Role of turnover in active stress generation in a filament network
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CALCULATION OF THE AVERAGE FORCE DIPOLE FOR TWO FILAMENTS

We detail here how we obtain the average force dipole exerted by a motor on two filaments in the configurations
shown in Fig. 2. As mentioned in the text, we assume here that crosslinkers are rigidly fixed to the external network.
The geometry of the two filaments and motor can be described by the positions of the motor on the two filaments s,
so and by the two angles 1); between the motor filament and i-th filament (i = 1,2). The motor positions s; evolve
according to

a dt - _881'7 (Sl)

while the angles ; relax instantaneously, so that dU/dy; = 0.

No crosslinkers attached, or one filament is attached by only one crosslinker and the other filament is rigidly
attached to the external network

Case (i) and (iv): In these situations, no steady-state is reached as the motor always unbinds from the two filaments.

Two filaments attached to each other by a crosslinker

Case (ii): When the two filaments are attached to each other by a single crosslinker, the mechanical potential U
reads

U = —fo(acl -I-;rg)-l-)\ (\/ﬁ+x§ — 2z 2 COS@—lm) (82)

with z; and x5 the distances between the myosin attachment points to the crossing point of the two filaments, taken
positive in the direction of the filament towards which motors move (Fig. S1A). 6 is the angle between the two
filaments, such that n;.ny = cos#, with n; the unit vector giving the orientation of the filament 4. In addition, X is a
Lagrange multiplier ensuring that the length [,,, of the motor is fixed. Three situations can then occur:

e when 6 # 0 and 6 # 7w and the filaments are not parallel neither antiparallel, the angle 6 is given by

2 2 12
cosf — s Rk (S3)
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and is free to adjust as the motor position changes. The evolution of the position of the motor on the filaments

is given by
d.’El -
ME = fo (S4)
d.’Ez o
ME = fo (S5)

such that the motor moves until it detaches from the filaments, or until the filaments become parallel or
antiparallel.
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FIG. S1: Final configurations reached by two filaments bound by a motor, with the filaments attached to a rigid external
network with a varying number of crosslinkers. A, D, G, example configurations for each case, according to the number
of crosslinkers; B, E, H, corresponding possible steady-state configurations; C,F,I, Phase plot of the dynamics of the motor
according to the coordinates of its position on the two filaments, 1, 2. Red lines and dots correspond to stable steady-state
configurations, while dotted black lines correspond to unstable steady-state configurations. Green regions represent values of
the coordinates z: and x» which are not geometrically accessible.

e When the two filaments are parallel and point in the same direction, § = 0 and (27 — x2)? = [2,. The center of
mass of the motor at position (z; + z2)/2 follows the dynamic equation

d r1 + o o
M%T = fo (S6)

and the motor moves on the filament until it detaches.

e When the two filaments are antiparallel, § = 7 and (x; + z2)? = [2,. Two configurations are then possible,
according to whether the two filaments point away or towards the center of the motor from their attachment
point to the motor. These two configurations correspond respectively to x1 + 2 = —I,,, (expansile configuration)
and 1 + x2 = [, (contractile configuration). Any position of the motor on the filament is then a steady-state
solution, as long as the two motor ends each bind on the filaments.

To test for the stability of these two configurations, we consider a slight change of the angle between the two
filaments, § = 7 + 06, with |06] < 1. We take the initial position of the motor to be x1 = o + xln/2 and



To = —xg + Xlm/2, with x = —1 for an expansile configuration and x = 1 for a contractile configuration.
xo = (x1 — x2)/2 is the position of the center of mass of the motor, relative to the crosslinker joining the two
filaments, measured positively in the direction of the first filament. We find then the following dynamic equation

for §0:
oo _ - Jdw 99 dws 99
o = P at oz, T dt 0ry
_ 8xlm 1
B foz;zn — 422 60 (57)

where we have used Eqgs. (S3), (S4) and (S5) from the first to the second line. The sign of the right hand side
of Eq. (S7) indicates whether the angle 6 increases or decreases when the two filaments are slightly rotated
away from their antiparallel configuration. Therefore, the associated configuration is unstable when the sign is
positive, and stable otherwise. We find therefore that the stability of the configuration depends on the position
of the center of mass of the motor: for |zo| < I,,/2 (motor near the crosslinker), the expansile configuration
is stable, and the contractile configuration unstable. For |zo| > I,,/2 (motor away from the crosslinker), the
expansile configuration is unstable and the contractile configuration is stable.

