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Supporting Information (Appendix)

Neyman-type conservative variance estimate

We have given a Neyman-type conservative estimate of the variance in the main text which can be used to construct a
conservative confidence interval for the ATE. In this section, we will study the asymptotic behavior of this variance estimate.
Recall that

A2 1 - o ra@ 2

Oc(a) = na — df("‘) ZEZA (al —aA — (Xz XA) IBLasso) 5 (Sl)
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where df(® and df® are degrees of freedom defined by

a ~(a p N ~ (b
A =59 41 =B o+ 1; df? =350 41 = |80 + 1.

Condition S0.1. For the Gram matrix X defined in Condition 5, the largest eigenvalue is bounded away from oo, that is,
there exists a constant Apqz < 0o such that
)\maz (2) S Amam~

Recall that the variance estimate of \/ﬁ(@msw — ATE) is defined as follows:
~2 n .2 n .2
asso — a —_ . S3
o1, i Je@ + ngle® (S3)

Theorem S1. Assume conditions in Theorem 1 and condition S0.1 hold. Then 6}, converges in probability to
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— lim ai(@ + lim 02(1,),
PA n—roo 1—pA n—oo ©

which is greater than or equal to the asymptotic variance of \/ﬁ(fTT\ELaSSO — ATE). The difference is
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Remark 6. The Neyman-type conservative variance estimate for the unadjusted estimator is given by
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which, under second moment conditions of potential outcomes a and b, converges in probability to

n n

Therefore, for the B and B defined in [18], the limit of 6% ..o is no greater than that of &ﬁnadj and the difference is

n
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Remark 7. With the conservative variance estimate in Theorem S1, the Lasso adjusted confidence interval is also valid for
the PATE (Population Average Treatment Effect) if there is a super population of size N with N > n.

Remark 8. The extra Condition S0.1 is used to obtain the following bounds for the number of selected covariates by the Lasso:
max (5, 5®%)) = o,(min (na,ng)). Condition S0.1 can be removed from Theorem S1 if we redefine &s(a) and &i(b) without
adjusting the degrees of freedom, i.e.,
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and define (6*)3} = ﬁ(&*)i(aﬂr%(&*)i(b). 1t follows from the bounds for max (§(“), §(b)) that (6§(a) , &i(b)) and ((&*)i(a) , (&*)i(b))

Lasso
have the same asymptotic property.
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Theorem S2. Assume the conditions in Theorem 1 hold. Then (6*)} 0 converges in probability to

1
— lim a lim
pPA n—roo UE()+1—pAn ooa(b)

Remark 9. Though (6 )Laggo has the same limit as 6%,..,, our simulation ezperience shows that, in finite samples, the
confidence intervals based on (6*)} .0 Mmay yield low coverage probabilities (e.g., the coverage probability for 95% confidence
interval can be only 80%). Hence, we recommend readers to use 62, . in practice.

Simulation
In this section we carry ot out simulation studies to evaluate the finite sample performance of ATELdbbo estimator. We also

present results for the ATEOLS estimator when p < n and the two-step estimator ATELasso+OLS which adopts Lasso to select
covariates and then uses OLS to refit the regression coefficients, see [1, 2, 3, 4] for statistical properties of Lasso+OLS estimator
in linear regression model.

Let ,fi(a) be the Lasso estimator defined in 1 (we omit the subscript “Lasso” for the sake of simplicity) and let Sl = {j:

(a)

,3 # 0} be the support of B<a>. The Lasso+OLS adjustment vector B£Z>SSO+OLS for treatment group A is defined by

. (a) 1 _ _ 2
ﬁLasso+OLS - arg min Z (a”i —aA — (Xl - XA)TIB) .

B: B;=0, VjgS@ 2 4
~ (b —
We can define the Lasso+OLS adjustment vector /3£2550+0Ls for control group B similarly. Then AT ELasso+o0Ls is given by

T _ - \T »(@) I3 - (b)
AT ELasso+0LS = [CLA — (%4 — X)TﬂLasso+OLs] - [bB — (X — %) IBLasso+OLS:| .

We use the R package “glmnet” to compute the Lasso solution path. We select the tuning parameters A, and Ay by 10-fold
Cross Validation (CV) and denote the corresponding adjusted estimators as cv(Lasso) and cv(Lasso+OLS) respectively. We
should mention that for the cv(Lasso+OLS) adjusted estimator, we compute the CV error for a given value of the A, (or
Xy) based on the whole Lasso+OLS estimator instead of the Lasso estimator, see Algorithm 1 for details. Therefore, the
cv(Lasso+OLS) adjusted estimator and the cv(Lasso) adjusted estimator may select different covariates to do the adjustment.
This type of cross validation for cv(Lasso+OLS) requires more computation effort than the cross validation based on just the
Lasso estimator since it needs to compute the OLS estimator for each fold and for each A, (or Ap), but it can give better
prediction and covariates selection performance.

The potential outcomes a; and b; are generated from the following nonlinear model: for i =1,...,n,

o= S o (Sl )
j=1 Jj=1
bi = injﬁ§b1> + exp (Z .’L'ijﬁj('lﬂ)) +e?
j=1 i=1
(a)

where ¢, and egb) are independent error terms. We set n = 250, s = 10, p = 50 and 500. For p = 50, we can compute
OLS estimator and compare it with the Lasso. The covariates vector x; is generated from a multivariate normal distribution
N(0,%). We consider two different Toeplitz covariance matrices ¥ which control the correlation among the covariates:
Si=1; By = p' Vi £,
_ . (al) 4(a2) H(b1) H(b2) . .
where p = 0,0.6. The true coefficients 3,7, 8;°%, B;°7, B;"" are generated independently according to
B](-al) ~ t3; ﬁj(-(ﬂ) ~01xts, j=1,..,s,
BV~ B oty B~ BB 101kt =1,

where t3 denotes the t distribution with three degrees of freedom. This ensures that the treatment effects are not constant

across individuals, and that the linear model does not hold in this simulation. The error terms e< ) and egb) are generated
according to the followmg linear model with hidden covariates z;:

€@ — Z 2 BV + &,

j=1

=B+,
j=1
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where Ega) and €£b) are drawn independently from a standard normal distribution. The vector z; is independent of x; and is

also drawn independently from the multivariate normal distribution N(0,%). The values of x;, plab) gla) gty = g2
62‘1), 62(.17), a; and b; are generated once and then kept fixed.

