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1 Supplementary Figures and Tables

Table S1: Support accuracy on the avian dataset. Accuracy (and recall) of BS and local posterior probability
is show for three thresholds: 0.7, 0.95, and 0.99.

BS Local PP with Estimated gene trees Local PP with True gene trees
sites 0.70 0.95 0.99 0.70 0.95 0.99 0.70 0.95 0.99
1500 99.4(93.5) 100.0(89.6) 100.0(85.9) 99.9(90.7) 100.0(84.7) 100.0(81.3) 99.9(93.6) 100.0(90.2) 100.0(86.2)
1000 99.6(89.0) 100.0(79.7) 100.0(74.3) 100.0(91.4) 100.0(84.1) 100.0(80.1) 100.0(94.5) 100.0(91.4) 100.0(87.7)
500 98.0(75.7) 99.8(69.8) 100.0(66.8) 99.5(87.7) 99.8(79.8) 100.0(74.4) 99.0(97.4) 99.4(93.8) 99.5(90.6)
250 95.9(71.7) 99.6(63.2) 100.0(57.4) 99.1(78.3) 100.0(71.5) 100.0(69.2) 97.1(97.7) 98.6(94.7) 99.2(92.6)
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Figure S1: Properties of the A-200 dataset. (a) True gene tree discordance is
shown, measured as the RF distance (Robinson and Foulds, 1981) between the true
species tree and the true gene trees; Three levels of ILS are created by changing
tree length (10M, 2M, or 500K generations), resulting in low, medium, and high
discordance. The double pick is due to the fact that in Mirarab and Warnow (2015)
two different speciation rates are used, but here, we combine both speciation rates
into one larger dataset. Bottom: Gene tree estimation error, measured as the RF
distance between the true gene tree and the estimated gene tree. Note that the
datasets with higher ILS also tend to have higher gene tree error.
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Figure S2: Accuracy of local posterior probability on the A-200 dataset with true species trees. A)
the precision and recall of branches with local posterior probability above a threshold ranging from 0.9 to 1.0 using
estimated gene trees (solid) or true gene trees (dotted). B) ROC curve (recall versus false positive rate) for thresholds
ranging from 0 to 1 (figure trimmed at 0.4 fpr). Columns show different levels of ILS (each with 100 replicates). For
each branch in each true species tree, all three alternatives are included in the analysis (one correct branch and two
wrong branches). Thus, a total of 198*3*100=59400 branches are included for each model condition.
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Figure S3: Accuracy of local posterior probability on the A-200 dataset with NJST species trees. A)
the precision and recall of branches with local posterior probability above a threshold ranging from 0.9 to 1.0 using
estimated gene trees (solid) or true gene trees (dotted). B) ROC curve (recall versus false positive rate) for thresholds
ranging from 0 to 1 (figure trimmed at 0.4 fpr). Columns show different levels of ILS (each with 100 replicates). For
each branch in each true species tree, all three alternatives are included in the analysis (one correct branch and two
wrong branches). Thus, a total of 198*3*100=59400 branches are included for each model condition.
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Figure S4: Accuracy of local posterior probability on the A-200 dataset with concatenation. A)
the precision and recall of branches with local posterior probability above a threshold ranging from 0.9 to 1.0 using
estimated gene trees (solid) or true gene trees (dotted). B) ROC curve (recall versus false positive rate) for thresholds
ranging from 0 to 1 (figure trimmed at 0.4 fpr). Columns show different levels of ILS (each with 100 replicates). For
each branch in each true species tree, all three alternatives are included in the analysis (one correct branch and two
wrong branches). Thus, a total of 198*3*100=59400 branches are included for each model condition.
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Figure S5: Precision of local posterior probability on the Avian dataset with ASTRAL. Precision
of branches with local posterior probability above a threshold ranging from 0.9 to 1.0 based on MLBS and local
posterior probability (PP) support values. Boxes show different numbers of sites per gene (controlling gene tree
estimation error).
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Figure S6: Recall of local posterior probability on the Avian dataset with ASTRAL. Recall of branches
with local posterior probability above a threshold ranging from 0.9 to 1.0 based on MLBS and local posterior
probability (PP) support values. Boxes show different numbers of sites per gene (controlling gene tree estimation
error).
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Figure S7: Branch length accuracy on the A-200 Low ILS dataset. Estimated branch length against true
branch length is plotted in log scale (base 10). Line: fitted generalized additive model with smoothing (Wood, 2011).