The flow diagram in Fig. S1C shows the corresponding dynamics in the space of the motor position (z1,z2). Red
segments indicate the stable steady states. In the green regions, no value of the angle 6 allows for the motor to have
position (z1, x2) on the two filaments.

Two filaments, each attached by a crosslinker to the external network

The mechanical potential reads in that case

U=—folzs +22) + A {\/x% + 22 + 12, + 2211, co8 Py + 220l cOS e + 2212 cOS(thy + 1ha) — al (S8)

with z; and z5 the distances between the myosin attachment point and the crosslinker position on each filament, and
a # 0 the distance between the two crosslinkers (Fig. S1D). A is a Lagrange multiplier imposing that the length of
the motor is equal to [,,. In this subsection, we use for convenience the dynamics of the angle between motor and
filaments v, and 1 to characterise the orientation of the filaments. The dynamics in the limit where the relaxation
of 11 and ) is taken into account is given by

M% = fo— 2 (21 + Ly, cOs Py + T2 cos(thy + 12)) (59)
M% = - 2 (23 + Ly, cOs Py + 21 cos(hy + 12)) (S10)
€NG2% = % (w11, sin vy + 129 sin(Yy + 12)) (S11)
€NG2% = % (waly, Sin g + 119 sin(Yy + 12)) (512)

where € < 1 is a factor that vanishes in the quasi-static limit where the filaments rotate adiabatically. Solving for the
Lagrange multiplier A by imposing the constraint that the length of the motor is equal to [,,,, we obtain:

(z1 4+ 22) (1 + cos(¥1 +1P2)) + L (cos Py + cos )

A + Bea?
A = (z1lysinyy + zy2o sin(yy + wg))z + (22l sinty + 122 sin(yy + 2/)2))2
B (21 4 L COS Y1 4 @2 cOS() + 12))° + (2o + Ly cOS Vs + T1 cOS(P1 + 1s))?

A = efod® (S13)

where the coefficient A vanishes when the filaments are aligned with the motor. Several situations can again be
distinguished:



e When the filaments are neither parallel nor antiparallel, from Eq. (S13), A ~ € in the limit ¢ — 0. Eqgs. (S9)
and (S10) then yield at the lowest order in €

dl?l

= 00 (514)
,udd% = fo+O(e) (S15)

such that no steady-state exists in that situation.

e When the filaments are parallel and point in the same direction, (¢1,12) = (0,7) or (¢1,12) = (,0). In that
case A = 0 and no steady-state exists for the motor, which runs on the two filaments before detachment.

e When the filaments are antiparallel, (11,42) = (0,0) (expansile configuration) or (¢1,s) = (7, 7) (contractile
configuration). In the expansile configuration, 1 + x4+, = xa, with x = £1. In the contractile configuration,
x1 + x2 — l,;, = xa, with the same rule applying for x. In both cases, Eq. (S13) yields A = x fo and any position
of the motor is a steady-state.

To test for the stability of these steady states, we consider the dynamics of 1, and 1y around ; = 1y = ¥*
with ¢* = 0 or m. We write therefore ¢; = ¥* + d1); and 5 = * + Jip2. To regularise the dynamics around the
parallel filaments state, we consider a situation with non-zero € and consider perturbations verifying di¢ < /e,
such that A ~ xfo. From Eqgs. (S11) and (S12), we have then
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cua” difl - XTfO [(z1lm cos Y™ + 2122)00)1 + T12207)2] (516)
o db

epa’® dif2 = XTfO (12261 + (2l cOSP™ + 2172)002] (517)

so that the state ¢ = 1o = 9* is stable if x(z1l,, cos* + 3l cosyp* + 2x122) < 0 and (x1l,, cos ™ +
1122) (22l cOSY* + x1m2) — 2323 > 0, whereas it is unstable otherwise. Taking the initial condition to be
1 = /24 (xa — Iy cosp*)/2 and z2 = —x0/2 + (xa — I, cos ™) /2 at the steady state, the stability condition
is satisfied when

x(xy + 12, — a*) > 0 and z;72x cosp* >0 . (S18)

The results are summarized in the flow diagram in Fig. S1F. Red segments indicate the stable steady states. In the
green region, there are no possible values of 1, and 1, for given values of z; and 5.