After the potential outcomes are generated, a completely randomized experiment is simulated 25000 times, assigning na4 =
100, 125, 150 subjects to treatment A and the remainder to control B. There are 12 different combinations of (p, p,n4) in total.

Figures S4, S5, S6 show boxplots of different ATE estimators with their standard deviations (computed from 25000 replicates
of randomized experiments) presented on top of each box. Regardless of whether the design is balanced (na = 125) or not
(na = 100, 150), the regression based estimators have much smaller variances and than that of the unadjusted estimator and
therefore improve the estimation precision.

To further compare the performance of these estimators, we present the bias, the standard deviation (SD) and the root-mean

square error (vVVMSE) of the estimates in Table S1. Bias is reported as the absolute difference from the true treatment effect.
We find that the bias of each method is substantially smaller (more than 10 times smaller) than the SD. The cv(Lasso) and
cv(Lasso+OLS) adjusted estimators perform similar in terms of SD and vVMSE: reducing those of the OLS adjusted estimator
and the unadjusted estimator by 10% — 15% and 15% — 31% respectively. We also compare the number of selected covariates
by cv(Lasso) and cv(Lasso+OLS) for treatment group and control group separately, see Table S2. It is easy to see that the
cv(Lasso+OLS) adjusted estimator uses many fewer (more than 44%) covariates in the adjustment to obtain similar improve-
ment of SD and vVMSE of ATE estimate as the cv(Lasso) adjusted estimator. Moreover, we find that the covariates selected
by the cv(Lasso+OLS) are more stable across different realizations of treatment assignment than the covariates selected by
the cv(Lasso). Overall, the cv(Lasso+OLS) adjusted, the cv(Lasso) adjusted, the OLS adjusted and the unadjusted estimators
perform from best to worst.

‘We move now to study the finite sample performance of Neyman-type conservative variance estimates. For each simulation

example and each one of the 25000 completely randomized experiments, we calculate the ATE estimates (A/T\E) and the Neyman

variance estimates (6) and then form the 95% confidence intervals [ATE — 1.96 - 6 /y/n, ATE + 1.96 - 5/+/n]. Figures S1, S2,
S3 present the boxplot of the interval length with the coverage probability noted on top of each box for the unadjusted, OLS
adjusted (only computed when p = 50), cv(Lasso) adjusted and cv(Lasso+OLS) adjusted estimators. More results are showed
in Table S3. We find that all the confidence intervals for the unadjusted estimator are conservative. The cv(Lasso) adjusted
and the cv(Lasso+OLS0 adjusted estimators perform very similar: although their coverage probability (at least 92%) may be
slightly less than the pre-assigned confidence level (95%), their mean interval length is much shorter (26% — 37%) than that of
the unadjusted estimator. The OLS adjusted estimator has comparable interval length with the cv(Lasso) and cv(Lasso+OLS)
adjusted estimator, but has slightly worse coverage probability (90% — 93%).

To further investigate how good the Neyman standard deviation (SD) estimate is, we compare them in Figure S7 with the
“true” SD presented in Table S1 (the SD of the ATE estimates over 25000 randomized experiments). We find that Neyman SD
estimate is very conservative for the unadjusted estimator (its mean is 5% — 14% larger than the “true” SD); while for the OLS
adjusted estimator, the mean of Neyman SD estimate can be 6% — 100% smaller than the “true” SD which may be because of
over-fitting. For the cv(Lasso) and cv(Lasso+OLS) adjusted estimator, the mean of Neyman SD estimator is within 1 4+ 7% of
the “true” SD. Although the Neyman variance estimate is asymptotically conservative, in small samples the variance estimate
may be too small and hence the confidence intervals are too narrow. However, if we increase the sample size n to 1000, almost
all the confidence intervals are conservative.

We conduct more simulation examples to evaluate the conditions assumed for asymptotic normality of the Lasso adjusted
estimator. We use the same simulation setup as above, but for simplicity, we generate the potential outcomes from a linear

model (set B = g2 — 0) and remove the effects of the hidden covariates z; in generating the error terms ¢ and eﬁb) and

i

set p =0, na = 125. We find that the distribution of the cv(Lasso) adjusted estimator may be non-normal when:

(1). The covariates are generated from Gaussian distribution and the error terms do not satisfy second moment condition, e.g.,
being generated from ¢ distribution with one degree of freedom, see the upper two subplots of Figure 1 (in the main text) for
the histograms of unadjusted the cv(Lasso) adjusted estimators (the corresponding p-values of Kolmogorov—Smirnov testing
for normality are less than 2.2e — 16).

(2). The covariates do not have bounded fourth moments, e.g., being generated from ¢ distribution with three degrees of freedom,
see the lower two subplots of Figure 1 (in the main text) for the histograms of unadjusted the cv(Lasso) adjusted estimators
(again, the corresponding p-values of Kolmogorov—Smirnov testing for normality are less than 2.2e — 16).

These findings indicate that our moment condition (Condition 2 and Remark 1) cannot be dramatically weakened. However,

we also find that the cv(Lasso) adjusted estimator still has smaller SD and vMSE than the unadjusted estimator even when
these moment conditions do not hold.

The design matrix of the PAC data

In the PAC data, there are 59 covariates (main effects) including 50 indicators which may be correlated with the outcomes.
One of the main effects (called interactnew) has heavy tail, so we perform the transform: z — log(|z| + 1) to make it more
normally distributed. We then centralize and standardize the non-indicator covariates. The quadratic terms (9 in total)
of non-indicator covariates and two-way interactions between main effects (1711 in total) may also help predict the potential
outcomes, so we included them in the design matrix. The quadratic terms and the interactions between non-indicator covariates
and the interactions between indicator covariates and non-indicator covariates are also centered and standardized. Some of the
interactions are identical to other effects and we only retain one of them. We also remove the interactions which are highly
correlated (with correlation larger than 0.95) with the main effects and remove the indicators with very sparse entries (where
the number of 1’s is less than 20). Finally, we form a design matrix X with 1172 columns (covariates) and 1013 rows (subjects).
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Estimation of constants in the conditions
Let S = {5 : ,Bj-a) # 0} and S® = {j : ,Bg-w # 0} denote the sets of relevant covariates for treatment group and control
group respectively. Denote S = S |JS® = {j: ﬂ§a) #0 or ,Bﬁb) # 0}. We use bootstrap to get an estimation of the relevant

covariates sets S(“>, S® and then the approximation errors e and e® are estimated by regressing the observed potential
outcomes a and b on the covariates in S respectively. We only present how to estimate S and e(® in detail and the estimation
of S and e® are similar.

