results in 

Fig. 4. a, An insulating bulk state, corresponding to Fig. 4b. b, A topological edge state, 

corresponding to Fig. 4c. c, States on a 1D lattice, corresponding to Fig. 4e. d, Circumvention 

of the topological edge state around a defect ring with 3.5mm height, corresponding to Fig. 4g. 
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Supplementary Figure 2 | Simulation of coupling through a unit cell in the topological 

designer surface plasmon structure. The frequency is at 11.3 GHz.  

 

Supplementary Figure 3 | Simulation of coupling between a 5-mm-tall ring to a 4.3-mm-

tall ring. The frequency is at 11.3 GHz. a, Input from the 5-mm-tall ring. b, Input from the 4.3 

mm-tall ring. 
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Supplementary Note 1. Transfer Matrix Analysis and Topological Transition 

The schematic of a unit cell for the square lattice network is shown in Fig. 2 in the main 

text. Here we give detailed calculations on band structure. Let 𝑛 ≡ (𝑥𝑛, 𝑦𝑛) denote the 

site of unit cell. In each unit cell, input amplitudes can be described by a four-vector 

(𝑎1,𝑛, 𝑎2,𝑛, 𝑎3,𝑛, 𝑎4,𝑛) , and output amplitudes by another four-vector 

(𝑏1,𝑛, 𝑏2,𝑛, 𝑏3,𝑛, 𝑏4,𝑛) . The coupling between the sites at 𝑛  and 𝑛 + 𝑥  can be 

described as[
𝑎2,𝑛

𝑎4,𝑛+𝑥
] = 𝑆𝑛𝑥 [

𝑏1,𝑛

𝑏3,𝑛+𝑥
] and the coupling between the sites at 𝑛 and 𝑛 +

𝑦 can be described as[
𝑎1,𝑛

𝑎3,𝑛+𝑦
] = 𝑆𝑛𝑦 [

𝑏4,𝑛

𝑏2,𝑛+𝑦
], where 𝑆𝑛𝑥 = 𝑆𝑛𝑦 = 𝑆𝑛 = [

𝑟 𝑡′

𝑡 𝑟′] is a 

unitary matrix containing four complex numbers 𝑟,𝑟′,𝑡 and 𝑡′. Combining together, 

we can write down the following scattering matrix equation 

[

𝑎1,𝑛

𝑎2,𝑛

𝑎3,𝑛+𝑦

𝑎4,𝑛+𝑥

] = [

0 𝑡′ 0 𝑟
𝑟 0 𝑡′ 0
0
𝑡

𝑟′

0
0 𝑡
𝑟′ 0

]

[
 
 
 
 

𝑏1,𝑛

𝑏2,𝑛+𝑦

𝑏3,𝑛+𝑥

𝑏4,𝑛 ]
 
 
 
 

                  (1) 

This periodic network allows Bloch theorem to apply. We can thus get 

[

𝑎1,𝑛

𝑎2,𝑛

𝑎3,𝑛+𝑦

𝑎4,𝑛+𝑥

] = [

1 0 0 0
0 1 0 0
0
0

0
0

𝑒𝑖𝐾𝑦 0
0 𝑒𝑖𝐾𝑥

] [

𝑎1,𝑛

𝑎2,𝑛

𝑎3,𝑛

𝑎4,𝑛

] 

  

[
 
 
 
 

𝑏1,𝑛

𝑏2,𝑛+𝑦

𝑏3,𝑛+𝑥

𝑏4,𝑛 ]
 
 
 
 

= [

1 0 0 0
0 𝑒𝑖𝐾𝑦 0 0
0
0

0
0

𝑒𝑖𝐾𝑥 0
0 1

]

[
 
 
 
𝑏1,𝑛

𝑏2,𝑛

𝑏3,𝑛

𝑏4,𝑛]
 
 
 

               (2) 

After substituting Eq. (2) into Eq. (1), we can get: 

[

𝑎1,𝑛

𝑎2,𝑛

𝑎3,𝑛

𝑎4,𝑛

] = [

1 0 0 0
0 1 0 0
0
0

0
0

𝑒−𝑖𝐾𝑦 0
0 𝑒−𝑖𝐾𝑥

] [

0 𝑡′ 0 𝑟
𝑟 0 𝑡′ 0
0
𝑡

𝑟′

0
0 𝑡
𝑟′ 0

] [

1 0 0 0
0 𝑒𝑖𝐾𝑦 0 0
0
0

0
0

𝑒𝑖𝐾𝑥 0
0 1

]

[
 
 
 