Two filaments rigidly attached to the external network

This situation corresponds to case (v). The mechanical potential U reads as for case (ii)

U= —folzy +22) + A (\/xf + 23 — 22125 cO80 — lm) ; (519)

with z; and x5 the distances to the crossing point of the two filaments, taken positive in the direction of the filament
towards which motors move (Fig. S1G). 6 is the angle between the two filaments, such that n;.n, = cos6, with n;
the unit vector giving the orientation of the filament ¢. A is a Lagrange multiplier ensuring that the length [,,, of the
motor is fixed. The dynamic equation for the motion of the motor on the two filaments Eq. (S1) then reads

da:l _ A
MW = fO — E(Jfl — I9 COS 0) (SQO)
u% = f(] — ZA(JZQ — I COS 0), (821)

where 6 is a fixed angle, and the Lagrange multiplier X is obtained from the constraint that #? + 3 — 2z, 22 cos 8 = 12

folm(z1 + 22)(1 — cos )
(x1 — @2 co80)2 + (x2 — x1 cos )

A= (S22)



Two solutions can be found for the motor position on the two filaments, assuming that they are not parallel (6 # 0

and 6 # 7):

Im
=gy ==+ S23
T T kg (523)

As pointed out in Ref. [1], a linear stability analysis around the steady-state indicates that only the positive solutions
x1 = xy = l,,/[2|sin(8/2)]] is stable. The corresponding force dipole at equilibrium is positive and is given by

lme
d= ——"——. S24
[sin(2)] (524)

Therefore, the dipole formed on two rigidly fixed, non-parallel filaments is always contractile (Fig. S1H-I).

Average force dipoles

FIG. S2: Schematic of the force dipole exerted by a motor. Each motor exerts a force of magnitude fo parallel to the

filament. The total force exerted by the motor on the filament are equal and opposite at steady-state and denoted fi and

f2. The contribution of the force normal to the filament arises from geometrical constraints. Overall, this results in a tension
= |f1| = |f2| acting within the motor, which is used here to define the force dipole exerted by a motor.

To obtain the associated average force dipole exerted by the motor in these different configurations, we proceed as
follows: denoting as cgg) the initial distance between the two filaments, 0}?{ and 0}?% the two angles giving the initial
orientations of the filaments, x£n>1, 53?2 the initial position of the two motors on the filaments, and r (k=1,--- , N,
with N, the number of crosslinkers attached to the external network) the position of the crosslinkers on the filaments,

we compute the motor-induced force dipole d reached at steady-state as shown in Fig. S2 by

(0) p(0) H(0) _(0)  (0) Imfo  lmfo
(01270,01:0,02; ml’ m2:{7’ ) = 2cos1/)1 2cos vy

(S25)

where the angles 1); and 15 between the motor and two filaments at steady-state are functions of cgg), 9;02, 0; %, gn)l,

xfﬁ?Z and {ry}r. Equation (S25) is obtained from the definition of the force dipole

l
d= ?mnm (i — ) (526)
with nj5 the unit vector giving the motor orientation pointing from filament 1 to filament 2, and f; with ¢ = 1,2 are
the forces exerted by the motor on the two filaments. The dependencies —1/cosv; (i = 1,2) in Eq. (S25) arise from
the condition that the projections of the forces f; on the filament ¢ have magnitude f, (Fig. S2).