Let A, B be the set of treated subjects (using PAC) and control subjects (without using PAC) respectively. Denote a;,i € A
the potential outcomes (quality-adjusted life years (QALYs)) under treatment and z; € R the covariates vector of the ith
subject. For each d = 1, ...,1000, we draw a bootstrap sample {(a; (d), z;(d)) : ¢ € A} with replacement from the data points
{(ai,zi) : i € A}. We then compute the LassoOLS(CV) adjusted vector 3(d) based on each bootstrap sample {(a}(d), z}(d)) :

1000

i € A}. Let 7; be the selection fraction of non-zero 3;(d) in the 1000 bootstrap estimators, i.e., 7; = (1/1000) Dy Lis, (@y0y>

where T is the indicator function. We form the relevant covariates S(® by the covariates whose selection fraction are larger
than 0.5: § = {j:7; > 0.5}.

To estimate the approximation error e!®, we regress a; on the relevant covariates Zij,J €8 (@) and compute OLS estimate
and the corresponding residual. That is, let 7(*) denote the complement set of S(*),

a 1 _ - 2
E)IZS =  argmin Z (ai —aa — (xi — XA)Tﬂ)

B 8,=0, vier( 24 %

el =a;—aa— (xi —x4) B8, i€ A

The maximal covariance ¢,, is estimated as:
1 _ _
— > (@i — (%)) (61@ - eff)) .

n
A i€EA

1 _ b _(b
max - Z (zij — (X)5) (el(_ ) _ 6513))

J
i€EB

max {max

Proofs of Theorems 1, S1, S2 and Corollary 1

In this section, we will prove Theorem s1, S1, S2, and Corollary 1 under weaker sparsity conditions than those given in the
main text.
Definition 1. We define an approximate sparsity measure. Given the regularization parameter Ao, Ap and ,8(“> and ﬂ(b), the

sparsity measures for treatment and control groups, sg\? and sg\bb)

¢ 18, b _ 18"
(t) = g min )J\ ,15, sg\b) = E min )J\ 18, (S4)
a b

Jj=1 Jj=1

are defined as

respectively. We will allow s ) and s(b) to grow with n, though the notation does not explicitly show this. Note that this is

weaker than strict sparsity, as 1t allows /B(“) and B to have many small non-zero entries.
Condition (*). Suppose there exist B, /B(b), Aq and Ay such that the conditions 1, 2, 3 and the following statements 1, 2, 3
hold simultaneously.

® Statement 1. Decay and scaling. Let sy = max sg\a),s)\>}

1
= (o) o
(sxlogp)/v/n = o(1). (S6)

* Statement 2. Cone invertibility factor. Define the Gram matrix as £ =n""' 3" | (x; —X)(x; —X)”. There exist constants
C > 0 and £ > 1 not depending on n, such that

[hs|[1 < Csx[[Ehlle, Vh e, (S7)

with C = {h: ||hsc||1 < &|lhs|1}, and
S={ 181 > A or [BY] > A} (58)

* Statement 3. Let 7 = min {1/70,(3pa)?/70, (3 — 3pa)*/70}. For constants 0 < n < ETi and 0 < M < oo, assume the
regularization parameters of the Lasso belong to the sets

1/2
A€ (L, M) x (2(1+T)L WEL::1 +5n> , (S9)
n pA n
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1/2
M e (1) x (2(1+7)L /210gp+5n>. (510)
g PB n

It is easy to verify that Condition (*) is implied by Conditions 1 - 6 of the main text. We will prove Theorems 1, S1, S2,
~(a ~ (b a
and Corollary 1 under the weaker Condition (*). For ease of notation, we will omit the subscript of ,Bia)sso, ,Bia)sso, S, sga) and
sg\bb). Note that we can assume, without loss of generality, that
a=0,b=0, x=0. (S11)

Otherwise, we can consider a; = a; — a, lv)l =b;, —band X; = x; — X. Thus, we assume ATE = a — b = 0 and the definition of
AT FE1,as50 becomes

TE _ - ~(a) T - ~(0)
AT Fr e = [aA —(xa)7B" ] - [bB —(x5)"B ] . (S12)
We will rely heavily on the following Massart concentration inequality for sampling without replacement.
Lemma S1. Let {z;,i =1,...,n} be a finite population of real numbers. Let A C {i,...,n} be a subset of deterministic size
|A| = na that is selected randomly without replacement. Define pa = na/n, o> =n"" oz — Z)2. Then, for anyt >0,
P(za—z>1t) <exp —M (S13)
- (14 7)%02

with T = min {1/70, (3pa)?/70, (3 — 3pa)?/70}.
Remark. Massart showed in his paper [5] that for sampling without replacement, the following concentration inequality holds:

2
P(ZA—ZZI?)Sexp{—pAn;4 }
o

His proof required that n/na must be an integer. We extend the proof to allow n/na to be a non-integer but with a slightly
larger constant factor (1 + 7)2.

Proof. Assume z = 0 without loss of generality. For na < n/2, let m > 2 and r > 0 be integers satisfying n — nam =r < na.
Let uw > 0, we first prove that

Eexp (u Z zl> < Eexp <u5 Z zi/{m(m + 1)} + u2n02/4> (S14)
icA i€B

for a random subset B C {1,...,n} of fixed size |B| < n/2 and a certain fixed § € {—1,1}. Let Pi be the probability under

which {i1,...,i,} is a random permutation of {1,...,n}. Given {i1,...,in}, we divide the sequence into consecutive blocks
Bi,...,Bn, with |[Bjl =m+1for j=1,...,r and |B;| = m for j =7+ 1,...,na. Let Z; be the mean of {z; : i € By} and
P, be a probability conditionally on {41,...,%,} under which ws is a random element of {z; : 4 € Bx}, k = 1,...,na. Then
{w1,... ,wnA} is a random sample from {zl7 e zn} without replacement under P = P1 P>. Let Ax = maxiecp, 2 —Mminep, 2

and denote E» the expectation under P»>. The Hoeffding inequality gives

E; exp <uZAwk) < exp <uZAzk + (u®/8) ZAAi> . (S15)

k=1 k=1

As A} < QZiEBk (7 — Zk)2 <2 ZiEBk 2,

nA nA
Esexp (u Z wk> < exp (u Z Zr + u2na2/4> (S16)

k=1 k=1
Let B=Uj_;Br. As 2=0,
na
oz => z/{mm+1)} (S17)
k=1 i€B
This yields (S14) with 6 = 1 when |B| < n/2. Otherwise, (S14) holds with 6 = —1 when B is replaced by B, as ), g 2 =