Figure S8: Branch length accuracy on the A-200 High ILS dataset. Estimated branch length against true
branch length is plotted in log scale (base 10). Line: fitted generalized additive model with smoothing (Wood, 2011).
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Figure S9: Branch length accuracy on the Avian dataset. Estimated branch length against true branch length
is plotted in log scale (base 10). Line: fitted generalized additive model with smoothing (Wood, 2011).
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Figure S10: Summarized branch length accuracy on the Avian dataset. Fitted estimated branch length
using MPEST, and ASTRAL methods is plotted against true branch length in log scale (base 10). Lines show a
fitted generalized additive model with smoothing (Wood, 2011).
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Figure S11: Support on the angiosperm dataset Three forms of support values are shown for the angiosperm
dataset of Xi et al Xi et al. (2014). MLBS support (site-only), local posterior computed on fully ML resolved gene
trees, and local posterior computed on ML gene trees with branches with less than 33% support collapsed. Branches
marked with an asterisk (*) have 100% support with all three measures. Bold: local support on collapsed gene trees
is at least 10% higher than MLBS support. Bold italic: local support on collapsed gene trees is at least 10% lower
than MLBS support. Dotted/green lines (dashed/red lines): collapsing low support branches in gene trees increases
(decreases) local posterior probability by at least 10%.
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Figure S12: Support on the avian dataset Three forms of support values are shown for the avian dataset of
Jarvis et al Jarvis et al. (2014). MLBS support (site-only), local posterior computed on fully ML resolved gene
trees, and local posterior computed on ML gene trees with branches with less than 33% support collapsed. Branches
marked with an asterisk (*) have 100% support with all three measures. Bold: local support on collapsed gene trees
is at least 10% higher than MLBS support. Bold italic: local support on collapsed gene trees is at least 10% lower
than MLBS support. Dotted/green lines (dashed/red lines): collapsing low support branches in gene trees increases
(decreases) local posterior probability by at least 10%. Inset: branch lengths in coalescent units. The length of
terminal branches are drawn arbitrarily.
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Figure S13: Support on the avian dataset of Prum et al. Three forms of support values are shown. Inset:
branch lengths in coalescent units (terminal lengths are drawn arbitrarily). Collapsed clades had full support with
all three methods for all branches.
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function freq(G,Q = (W,X)|(Y, Z))
Q2← (W,Y )|(X,Z)
Q3← (W,Z)|(X,Y )
f1← F (G,Q)
f2← F (G,Q2)
f3← F (G,Q3)
m← (f1 + f2 + f3)/|G|
return (f1/m, f2/m, f3/m)

function F(G,Q = (W,X)|(Y,Z))
r ← 0
S ← empty stack
for g ∈ G do
for u ∈ postOrder(g) do
if u is a leaf then

(w, x, y, z)← (W [u], X[u], Y [u], Z[u])
else

(C11,C12,C13,C14)← pull from S
(C21,C22,C23,C24)← pull from S
(w, x, y, z)← (C11 + C21,C12 + C22,C13 + C23,C14 + C24)
(C31,C32,C33,C34)← (|W | − w, |X| − x, |Y | − y, |Z| − z)
r ← r + I(C)

push (w, x, y, z) to S
return r/2

function I(C)
return

C10 ×C21 ×C32 ×C33 + C11 ×C20 ×C32 ×C33 + C12 ×C23 ×C30 ×C31 +

C13 ×C22 ×C30 ×C31 + C30 ×C21 ×C12 ×C13 + C31 ×C20 ×C12 ×C13 +

C32 ×C23 ×C10 ×C11 + C33 ×C22 ×C10 ×C11 + C10 ×C31 ×C22 ×C23 +

C11 ×C30 ×C22 ×C23 + C12 ×C33 ×C20 ×C21 + C13 ×C32 ×C20 ×C21

Figure S14: Frequency calculation algorithm. Input is a set of gene trees G and a quadripartition Q =
(W,X)|(Y,Z) where each cluster (e.g., X) is a bitset indexed by the species (thus, X[u] is 1 if leaf u is in X and
otherwise is 0). Output is the quartet frequency for each of the three topologies around that branch.
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Figure S15: Topologies of different quartets around a branch might heavily depend on each other In
this example, species A and B and E are closer to each other than each of them to C or D. Lets assume we observe
topology of set of taxa A,B,C,D is T1 = A,B|C,D in a gene tree G, and the topology of set of taxa A,E,C,D is
T2 = A,E|C,D in G. In this case the topology of set of taxa T3 = B,E|C,D is completely determined based on
topologies T1, and T2. So it does not have extra information about the internal branch between them. To see this,
imagine putting B on each of the five branches of A,E|C,D. Two branches (pending to C and B are not possible,
because they contradict the other quartet topology. The other three placements all results in the B,E|C,D topology.
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2 Supplementary methods