The average force dipole is then obtained by

1 2m 2m Ne
cas= L [y [Ty [ oy [ (Hdrk> [ a0} el 600050 5 k) (520
k=1
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where the integration [ d {x(o) 20, } runs for all possible initial motor configurations z,,’;, T,

m,1>%¥m,2

reach a steady state, and T' = [ dc!Y fd{$$?1,$£2?2}(27r)2(Lf)N‘:.

that eventually

RELATIONSHIP BETWEEN THE STRESS AND THE AVERAGE FORCE DIPOLE

In this section, we discuss the two contributions to the stress generated by the filament and motor network, ozfj and

f

o. We point out that in the absence of large scale deformations, i

ij-
elastic response of the filament network is non-linear.
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FIG. S3: A. Schematic of a 2D elastic material, subjected to forces arising from force dipoles exerted by motor filaments.
Motors result in a stress o;; acting at the boundary of the box. B. Schematic of a 1D chain of non linear springs subjected to
force dipoles. The chain contains N springs and is fixed at both ends. Motors result in a force o along the chain.

Two-dimensional, linear elastic material

We consider here a two-dimensional elastic material subjected to the force dipoles exerted by motor filaments. The
motor force dipoles consist of two opposite forces f¥ = +f¥nF  separated by a distance [,,,, and where the index k
label the motors. The motors induce a deformation in the elastic material. The total stress in the system is then the
sum of the resulting elastic stress, denoted azfj, and the stress generated within the motors, denoted o077

oij = alfj + o) (528)

We start by discussing the average stress created by an ensemble of motors in a 2D material. Following Ref. [2], we
now show that when the system is homogeneous, force balance on a section S of the network enclosed in a contour C
allows to relate the stress generated within motors to the concentration and orientation of motors. To evaluate the



stress, we first note that each motor k corresponds to a line under tension f* with length [,,,, orientation n*, centered

at position x*, and joining the two points at coordinates x* —1,,,/2n* and x* + 1,,,/2n* (Fig. S3A). Therefore, the
two-dimensional stress field within the motors can be written

lm

o) =30 el [ |t~ (x4 ) (520
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where u is a coordinate going along the line under tension f*. The average stress within a region S of surface area S
is then given by

1
(of}) = g/sdxag-”(x) (S30)
1 o [ F ,
= S/de;fknfn?/_l?du&(x—(x’”—i—nku)) (S31)
_ %kalmnfnf (S32)
k
= c(dnin;) (S33)

where c is the concentration of motors, d¥ = I,,, f* is the dipole strength of motor k, and the averaging (-) is performed
over space.
In a linearly elastic material, the average stress within the network of filaments is given by

1
szj =2F (uij — 2ukk5ij> + Kukkziij (S34)

with F and K a shear and bulk elastic moduli, and u;; = %(Giuj + 0ju;) the gradient of deformation. The average
stress generated in the elastic material in a region S with contour C and surface area S is then given by

1/
fy — f
o;.) = 5 [ dxoj. S35
(o) = 5 | dxo]] (S35)
2E/ K—E/
= — [ dxu;; + dxug0;; S36
S S J S S kk J ( )
E/ E/ K—E/
= = [ dvju; + = [ dlvju; + dlvyugd;; S37
S c J S c J S c kEUE J ( )

where v is the vector normal to the contour C and dl an infinitesimal line element on the contour. If we consider
a square box whose boundaries are fixed (Fig. S3A), or periodic boundary conditions, the contour integrals in Eq.
(S37) vanish. Therefore, for a linear elastic material with fixed boundaries, the average stress arises entirely from the
forces acting within the motors. This however does not apply to a non-linearly elastic material, as we show in the
next section.