— > sepe %i due to 2= 0.
Now, as m(m + 1) > 6, repeated application of (S14) yields

E exp <uz zi> < Eexp |ud Z zi/{m(m + 1)m'(m’ + 1)} + (1 + {m(m + 1)} ?) u’no’ /4
i€A i€B’
< exp [(T4+ {m(m+1)}*(1+1/36 +1/36° + - --)) u’no’ /4]
= exp [(1+ (36/35){m(m + D}?) u2na2/4]
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with 7 = (18/35){m(m + 1)} 2. The upper bound for 7 follows from 2 < m < n/na < m + 1.
As zZ =0, we also have

Eexp (uz,zl) <exp|[(1 +T)2u2n02/4] (S19)
i€A
for na > n/2. This yields (S13) via the usual
P{za—z>t} < exp[-ut+(1+ T)QUQTLO'Z/(ZLTL%)}

_9 panat? panat?

= exp { U+r202 T 0 17)%07 (S20)
with v = 2panat/{o(1 +71)}2. O
Proof of Theorem 1.
Proof. Recall the decompositions of the potential outcomes:
ai=a+ (xi —x)78“ + ega) =x!I B + ega), (S21)
bi=b+ (xi —x)7B8" + egb) =x!I 8" + egb). (S22)

If we define h(® = B(a) — B h® = ,B(b) — B® . by substitution, we have

V(AT Evasso — ATE) = \/n [éff) - ég’)] —Vn [(iA)T ' — (xp)" h(b)} .

* *k

We will analyze these two terms separately, showing that (x) is asymptotically normal with mean 0 and variance given by
(17), and that (xx) is op (1).

Asymptotic normality of (*) follows from the Theorem 1 in [6] with a and b replaced by e(® and e® respectively. To bound
(xx), we will apply Holder’s inequality to each of the terms. We will focus on the term involving the treatment group A, but
exact same analysis is applied to the control group B. We have the bound

)" 0| < %l 10 (523)

We bound the two terms on the right hand side of (S23) by the following Lemma S2 and Lemma S3, respectively.

iy , 14 [3i0n
Lemma S2. Under the moment condition of [6], if we let ¢,, = %\/ 21%, then as n — oo,

pA

P (||>’<AHC><> >cn) =0

Thus, ||Xall., = Op (1/ 1"%) .

Lemma S3. Assume the conditions of Theorem 1 hold. Then |h‘® |, = o, (ﬁ).

The proofs of these two Lemmas are below. Using these two Lemmas, it is easy to show that (xx)= /n - O, (w/ 1"%) .

Op (ﬁ) =0y (1).
O

Proof of Corollary 1.

24 11mn~>oc JZ + £a hmnﬂoo O’g + 2 hmn%oo Tab,

Proof. By Theorem 1 in [6], the asymptotic variance of /n A/T\Eunadj is =& 7oA

so the difference is

1—pa . 2 2
D2 i (k) — o) +

pA . 2 2 .
———— lim (o —0 2 lim (o — Oab) -
T pa i (oom) —op) + Jim (0 (a)c(0) = Tan)

We will analyze these three terms separately. Since X3(*) and X3(® are the orthogonal projections of a and b onto the same
subspace, we have
(Xg(a))Te(a) _ (Xﬂ<a))Te<b) — (Xﬂ<b))Te<“) — (X['I(b))Te(b) =0.

Simple calculations yield
02w —oa = |5 —[lall3 = =||XB'[3, (524)

2w — ot = [l —|1bl12 = —[1X8Y|3, (S25)
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T o) — Oab = ()T (") —aTb = —(XB)T(x8") (526)
Combining (S24), (S25) and (S26), we obtain the corollary. O

Proof of Theorem S1.
Proof. To prove Theorem S1, it is enough to show that

~2 P, . 2
Gy = n11_>rrolo Ooa)s (S27)
~2 P, . 2
Gy — nlL)r{)lo o) - (S28)

We will only prove the statement (S27) and omit the proof of the statement (S28) since it is identical.

We first state the following two lemmas. Lemma S4 bounds the number of selected covariates (covariates with a nonzero
coefficient), while Lemma S5 establishes conditions under which the subsample mean (without replacement) converges in
probability to the population mean.

Lemma S4. Under conditions in Theorem S1, there exists a constant C, such that the following holds with probability going
to 1:

3@ < cs; 3 < Cs. (529)
The proof of Lemma S4 can be found below.

Lemma S5. Let {z;,i = 1,...,n} be a finite population of real numbers. Let A C {i,...,n} be a subset of deterministic size
|A| = na that is selected randomly without replacement. Suppose that the population mean of the z; has a finite limit and that
there exist constants € > 0 and L < co such that

1 . 1+€
- i < L.
n;M S (S30)
If 24 — pa € (0,1), then
zZa 5 lim z. (S31)
n— o0
By definition (S1) and simple calculations,
52 _ L o Ta@)?
Og(a) = WZ(QZ aa — (% —xa) B3 )
_ _ @ 4 (%, — xa)7 (@) _ pl@ )2
= g (m - %) B + (xi — %4)" (8 — B
€A
R _WTR@ (e \Tgla) o \Tya@ 3@
T o —df@ GZA(GZ x; B (aa — (%a)" B') + (% —xa) (B - B ))

_ _na 1 3 (egw C e 1 (s — %) T (B — B(a)))2

na = df( na icA

- n,qibiiifm {nlA > (el - E(A“))Q + i > (= xa)" (8 - ﬁ<a>))2}

icA icA
na 1 @ _ @)y _ 5T (g@ _ 3@
+TLA —df(@ {TLA ;(ez‘ ey )(xi —xa) (B B )¢
The second to last equality is due to the decomposition of potential outcome a:
a; =x7 B + el an = (xa)7B + &l

It is easy to see that

% > (e - éff))Q = % > (el — (@) (S32)

i€A i€A

By the 4th moment condition on the approximation error e(*) (see (7)), and applying Lemma S5 gives

1 @2 2 fim g2, &® ~(a)
> () B lim o) 5 lim e =o0.
na ieA(eZ ) n1~>oo Tel@ n1~>oo
Therefore,
1 ( (a) 4@)2 P 2
— e; " —e = lim 0. S33
— ;eA ; ) Jim o ) (S33)
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By simple algebra,