𝑏1,𝑛

𝑏2,𝑛

𝑏3,𝑛

𝑏4,𝑛]
 
 
 

   (3) 
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By expressing [

𝑎1,𝑛

𝑎2,𝑛

𝑎3,𝑛

𝑎4,𝑛

] = 𝑒−𝑖𝜙

[
 
 
 
𝑏1,𝑛

𝑏2,𝑛

𝑏3,𝑛

𝑏4,𝑛]
 
 
 

 in Eq. (3), we rewrite the governing scattering matrix 

equation as: 

𝑆(𝐾)|𝑏𝐾⟩ = 𝑒−𝑖𝜙|𝑏𝐾⟩                            (4) 

where 𝑆(𝐾) = [

1 0 0 0
0 1 0 0
0
0

0
0

𝑒−𝑖𝐾𝑦 0
0 𝑒−𝑖𝐾𝑥

]

[
 
 
 0 𝑡′ 0 𝑟
𝑟 0 𝑡′ 0
0
𝑡

𝑟′

0
0 𝑡
𝑟′ 0]

 
 
 

[

1 0 0 0
0 𝑒𝑖𝐾𝑦 0 0
0
0

0
0

𝑒𝑖𝐾𝑥 0
0 1

] , |𝑏𝐾⟩ =

[
 
 
 
 
𝑏1,𝑛

𝑏2,𝑛

𝑏3,𝑛

𝑏4,𝑛]
 
 
 
 

. 

Following the same parameterization process in Ref. 20, the unitary scattering matrix 

𝑆𝑛 = [
𝑟 𝑡′

𝑡 𝑟′] can be rewritten as [𝑠𝑖𝑛𝜃𝑒𝑖𝜒 −𝑐𝑜𝑠𝜃𝑒𝑖(𝜑−𝜉)

𝑐𝑜𝑠𝜃𝑒𝑖𝜉 𝑠𝑖𝑛𝜃𝑒𝑖(𝜑−𝜒)
], where 𝜃, representing 

the coupling strength between neighboring rings, is relevant with amplitudes of 𝑟 and 

𝑡, and 𝜒, 𝜑, 𝜉  are relevant with phases of 𝑟  and 𝑡 . We choose 𝜒 = −0.24𝜋, 𝜑 =

𝜋, 𝜉 = 0, extracted from simulated transmission of a unit cell at 11.3 GHz. The band 

structure of a semi-infinite strip with 50 lattices in y direction and periodic in x direction 

is plotted in Fig. 2c in the main text, where 𝜃 = 0.2𝜋 for weak coupling, 𝜃 = 0.25𝜋 

for critical coupling, and 𝜃 = 0.4𝜋 for strong coupling, respectively.  

Supplementary Note 2. Retrieval of coupling strength  

Parameter  describes coupling strength between neighboring lattice rings, which 

depends on both frequency , and ring-ring distance g. Topological nontrivial phase 

occurs above the critical , while trivial phase occurs below this critical value. 

In real structures that support narrowband designer surface plasmons, we tune g to 

realize different topological phases. To match with band diagrams, we retrieved  with 

asin-1[(Iout/Iin)
1/2] from simulations on a unit cell, where Iin is the power delivered 
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into the unit cell through the input plane Sin, and Iout is the output power through the 

output plane Sout, as marked in Fig. S2. Topological edge state at 11.3 GHz has 

±within the topological band gap), larger than 0.25. Note that the 

coupling strength characterizes the inter-ring coupling, not the propagation loss. 

Therefore, the measured propagation loss of 1.44 dB per lattice constant is irrelevant 

here. Regarding the topologically trivial phase with g = 7.5 mm, the demonstrated bulk 

state at 11.3 GHz corresponds to , smaller than 0.25, and the in-gap 

excitation at 11.45 GHz corresponds to , also smaller than 0.25.  

Supplementary Note 3. Coupling between a 5.0-mm ring and a 4.3-mm ring 

In experiment, the 4.3-mm-tall ring is used as a defect and later used as the input 

waveguide. In Fig. S3, we simulate the coupling between a 5.0-mm-tall ring and a 4.3-

mm-tall ring. We can see in Fig. S3a that, the wave coupled from the 5.0-mm-tall ring 

to the 4.3-mm-tall ring is minimal (-7dB) and the wave maintains its propagation (-

1dB) on the 5.0-mm-tall ring without reflection. In Fig. S3b, the coupling from the 4.3-

mm-tall ring to the 5.0-mm-tall ring is also weak (-7dB). There is moderate radiation 

on the 4.3-mm-tall ring because of its relatively weak capability of confining the wave 

energy of designer surface plasmons.     