One-dimensional chain of non-linear springs

We consider a simpler example in 1D of a periodic chain of N elastic springs. Each spring is located between
positions z; and z;y1, with initial resting position z; = il. The two points at the end of the chain, zy and z y, are not
allowed to move. In addition, N,, motors are acting in parallel to a fraction n = N,,,/N of the springs (Fig. S3B).
The motor exerts a constant force f. The springs have a non-linear force-extension relation

Al AlN?
fe= kT + ko (1) (S38)

with f. the force exerted by the spring, Al = x;41 — z; — [ the extension of the spring, and k£ and ko are two spring
constants. We assume that the springs are weakly non-linear, k,/k < 1. In the initial resting position, Al = 0. The
motors are then turned-on, driving a deformation of the the springs in the chain. The contraction of the springs
which are in parallel with the motors is denoted —Al,,. Because the overall length of the chain is kept fixed, the



deformation of the free springs is then given by Al,,,n/(1—n). We denote by o the total force acting within the chain.
Force balance imposes that the total force within the springs and the motors is fixed and equal to o, giving

Al Al \? Al, n Al, n \°
“—"“1““2(1) +f—’“11_n+’“2<11_n> (539)

where the second part of the equality is the total force within the springs in parallel with a motor, and the third part
the force within the free springs. Solving these equations and expanding to first order in fky/k? < 1, one obtains

N kaf2n(1—n)

o=fn 2 (S40)
or using the concentration of motors ¢ = n/l,
k. 2
o = fle+ Z]; c(1—cl) (541)
= o™ +of (S42)

where 0" = flc is the average tension exerted within the motors. To leading order in the spring non linearity, ks — 0,
the force within the chain reduces to the average motor tension o™, in agreement with Eq. (S33). The non-linear
elastic behaviour however brings a correction to this term o/ = kyf2cl(1 — cl)/k?, proportional to the motor force
squared, f2.

NETWORK RELAXATION TIME

Crosslinker
® cf @ 1
1 on ] T,

— o Filament

FIG. S4: Schematic of a filament in the network. Crosslinkers bind to the filament with rate k¢!, and unbind with rate 1 [Te.

We derive here an approximate expression for the network characteristic relaxation time. We consider a filament
within the network, crossing other filaments that are themselves immobilised. We expect this last assumption to
be valid for a large enough number of crosslinkers. The number of crossing points is assumed to largely exceed the
total number of crosslinkers in the network. Crosslinkers bind and unbind the filament at crossing points with other
filaments. A filament with two attached crosslinkers is completely fixed, and can only rotate when it has one attached
crosslinker. For simplicity we consider here that the filament can not rearrange to relax stresses unless no crosslinker
attaches it to other filaments in the network. Once a filament is free, it can move until a crosslinker binds to it and
immobilise it. We therefore estimate the network relaxation time as the mean first passage time to a state where no
crosslinkers bind the filament, from a state where one crosslinker binds the filament.

We consider the probability of having n. crosslinkers on the filament, P(n.). New crosslinkers bind to the filament
with rate kSf, = 2[kS,, /(1 + kS,,7.)]Ne /Ny, as crosslinkers bind to all filaments in the network with rate k¢, (Fig. S4),
and each crosslinker binds two filaments. In addition, crosslinkers unbind from the filament with rate 7! (Fig. S4).
The probability P(n.) then follows the master equation:

dP(n.) n.+1

_ cf _ _ E cf
T P(n.+ 1)+ k5, P(n. — 1) <Tc + kon> P(n.) (543)

Stationary distribution. The stationary distribution of Eq. (S43) is a Poisson distribution:

cf Ne
P(n,) = e FenTe (Rone)"™ (S44)

ne!

with mean and variance n’ = k< 7, ~ 2N, /N; for kS,7. > 1.



Mean first passage time. We now want to obtain the mean first passage time to reach a state where the filament
has no bound crosslinker, n. = 0, starting from a configuration with n crosslinkers attached on the filament. We
denote T, this first passage time, and we follow a standard procedure to obtain its value [3, 4]. T, satisfies the
following equation for n > 0:

ket n/T. 1

n="—F——Tp1+ 7T 1+ S45
kg A n/re R A/ ke ) (54

where the first term corresponds to the probability of moving to a state with n + 1 bound crosslinkers, times the
waiting time from the state n + 1, the second term is the product of the probability to move to a state with n — 1
bound crosslinkers times the waiting time from the state n — 1, and the last term is the average time spent in the
state n. In addition, Ty = 0 by definition of the first passage time 7T;,, and we take a reflecting boundary condition at
infinity, implying T,, — Tj,—1 — 0 for n — oo. Equation (S45) can be rewritten

n
Ky (T = Trg1) + — (T =Th-a) =1 (S46)
or defining z, =T, +1 — T,
n 1
n = Jof - *n—1 " T S47
o e T kG (547)