P CRLNECE -8)

= (BB {;A 36 = )i - xA>T] (8 -8
S R RN N ($34)

i€A

We next show that (S34) converges to 0 in probability. By Lemma S3 and Lemma S7, we have

@ _ g = W@, = (71 835
Hﬁ ﬁ Hl || Hl OP \/@ ’ ( )

1 _ _
Hr D (ki = xa)(xi = %a) " [loo = Op(1). (S36)

A -

1€EA
Therefore,
(@) \ 2

S5 (- xa)T(89 - 57)) B (37)

na A

By Cauchy-Schwarz inequality,

|% Z(eg") - éE:))(Xi —x4)7 (B — a(a))l
icA
< RS 5 : (e(_‘l) _ é(a))2 2 1 Z ((x _ iA)T(g<a) B ﬁ(a)))Q 2 .
- na i€EA ’ A na ~ 7

which converges to 0 in probability because of (S33) and (S37).
By Lemma S4 and Condition 4, we have

na na P,
= 2. S39
na—df®  ns— 3@ —1 (S39)

Combining (S33), (S37), (S38) and (S39), we conclude that
6’:(,1) ﬁ) hm 0’:(,,,).
n— oo

The remaining part of the proof is to study the difference between the conservative variance estimate and the true asymptotic
variance:

1. 9 1 . 2 1—pa ;. o Pa . 9 .
— lim o) + lim 02w | — lim o)) + lim oJe) +2 lim o ).
pA n— oo ]_—pA n— 00 pA n— 00 ]_—pA n— oo n— 00
. 2 . 2 .
= BT T 0w = 2 I e
= hm 0'2 a)_ (b
s el@) —e(®

n

St )

2

(S40)

Proof of Theorem S2.

Proof. By Lemma S4, max (5, 3®) = 0, (min (n4,np)). Therefore, (&SM , 63(,,)) and ((6*)§(a) , (6*)2(,,)) have the same limits.
The conclusion follows from Theorem S1. O
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Proofs of Lemmas

In this section, we will drop the superscript on h, e and B and focus on the proof for treatment group A, as the same analysis
can be applied to control group B.

Proof of Lemma S2.

1/4
Proof. Let ¢, = Q+n)L 77 QIZj. By the union bound,

pA
~>
=N
naA I

i€A

>cn><]§lp<

5

i€EA

P([|xall >cn) =P (_nllax > cn> . (541)
J=1,...,p

By Cauchy-Schwarz inequality, we have

1 2 1 4 1 2
- 2 2 L - < VL.
anU_ (nZ$Z]> (n21 ) <VL (842)
i=1 i=1
Substituting the concentration inequality (S13) into (S41),

2
PANACY

P (||)2A||oo > cn) < 2exp {logp —

Proof of Lemma S3.

Proof. We start with the KKT condition, which characterizes the solution to the Lasso. Recall the definition of the Lasso
estimator 3:

A . 1 _ T 5\2
ﬁ:arg;nm%Z(ai—aA—(xi—XA) ,3) + Aa Hﬁ“l

i€EA
The KKT condition for 3 is
72 i — XA ( 7&A7(Xif)_(A)TB) = \aK, (S43)

i€EA

where k is the subgradient of ||3||:1 taking value at 3 = B, ie.,

k; € [—1,1] for j s.t. 3, =0
ffeal\ﬁ\lllﬁzﬁ with s€l ] 7st b (S44)
k; = sign(f;) otherwise
Substituting a; by the decomposition (3), (S43) becomes
- 1
— Z = Xa)(xi = %) (B=B)+ — D _(xi — Xa)(ei — €4) = Aaki. (S45)
z€A na icA

Multiplying both sides of (S45) by —h” = (8 — 8)7, we have

B S

i€EA €A
= A(B-B)"k < (I81, - 18]

where the last inequality is because
T AT 2
Bk <|IBlhllxllee <IBllx and Bk =|B]]1.
Rearranging and by Hoélder’s inequality, we have

o 2; (6 = %0)™8) " <X (181~ 181) + b7 - 37 = xa)(es — )

i€EA

< X (81 = 1B15) + Il | == 3~ = %a) e = )

i€EA

[e's)

*

To control the term (x), we define the event £ = {*x < n\,}. The following Lemma S6 shows that, with A, defined appropriately,
L holds with probability approaching 1. We will prove this Lemma later.

Footline Author PNAS | lIssue Date | Volume | Issue Number | 9
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Lemma S6. Define £ = {

i ZZEA(X@ —xa4)(ei — éA)Hoo < 77)\,1}. Then under the conditions of Theorem 1, P(L) — 1.

On L

1 N2 R
o> (6 ==)™8)" < xa (IBI1, ~ 111 +nml,) - (346)

By substituting the definition of h, and several applications of the triangle inequality, we have

18I, = 18lx < Ihslly, = Ihsell, + 2[|Bselly -
Therefore,

1 B 2
e (Ge =%4)™0)" < Xa (s, = [hselly +2 18l + 7 [bll,)

<X (0= 1) [hsel, + (1 +n) [bs]l, +2[Bsl,) -
Because i > iea ((xi— )‘(A)Th)2 > 0, we obtain
(L=mn)[[hsell; < (1 +n) [hs]l; +2[|Bsell; < (1 +n) [[hs|); + 25X (S47)
where the last inequality is because of the definition of s in (S4) and S in (S8).

Consider the following two cases:
(D If 1+ n)|hs|ls + 2sAa = (1 = n)¢[[hs|[r then by (547),

1+n 25\a 25\a 2
Il = sl + el < (F5241) sl + 2222 < 222 (

< +1).
R ANl S O )
_1
Viegp ) *
(I1) If (14n)||hs|l1 +2sAa < (1—n)&||hs]|1 then by (S47) we have ||hge|1 < £||/hs]||:1. Applying the cone invertibility condition
on the design matrix (S7),

By the definition of A, and the scaling assumptions (S5), (S6), we have that sA, = o (

[hlly = lhsll; + [hsefl; < (14 &l[hs]L < (1+8)Cs

1
EXTXhH (S48)
Before applying this inequality we will revisit the KKT condition (S44), but this time we will take the loo-norm, yielding

1 _ - \T
—_— Xi —Xa)(X; — X h
- ;( A)( A)

LS %) e — )

n
A e

<o+ < (14 (549)

e} [e)

where the latter inequality holds on the set £. The final step is to control the deviation of the subsampled covariance matrix

1/2
from the population covariance matrix, so that we can apply (S48). We define another event with constant C; = %
1 _ N S logp
M=<|— E (xi —Xa)(x:s —%xa) — =X X| <Ciy/—=
na n n

Lemma S7. Assume stability of treatment assignment probability condition 1 and moment condition 6 hold. Then P(M) — 1.