3 Proofs
3.1 Proof of Lemma 1

Lemma 1 Let (θ1, θ2, θ3) denote parameters of the true multinomial distribution generating Z̄.
Note

∑3
1 θi = 1 and the two lower θis are identical, and recall z1 corresponds to the topology of Q.

P (θ1 >
1

3
|Z̄ = z̄) =

∫ 1
1
3
P (Z̄ = z̄|θ1 = t)fθ1(t)dt

P (Z̄ = z̄)
(S1)

with likelihood term:

P (Z̄ = z̄|θ1 = t) = Γtz1(
1− t

2
)n−z1 (S2)

where Γ = Γ(n+1)∏3
1 Γ(zj+1)

, and marginal probability:

P (Z̄ = z̄) =
3∑
j=1

∫ 1

1
3

P (Z̄ = z̄|θj = t)fθj (t)dt

= Γ

3∑
j=1

∫ 1

1
3

tzj (
1− t

2
)n−zjfθj (t)dt. (S3)

Proof To prove Equation (S1), one could use Bayes’ rule directly,

P (θ1 >
1

3
|Z̄ = z̄) =

P (θ1 >
1
3 , Z̄ = z̄)

P (Z̄ = z̄)
=

∫ 1
1
3
P (Z̄ = z̄, θ1 = t)dt

P (Z̄ = z̄)

=

∫ 1
1
3
P (Z̄ = z̄|θ1 = t)fθ1(t)dt

P (Z̄ = z̄)

Equation (S2) comes from Z̄ being a multinomial distributed random variable given θ1 = t is fixed
and θ1 >

1
3 (so θ2 = θ3 = 1−t

2 ) directly. To prove Equation (S3),

P (Z̄ = z̄) =P (Z̄ = z̄|θ1 >
1

3
) + P (Z̄ = z̄|θ1 ≤

1

3
) = P (Z̄ = z̄|θ1 >

1

3
) + P (Z̄ = z̄|θ2 >

1

3
∨ θ3 >

1

3
)

=P (Z̄ = z̄|θ1 >
1

3
) + P (Z̄ = z̄|θ2 >

1

3
) + P (Z̄ = z̄|θ3 >

1

3
)

3.2 Proof of Theorem 1

Theorem Given 1) a set of n gene trees generated by the MSC on a model species tree generated by
the Yule process with rate λ and 2) an internal branch represented by a quadripartition Q where the
four clusters around Q are each present in the species tree, let z̄ = (z1, z2, z3) be the average quartet
frequencies around Q (where z1 corresponds to the topology of Q); the local posterior probability
that the species tree has the topology given by Q is:

P (Q|Z̄ = z̄) =
h(z1)

h(z1) + 2z2−z1h(z2) + 2z3−z1h(z3)
(S4)

where
h(x) = B(x+ 1, n− x+ 2λ)(1− I 1

3
(x+ 1, n− x+ 2λ)).

Here, B(α, β) is the beta function, and Ix is the regularized incomplete beta function.
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Proof Z̄ follows a multinomial distribution with parameters (θ1, θ2, θ3). Lack of anomaly zones
for unrooted quartets, shown by Allman et al. (2011) means that Q is in the species tree iff θ1 >

1
3 .

Thus, by Lemma 1 we can use (S1), (S2), and (S3) to compute the local posterior probability of
Q. By the assumption that (coalescent unit) branch lengths in the species tree are generated by
the Yule process, calculation of (S4) follows from manipulating (S1), (S2), and (S3), as detailed in
the following Using Lemma 1,

P (θ1 >
1

3
|Z̄ = z̄) =

∫ 1
1
3
P (Z̄ = z̄|θ1 = t)fθ1(t)dt

P (Z̄ = z̄)

with likelihood term:

P (Z̄ = z̄|θ1 = t) = Γtz1(
1− t

2
)n−z1

where Γ = Γ(n+1)∏3
1 Γ(zj+1)

, and marginal probability:

P (Z̄ = z̄) =
3∑
j=1

∫ 1

1
3

P (Z̄ = z̄|θj = t)fθj (t)dt

= Γ
3∑
j=1

∫ 1

1
3

tzj (
1− t

2
)n−zjfθj (t)dt.