To solve this equation, one introduces Z,, = z, (k< 7.)" /n!, which satisfies then:

(ka Tc)n
Zp=Lp 1 — 22— 4
! k<t n! (548)
Solving Eq. (S48) then yields the following expression for Z,, z, and T}, using that Z,, = 0:
— (kgngC)k
Z, = Y, TR (S49)
k=n+1 on’"
n! = (kSE )k
Zn = en (S50)
Gt 2 hR
n—1 00
k! (kE 7)™
b= S 3 e
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From this last expression, one finally obtains 7},
e (kcf Tc)m
T, = —0 (S52)
mz::l k<t m!
1 of o
= (e =) (53)
on
Te n*
= ;(e e —1) (S54)

The time 77 therefore contains a factor increasing exponentially with the number of crosslinkers per filament n}.
We use the time T} as an estimate for the network relaxation time. In Fig. 3f, we verify that the time 7T} provides a
good approximation for the relaxation time of the network.

EFFECT OF MOTOR CONCENTRATION AND DISPERSION IN MOTOR FORCES

We have performed additional simulations measuring the isotropic stress o as the concentration of myosin motors
N,,/W? is varied (Figure. S5A). The reference stress oy is defined as being proportional to motor concentration,
such that o ~ g¢ indicates that the stress is proportional to the myosin concentration. We find that ¢ has a weak
non-linear dependence as a function of the myosin number N,, for the simulation parameters plotted in Figure S5A,
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FIG. S5: A. Isotropic stress as a function of the number of motors N,,, for two values of myosin turnover. In these graphs,
we performed the simulations for the cases with identical motors (red circles) and with the a dispersion of 20% motor force
and friction (blue triangles). Non-specified parameters are as in Fig. 3 of the main text. B. Isotropic stress as a function of
the number of motors, in the absence of a crosslinker. Green diamond marks, identical motors; no stress is generated. Blue
triangle marks, a dispersion of 20% motor force and friction results in a non-zero stress for a high enough number of motors.
Non-specified parameters are as in Fig. 3 of the main text. Stress was averaged here over 107 after initialization.

and is nearly linearly increasing with N, for slow enough turnover. This indicates that the stress generated by the
simulated network is roughly proportional to the myosin concentration.

In our simulations, motors are identical and have the same stall force; as a result no stress is generated in the
absence of crosslinkers (Fig. 3 and Ref [5]). Introducing a dispersion in motor friction and stall force however can
result in stress generation as the number of myosin motors is increased (Figure. S5B). The overall stress generated is
much smaller than stresses generated for the same parameters with a cross linked network.

SUPPLEMENTARY MOVIE LEGENDS

e Supp. Movie M1 Simulation of a network with no crosslinker turnover, no filament turnover, N, = 800 and
Tm = 1007. Total simulation time, 16007. The number of crosslinkers N, is below the threshold for the network
to exert a contractile stress.

e Supp. Movie M2 Simulation of a network with no crosslinker turnover, no filament turnover, N, = 1100 and
Tm = 1007. Total simulation time, 16007. The number of crosslinkers N, is above the threshold for the network
to exert a contractile stress.

o Supp. Mowvie M3 Simulation of a network with no filament turnover, crosslinker turnover with 7. = 1007,
N, = 1200 and 7,, = 1007. Total simulation time, 16007. The network collapses and does not exert a
contractile stress in steady state.

e Supp. Mowie M4 Simulation of a network with filament turnover with 7, = 1007, crosslinker turnover with
7. = 1007, N, = 800 and 7,,, = 1007. Total simulation time, 16007. The network reaches a steady-state where
no contractile stress is exerted.

e Supp. Movie M5 Simulation of a network with filament turnover with 7, = 1007, crosslinker turnover with
7. = 1007, N, = 1200 and 75, = 1007. Total simulation time, 16007. The network reaches a steady-state where
a contractile stress is exerted.
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