We will prove Lemma S7 later. Continuing our inequalities, on the event £ N M,

% 3 (xi — %a)(x: — %4)"h

sHlXTXhH < Cisy/ 298P |, + 5
n e n i€A

[eS)

< o(1)[[blly +s(1 +n)Aa,
where we have applied the scaling assumption (S6) and (S49) in the second line. Hence, by (S48),
hll, < (1+€)C [o(1) [[b]l, + s(1 +m)Aa] -

Again, applying the scaling assumptions (S5) and (S6), we get ||h||, = op (ﬁ). O

10 ‘ Www.pnas.org — — Footline Author
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Proof of Lemma S4.

Proof. In the proof of Lemma S3, we have shown that, on £ defined in Lemma S6,

1 _ SN2 X X
=3 (xi=x)"(B=8))" < (1181, = 1Bl +nl1B = Bllx)
Aea
< Xa(1+n)[18 = Blls- (S50)
Let x’ be the j-th column of the design matrix X and %/, = n* > ica Tij- Again, by KKT conditon, we have

! = \a, if B, #0.

— ;(%‘j — %) (ai —aa— (xi — iA)TB)

Substituting a; by the decomposition (3) yields

1 » ~ 1 . ~ R
— > (@i — %) (e —ea) + — Y (zij —X4)(xi —%a)" (B = B)| = Aa-
na ‘ na ¢
icA €A
Combining with the definition of the event £, we have if ,C:]j #0
1 W ~ R
A= | > (@i — %) (i —%a) (B-B)| = (1 - 1) (S51)
i€cA
Let Z = (2z1,...,2n) € RP*™ with z; = x; — X4 € R? and denote w = ZT(ﬁ — ,@), then
1 , 1 o L \2 R
—flwalz = =3 (i =x)"(B=B) <A1+ )18 Blls.
A A lea
Let Za4 = (z; : i € A), since the largest eigenvalues of Z¥ 74 and ZaZ7% are the same,
1 1
TW?;ZZ;ZAWA < TAmax(Z?;ZA)HWA”g
s L
1 R
< a/\max(ZAZ/f)Aa(n + DB - Bl
n ~
S Amaxi)\a(l—i_n)“lg_ﬁ”l'
na
The last inequality holds because
Amax(ZaZ%) = max luTZAZz;u
u:||ul|2=
T - N
= max u x; —Xa)(X; —Xa) 1
wilullz=1 g( 4} = Xa)
T T Ti— \j= \T
= max u XiX; u—nau (X4)(Xa) u
e
< max u’l xixiTu < nAmax- S52
— u|ull2=1 7;4 - ( )
On the other hand,
P
HLQWEZ/T,ZAWA =S a2> 3 AZs -’k ($53)
A j=1 JiB;#0

Combining (S51), (S53) and the fact that with probability going to 1 (see the proof of Lemma S3)
18 = Bl < Cs(1+n)Aa,

where C' is a constant. We conclude that with probability going to 1

R 11 n C(1+n)?
< ———— — Apmax— (1 1 Ao < —— 5.
§S oy ag dmw AL MOsL4mAa < 2070578

Footline Author PNAS | lssue Date | Volume | Issue Number | 11



“appendices” — 2016/4/7 — 10:02 — page 12 — #12 ﬁ}

Proof of Lemma S5.
Proof. For any t > 0, we have
P(|za — lim z| > ¢t) < P(|z2a — 2| > t/2) + P(|z — lim Z| > t/2). (S54)
n—oo n— o0
The second term in the right hand side of (S54) obviously converges to 0 as n — oo. To bound the first term, we apply the
concentration inequality (S13). By (S30), it is easy to show
1—e

1o~ o 1« 1—e|_ |1+4e 1me 1 O 1+4e 2
=3 2= el e < (nL) TS D Ja] T < LTRen TR
n =1 n 1=1 n

=1

Concentration inequality (S13) yields

2
P(|za — 2| > t/2) < 2exp { panat’ } 0.
4(1 + 7)2LTHenT+e

Proof of Lemma S6.

Proof. It is easy to verify that

1 X e —i x;e; — (Xa)(€a
HZ(xi—XA)(ei—eA)— nAZ ie; — (Xa)(€a).

i€A icA
Hence,
1 _ _ 1 N
1 S0 = Ra)es = Enlloe < 11 S xieil oo + [[(%a) () o (355)
icA i€A

We analyze these two terms on the right hand side of the inequality separately. For the first term, by triangle inequality and
the definition of 4, in (9),

1 1 1 <& 1 <&
||— E Xi€illoo < ||— E Xi€; — — E xi€illoo + || = E Xi€i|oo
2 n N N

A

i€EA i€A
< Y s LY el + 00 (S56)
Ry nis

We will again bound (S56) by the concentration inequality (S13) in Lemma S1. By Cauchy-Schwarz inequality, we have for
any j =1,..,p,
n n 3 n 3
1 2 2 1 4 1 4
n xije; < (n ;x” E;Q <L

i=1

/2 . , L .
Let t, = %, / 21%, then by the union bound and the concentration inequality (S13),

A
1 1 < panat?
P|l— i€ — — i€illoo >tn | <2 1 -
<””AZ” w2yl ) o {lowr - P25

icA
= 2exp {—logp} — 0.

Taking this back to (S56), we have
1
P — i€illoo < tn + 0n 1.
<|nAer| <tp+ >% (S57)

i€EA

For the second term, by Lemma S2, we have shown that,

1/4
P (|>_(A||oo < (1+7)L /210gp> 1
pPA n

1/4
p <||6A||oo < (1+7)L /210gp> 1
pa n
Hence, under the scaling condition (S6),

P <||<XA><eA>|m < Lo W) 51 (559

Footline Author
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12 Www.pnas.org — —



“appendices” — 2016/4/7 — 10:02 — page 13 — #13

Combining (S57) and (S58) yields

T) 1/2 o)
<|Z< —%a)(er —Ea)lo < 2LEDE 218D 5 )

i€EA

The conclusion follows from the condition A, € (%, M] x (2(1+T>L1/2 Zlogp +4 ) O

pA

Proof of Lemma S7.