In these equations Z̄ is a multinomial random variable with parameters (θ1, θ2, θ3),
∑3

1 θi = 1
and the two lower θis are identical, and recall z1 corresponds to the topology of Q. Using (S3), and
(S1),

P (Q|Z̄ = z̄) =

∫ 1
1
3
P (Z̄ = z̄|θ1 = t)fθ1(t)dt

Γ
∑3

j=1

∫ 1
1
3
g(zj ;n, t)fθj (t)dt

(S5)

Based on Lemma 2, and Equation S2 fθj (t) = λ(3
2(1−t))2λ−1, and P (Z̄ = z̄|θj = t) = Γtzj (1−t

2 )n−zj .
So Equation S5 simplifies to:

P (Q|Z̄ = z̄) =

∫ 1
1
3
(Γtz1(1−t

2 )n−z1)λ(3
2(1− t))2λ−1dt

Γ
∑3

j=1

∫ 1
1
3
(tzj (1−t

2 )n−zj )λ(3
2(1− t))2λ−1dt

=
2z1−n

∫ 1
1
3
tz1(1− t)n−z1+2λ−1dt∑3

j=1 2zj−n
∫ 1

1
3
tzj (1− t)n−zj+2λ−1dt

=
2z1−n(

∫ 1
0 t

z1(1− t)n−z1+2λ−1dt−
∫ 1

3
0 tz1(1− t)n−z1+2λ−1dt)∑3

j=1 2zj−n(
∫ 1

0 t
zj (1− t)n−zj+2λ−1dt−

∫ 1
3

0 tzj (1− t)n−zj+2λ−1dt)

(S6)

With B(α, β) as beta function, and Ix as the regularized incomplete beta function,

B(x+ 1, n− x+ 2λ) =

∫ 1

0
tzj (1− t)n−zj+2λ−1dt

and,

B(x+ 1, n− x+ 2λ)I 1
3
(x+ 1, n− x+ 2λ) =

∫ 1
3

0
tzj (1− t)n−zj+2λ−1dt
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then,

P (Q|Z̄ = z̄) =
h(z1)

h(z1) + 2z2−z1h(z2) + 2z3−z1h(z3)
(S7)

where
h(x) = B(x+ 1, n− x+ 2λ)(1− I 1

3
(x+ 1, n− x+ 2λ)).

3.3 Proof of Theorem 2

Theorem Under conditions of Theorem 1, and assuming the branch represented by Q is in the
species tree, the ML estimate for its length is − ln 3

2(1− z1
n ) and the MAP estimate is − ln 3

2(1− z1
n+2λ)

when 3z1 ≥ n; otherwise, both ML and MAP are zero.

Proof Assume D, branch length, is a random variable whose range is in [0 ∞). The ML estimate
for the branch length is coming from:

d∗ML = argmax
x≥0

PZ1|D(z1|x;n) (S8)

where PZ1|D(z1|x;n) is the likelihood of D. Assuming that Q is the true topology, the likelihood
of D is proportional to:

PZ1|D(z1|x;n) ∝ (1− 2

3
e−x)z1(

1

3
e−x)n−z1 (S9)

computing the log likelihood and removing the constants yields to

L(x; z, n) = z1 ln (1− 2

3
e−x)− (n− z1)x. (S10)

Note that
d2L(x; z, n)

dx2
=
−z1

2
3e
−x

(1− 2
3e
−x)2

< 0, (S11)

so (S10) is a concave function. To find the maximum of (S10), we take its derivative and set it to
zero. Let’s name the solution as d̂

dL(x; z, n)

dx
=

z1
2
3e
−x

1− 2
3e
−x − (n− z1) = 0. (S12)

Due to concavity of (S10), and condisering (S8) d∗ML = max (0, d̂). The solution of (S12) is

d̂ = − ln (3
2(1− z1

n )). Note that d̂ ≥ 0 if 3
2(1 − z1

n ) ≤ 1 or z1
n ≥

1
3 . So d∗ML = − ln (3

2(1− z1
n )) if

z1
n ≥

1
3 , otherwise d∗ML = 0.