Proof. 1t is easy to see that

N
Z i —Xa) *XA = lexz A)(Xa)".

’LEA ZEA
Then, by triangle inequality,
1
H*Z( —%a)(xi —%a)" *gXTXlloo (S59)
i€A
1 o e
< II*ZXZ ﬁinXiTHOO_FH(XA)(XA)THOO~ (S60)
icA i=1 e

*k

*

We control the first term (%) again using the concentration inequality (S13) and the union bound. By Cauchy-Schwarz
inequality, for 7,k =1, ..., p,

2 2 4 4
sz”%k < (n Z%;) (n Zﬂfzk) <L
i=1 i=1 i=1

1—1—7’)[/1/2 3logp
A e

1€A

Then,

3pana(l+71)2Llogp
(1+7)2Lp%in

< 2exp{210gp— } = 2exp {—logp} — 0. (S61)

The second term (%) is bounded by again observing that, by Lemma S2 and the scaling condition (S6),

(e6) < [1Rall% = 0p(1/1BD). (62)

Combining (S61) and (S62) yields the conclusion. O

Tables and Figures
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Boxplot of interval length (95% confidence interval) with coverage probability on top (na=100)
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Fig. S1. Boxplot of the interval length with coverage probability (%) on top of each box for the unadjusted, OLS adjusted (only computed when p = 50), cv(Lasso)
adjusted and cv(Lasso+OLS) adjusted estimators with n 4 = 100.

interval length

Boxplot of interval length (95% confidence interval) with coverage probability on top (na=125)
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Fig. S2. Boxplot of the interval length with coverage probability (%) on top of each box for the unadjusted, OLS adjusted (only computed when p = 50), cv(Lasso)
adjusted and cv(Lasso+OLS) adjusted estimators with n 4 = 125.
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Boxplot of interval length (95% confidence interval) with coverage probability on top (na=150)
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Fig. S3. Boxplot of the interval length with coverage probability (%) on top of each box for the unadjusted, OLS adjusted (only computed when p = 50), cv(Lasso)
adjusted and cv(Lasso+OLS) adjusted estimators with n 4 = 150.

Boxplot with Standard Deviation on top (na=100)
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Fig. S4. Boxplot of the unadjusted, OLS adjusted (only computed when p = 50), cv(Lasso) and cv(Lasso+OLS) adjusted estimators with their standard deviations
presented on top of each box for n 4 = 100.
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Boxplot with Standard Deviation on top (na=125)
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Fig. S5. Boxplot of the unadjusted, OLS adjusted (only computed when p = 50), cv(Lasso) and cv(Lasso+OLS) adjusted estimators with their standard deviations
presented on top of each box for n 4 = 125.

Boxplot with Standard Deviation on top (na=150)
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Fig. S6. Boxplot of the unadjusted, OLS adjusted (only computed when p = 50), cv(Lasso) and cv(Lasso+OLS) adjusted estimators with their standard deviations
presented on top of each box for n 4 = 150.

16 ‘ Www.pnas.org — — Footline Author



“appendices” — 2016/4/7 — 10:02 — page 17 — #17 ﬁ}

Algorithm 1  K-fold Cross Validation (CV) for the Lasso+OLS estimator

Input: Design matrix X, response Y and a sequence of tuning parameter A1, ..., Ay; Number of folds K.
Output: The optimal tuning parameter selected by CV: Aoptimai-

1: Divide randomly the data z = (X,Y) into K roughly equal parts zx, k = 1, ..., K;

2. For each k = 1, ..., K, denote S® (X\o) = 0 and B£Z>350+0Ls()‘0) =0.

® Fit the model with parameters \;,j = 1,..., J to the other K —1 parts z_; = z\ zi of the data, giving the Lasso solution
path ﬁ(k)(/\j),j =1,...,J and compute the selected covariates set §<k)()\j) ={l: ﬁ;k)(Aj) #0},j =1,...,J on the path;
® For each j =1,..., J, compute the Lasso+OLS estimator:

~ 1 T 512 £ o) §(k)
N arg min Z (yi — i B) A SN # ST (A-1),
k .
ﬁl(_‘a)sso+OLS()\j) = B: @j:O, Vj%S(k)()\j) 2|Z_k| 1€EZ_} (863)
BAI(_A];?SSO-‘—OLS()\jfl)’ otherwise;
® Compute the error in predicting the kth part of the data PE® .
k 1 T 5k 2
PEM () = T2l > (yz — 5£a>sso+0Ls(/\j)) ;
1€2)
3: Compute cross validation error CV (), j =1,..., J:
| X
V() = 4 > PEM(\);
k=1
4: Compute the optimal \ selected by CV;
)\optimal = aT‘gmin CV()\]),
Ajr g=1,...,J
5. return Aoptimai-
Footline Author PNAS | lIssue Date | Volume | Issue Number | 17
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Fig. S7. Boxplot of Neyman SD estimate with the “true” SD presented as red dot.
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Fourth moment
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Fig. S9. Fourth moment of each covariate. The covariates with the largest two fourth moments (37.3 and 34.9 respectively) are quadratic term interactnew? and
interaction term I M scorerct : systemnew respectively. Neither of them are selected by the Lasso to do the adjustment. All the fourth moments of the main effects are
less than 7.
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density estimate. The blue curves are very close to the red ones meaning that all the ATE estimates follow normal distribution.
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Histograms of ATE estimates. The green vertical lines are the true ATE; the red curves are the density of normal distribution; the blue curves are the kernel
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Table S1. Bias, standard deviation (SD) and root-mean square error v MSE of ATE estimates
(p, p)
Statistic Method (50,0) (50,0.6) (500,0) (500,0.6)
na = 100
Unadjusted 0.003(0.004)" 0.005(0.005) 0.002(0.003) 0.003(0.005)
bias OLS 0.014(0.005) 0.013(0.006) - -
cv(Lasso) 0.007(0.004) 0.014(0.005) 0.006(0.004) 0.005(0.004)
cv(Lasso+OLS) 0.011(0.004) 0.013(0.005) 0.009(0.004) 0.003(0.004)
Unadjusted 0.79(0.08) 1.17(0.11) 0.79(0.07) 1.17(0.11)
SD OLS 0.72(0.07) 0.96(0.09) - -
cv(Lasso) 0.62(0.06) 0.82(0.08) 0.67(0.06) 0.84(0.08)
cv(Lasso+OLS) 0.63(0.06) 0.82(0.08) 0.65(0.06) 0.84(0.08)
Unadjusted 0.79(0.08) 1.17(0.11) 0.79(0.07) 1.17(0.11)
MSE OLS 0.72(0.07) 0.97(0.09) - -
cv(Lasso) 0.63(0.06) 0.82(0.08) 0.67(0.06) 0.85(0.08)
cv(Lasso+OLS) 0.63(0.06) 0.82(0.08) 0.65(0.06) 0.84(0.08)
na = 125
Unadjusted 0.008(0.005) 0.011(0.007) 0.006(0.004) 0.01(0.007)
bias OLS 0.008(0.004) 0.005(0.005) - -
cv(Lasso) 0.005(0.003) 0.012(0.005) 0.007(0.004) 0.004(0.004)
cv(Lasso+OLS) 0.012(0.004) 0.012(0.005) 0.011(0.004) 0.003(0.003)
Unadjusted 0.80(0.08) 1.15(0.11) 0.8(0.08) 1.15(0.11)
SD OLS 0.69(0.06) 0.90(0.09) - -
cv(Lasso) 0.62(0.06) 0.79(0.07) 0.67(0.06) 0.82(0.08)
cv(Lasso+OLS) 0.62(0.06) 0.79(0.07) 0.65(0.06) 0.81(0.08)
Unadjusted 0.80(0.07) 1.15(0.11) 0.8(0.07) 1.15(0.11)
MSE OLS 0.69(0.07) 0.90(0.09) - -
cv(Lasso) 0.62(0.06) 0.80(0.08) 0.67(0.06) 0.82(0.08)
cv(Lasso+OLS) 0.62(0.06) 0.79(0.07) 0.65(0.06) 0.81(0.08)
na = 150
Unadjusted 0.004(0.004) 0.000(0.005) 0.002(0.003) 0.005(0.005)
bias OLS 0.002(0.003) 0.006(0.005) - -
cv(Lasso) 0.003(0.003) 0.002(0.004) 0.01(0.005) 0.002(0.003)
cv(Lasso+OLS) 0.011(0.004) 0.006(0.004) 0.017(0.005) 0.001(0.003)
Unadjusted 0.85(0.08) 1.19(0.11) 0.85(0.08) 1.19(0.11)
SD OLS 0.76(0.07) 0.96(0.09) - -
cv(Lasso) 0.66(0.06) 0.82(0.08) 0.72(0.07) 0.84(0.08)
cv(Lasso+OLS) 0.67(0.06) 0.81(0.07) 0.71(0.07) 0.84(0.08)
Unadjusted 0.85(0.08) 1.19(0.11) 0.85(0.08) 1.19(0.11)
MSE OLS 0.76(0.07) 0.96(0.09) - -
cv(Lasso) 0.66(0.06) 0.82(0.08) 0.72(0.07) 0.84(0.08)
cv(Lasso+OLS) 0.67(0.06) 0.82(0.08) 0.71(0.07) 0.84(0.08)

*The numbers in parentheses are the corresponding standard errors estimated by using the bootstrap with B = 500 resamplings of the ATE estimates.
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Table S2. Mean number of selected covariates for treated and control group
(p. p)
Group Method (50,0) (50,0.6) (500,0) (500,0.6)
na = 100
treated cv(Lasso) 16 13 22 22
cv(Lasso+OLS) 6 6 7 7
control cv(Lasso) 20 11 32 28
cv(Lasso+OLS) 8 6 7 7
na =125
treated cv(Lasso) 17 13 25 24
cv(Lasso+OLS) 7 6 6 6
control cv(Lasso) 19 11 32 27
cv(Lasso+OLS) 8 6 9 8
na = 150
treated cv(Lasso) 18 13 29 26
cv(Lasso+OLS) 8 7 6 6
control cv(Lasso) 19 12 30 25
cv(Lasso+OLS) 8 6 11 8
Table S3.  Coverage probability (%) and mean interval length (in parentheses) for 95% confidence interval
(p. p)
Methods (50,0) (50,0.6) (500,0) (500,0.6)
na = 100
Unadjusted 97.3(3.54)° 95.8(4.79) 97.3(3.54) 95.8(4.79)
OLS 92.2(2.55) 90.0(3.19) - -
cv(Lasso) 95.8(2.58) 94.5(3.20) 94.3(2.61) 92.4(3.07)
cv(Lasso+OLS) 95.6(2.57) 94.4(3.17) 94.8(2.60) 93.0(3.11)
na =125
Unadjusted 97.4(3.56) 96.0(4.74) 97.3(3.56) 95.9(4.74)
oLS 93.3(2.54) 91.6(3.14) - -
cv(Lasso) 96.0(2.56) 95.0(3.15) 94.1(2.59) 92.9(3.02)
cv(Lasso+OLS) 95.7(2.55) 94.9(3.12) 94.4(2.58) 93.6(3.06)
na = 150
Unadjusted 97.1(3.72) 95.5(4.89) 97.1(3.72) 95.5(4.88)
oLS 91.4(2.64) 90.4(3.21) ) -
cv(Lasso) 95.4(2.66) 94.9(3.23) 92.9(2.68) 92.6(3.08)
cv(Lasso+OLS) 94.7(2.63) 94.8(3.19) 92.0(2.63) 93.1(3.11)

*The numbers in parentheses are the corresponding mean interval lengths.

Table S4. Statistics for the PAC illustration
No. of selected covariates
Methods ATE OATE 95% confidence interval treated control
Unadjusted -0.13 0.081 -0.69,0.43 - -
OoLS -0.31 0.054 -0.77,0.14 - -
cv(Lasso) -0.33 0.052 -0.77,0.12 24 8
cv(Lasso+OLS) -0.36 0.053 -0.82,0.09 4 5
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Table S5.  Statistics for the PAC synthetic data set

No. of selected covariates

Bias SD VMSE Coverage (%) Length  treated control
unadjusted 0.001(0)" __ 0.20(0.02) 0.20(0.02) 99 1.06 - -
oLS 0.002(0)  0.18(0.02) 0.18(0.02) 99 0.95 - -
cv(Lasso) 0.001(0)  0.17(0.02)  0.17(0.02) 99 0.94  25(23) 15(14)
cv(Lasso+OLS)  0.000(0)  0.17(0.02)  0.17(0.02) 99 0.95 6(6) 4(3)

*The numbers in parentheses are the corresponding standard errors estimated by using the bootstrap with B = 500 resamplings of the ATE estimates.
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