Given n gene trees, to find the MAP estimate we need to solve

D∗MAP = argmax
x≥0

fD|Z1
(x|z1;n)

= argmax
x≥0

PZ1|D(z1|x)fD(x)
(S13)

where fD(x) is a priori distribution for branch length.
The waiting time between the two consecutive speciation events is the length of the interior

edge between them. Assuming that our species tree is a Yule tree, each species has a speciation
rate λ, and this waiting time is exponentially distributed with mean 1

2λ (Stadler and Steel, 2012).
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So for the MAP estimate, we assume branch length D is exponentially distributed with rate 2λ. In
this case the posteriori could be written as:

fD|Z1
(x|z1;n) ∝ (1− 2

3
e−x)z1(

1

3
e−x)n−z1e−2λx. (S14)

Taking log of (S14) and removing constants the function L′(x) is defined as

L′(x) = z1 ln(1− 2

3
e−x)− (n− z1 + 2λ). (S15)

Note that
d2L′(x; z, n)

dx2
=
−z1

2
3e
−x

(1− 2
3e
−x)2

< 0, (S16)

so (S15) is a concave function. To find the maximum of (S15), we take its derivative and set it to
zero. Lets name the solution as d̂′

dL′(x)

dx
=

z1
2
3e
−x

1− 2
3e
−x − (n− z1 + 2λ) = 0. (S17)

Due to concavity of (S15) and following (S13) the MAP estimate is d∗MAP = max (0, d̂′). Solving

(S17) d̂′ = − ln (3
2(1− z1

n+2λ)). Note that d̂′ ≥ 0 if 3
2(1 − z1

n+2λ) ≤ 1 or z1
n+2λ ≥

1
3 . So, d∗MAP =

− ln (3
2(1− z1

n+2λ)) if z1
n+2λ ≥

1
3 , otherwise the MAP estimate is d∗MAP = 0.

3.4 Proof of Lemma 2

Lemma If the species tree is generated using the Yule process with rate λ, branch lengths are
exponentially distributed, and for t ≥ 1

3 :

fθj (t) = λ(3
1− t

2
)2λ−1 (S18)

Proof Under the Yule process with rate λ, the branch lengths D are exponentially distributed
with rate 2λ, and the PDF of D is fD(x) = 2λe−2λx (Stadler and Steel, 2012). Note that because
of absence of extra reliable information about the species tree topology, we use an uninformative
prior, which means all topologies are equally likely to be the dominant one (Pr(θ1 >

1
3) = Pr(θ2 >

1
3) = Pr(θ3 >

1
3) = 1

3). Knowing that θj = 1− 2
3e
−x is in [1

3 , 1) as x goes from 0 to ∞ (j = 1, 2, 3),
and by using the transformation rule of random variables:

fθj (t) =
1

3

1

|dθjdx |
fD(x)

∣∣∣
x=− ln ((1−t) 3

2
)

= λe(−2λ+1)x
∣∣∣
x=− ln ((1−t) 3

2
)

= λ((1− t)3

2
)2λ−1. (S19)

4 Commands and version numbers

4.1 ASTRAL

We used ASTRAL version 4.9.1 available at https://github.com/smirarab/ASTRAL/tree/

posteval for scoring. We also used ASTRAL version 4.9.8 for computing the branch lengths of
the trees. To have posterior probabilities of branches of main species tree and 2 other alternatives
we used:
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java −Xmx2000M −j a r a s t r a l . 4 . 9 . 1 . j a r − i [GENE TREES] −q [ SPECIES TREE] −t 4

To compute the branch lengths of main species tree we used the MAP estimate with the command:

java −Xmx2000M −j a r a s t r a l . 4 . 9 . 8 . j a r − i [GENE TREES] −q [ SPECIES TREE] −t 2

Users can find the most updated codes available at https://github.com/smirarab/ASTRAL/. To
score and compute the branch lengths, and local posterior probabilities of inferred species tree one
can use:

java −Xmx2000M −j a r a s t r a l . 4 . 1 0 . 0 − i [GENE TREES] −q [ SPECIES TREE] −t 3

4.2 MP-EST

MP-EST version 1.5 was used for estimating branch lengths on a fixed topology. We used
a custom shell script to run MP-EST 2 times with different random seed numbers and take the
tree with the highest likelihood. The shell script is available at https://github.com/smirarab/

global/tree/master/src/shell.
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