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A Starting basis of single-particle wave-functions

The shapes of the ten selected single-particle real wave functions ¢,;(r) forming a trial basis for the definition of the field
operators in (1) are characterized below in Figs. S1 and S2. The method of calculating those wave-functions relies on solving the
wave equation for a single electron for the potential energy depicted in Fig. 1. The details and the method accuracy is discussed
elsewhere 3172, With the rotational symmetry of the potential in the DRN plane, those wave functions exhibit similarity to
the hydrogenic-like functions for values of / =0, £1, 32 respectively. This minimal basis with M = 10 components in Eq.
(1) is sufficient to describe accurately the multiparticle states for N, = 2 and 3 electrons analyzed in main text. A subsequent
enlargement of the starting basis to M = 18 functions did not influence the accuracy of the presented results.
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Figure S1. Starting single-particle wavefunctions for n = 0, / = 0,F1, F2 ((a) — (e)), respectively, all for the quantum dot
potential Vop = 0, taken to define the field operator in Eq. (1). Note their similarity to the s, px, py, dxy and d,2_,» atomic
states, respectively.
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Figure S2. Starting single-particle wavefunctions for n = 1,1 = 0,F1,F2 ((a) — (e)), respectively, all for the quantum dot
potential Vop = 0, taken together with those depicted in Fig. S1 to define the field operator (1). The subsidiary (external)
maxima and minima reflect the part associated with the presence of the ring.
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B Detailed values of microscopic interaction parameters in Fock space

For the sake of completeness we provide the detailed numerical values of selected Coulomb interaction parameters as a function
of the relative QD potential Vop. Note that we have included also the 3- and 4-state interaction parameters, often ignored in
many-particle considerations. Although the values of those last parameters are small, they are important as the corresponding
number of such four-state terms (c.f. S5) is the largest and equal to 5040 (when we disregard symmetries leading to their
degeneracy).

Table S1. All Hubbard intrastate repulsion amplitudes U; = V;;; (in meV) for different QD potentials.

VopmeV) || 6| 5| 4| 3| 2] 1| o] 1| 2] 3| 4] 5| 6
) 8.67 | 8.60 | 8.59 | 8.51 | 8.55 | 838 | 833 | 8.08 | 7.15 | 2.97 | 2.90 | 2.88 | 2.92
) 761 | 749 | 720 | 6.27 | 3.67 | 332 | 3.41 | 3.44 | 3.45 | 3.50 | 3.48 | 3.51 | 3.49
: 7.63 | 747 | 7.14 | 6.21 | 3.63 | 329 | 339 | 3.47 | 3.43 | 349 | 3.49 | 351 | 3.53
: 319 [ 323 [ 328 [ 3.29 | 3.28 | 3.29 | 328 | 3.32 | 3.28 | 3.30 | 3.27 | 3.27 | 3.26
) 3.26 | 324 | 325 | 3.27 | 3.31 | 3.26 | 327 | 3.30 | 3.26 | 3.32 | 3.26 | 3.29 | 3.26
)
)
)
)
)

2941290 | 289 | 293 | 291 | 2.89 | 2.89 | 2.89 | 2.87 | 5.60 | 7.74 | 7.97 | 7.96
347 | 3.51 | 340 | 333 | 425 | 6,50 | 7.02 | 7.11 | 7.15 | 7.01 | 6.89 | 6.83 | 6.64
346 | 3.46 | 342 | 328 | 427 | 6.50 | 697 | 7.12 | 7.08 | 7.02 | 6.88 | 6.83 | 6.66
6.18 | 631 | 6.27 | 6.26 | 6.02 | 593 | 5.86 | 5.76 | 5.61 | 5.35 | 5.18 | 4.74 | 4.36
6.20 | 629 | 6.30 | 6.25 | 6.15 | 6.04 | 593 | 582 | 563 | 529 | 5.09 | 475 | 4.40

Table S2. Selected values of the interstate Coulomb repulsion amplitudes K;; = V;j;; (in meV) for different QD potentials.

VopmeV) || 6| 5| 4| 3| 2] 1| o] 1| 2] 3| 4] 5| 6
Kooon || 7-20 [ 7.15 | 699 | 6.46 | 426 | 2.67 | 2.38 | 2.29 | 2.32 [ 2.73 | 2.90 | 2.84 | 2.93
00,02 || 238 | 228 | 225 | 226 | 223 | 222 | 2.23 | 2.22 | 2.30 | 2.74 | 2.88 | 291 | 291
00,10 || 228 | 227 | 227 | 227 | 227 | 227 | 2.29 | 2.38 | 2.88 | 3.53 | 2.45 | 2.29 | 2.26
00,01 || 228 | 231 | 243 | 2.90 | 5.03 | 6.57 | 6.81 | 6.72 | 6.37 | 3.47 | 2.44 | 2.34 | 231
)
)
)
)

6.17 | 6.15 | 6.11 | 6.11 | 6.03 | 592 | 5.87 | 5.66 | 535 | 3.17 | 2.50 | 2.44 | 2.46
5.80 | 584 | 5.60 | 490 | 2.89 | 2.35 | 2.32 | 234 | 2.36 | 2.35 | 2.36 | 2.33 | 2.37
254 | 254 | 253 | 253 | 2.57 | 2.55 | 2.54 | 255 | 2.54 | 2.53 | 2.53 | 2.52 | 2.55
233|232 | 235|237 | 341 | 511 | 547 | 551 | 547 | 547 | 535 | 529 | 5.14

Table S3. Selected values of the interstate exchange integral J;; = V;;;; (in meV) for different QD potentials.

VopmeV) || 6| 5| 4] 3] 2| -1| of 1| 2| 3| 4] 5] 6

J00.01) 240 | 237 | 231 | 203 | 1.00 | 0.24 | 0.10 | 0.08 | 0.20 | 1.20 | 1.52 | 1.53 | 1.55
J00.02) 0.04 | 0.02 | 0.02 | 0.01 | 0.01 | 0.01 | 0.01 | 0.03 | 0.12 | 0.86 | 1.05 | 1.15 | 1.14
J00.(10) 0.04 | 0.03 | 0.03 | 0.03 | 0.04 | 0.05 | 0.08 | 0.17 | 0.62 | 1.28 | 0.25 | 0.09 | 0.05
Joo.11 0.04 | 0.06 | 0.11 | 0.35 | 1.39 | 2.16 | 2.26 | 2.20 | 2.09 | 0.62 | 0.11 | 0.06 | 0.04
J00.12 1.09 | 1.06 | 1.06 | 1.06 | 1.04 | 0.98 | 0.97 | 0.94 | 0.88 | 0.30 | 0.11 | 0.10 | 0.10
Jo.01 0.88 | 0.87 | 0.76 | 0.66 | 0.38 | 0.48 | 0.53 | 0.55 | 0.57 | 0.56 | 0.57 | 0.58 | 0.56
J02).03) 0.34 ] 036 | 037 | 0.36 | 0.39 | 0.37 | 0.35 | 0.40 | 0.36 | 0.38 | 0.38 | 0.39 | 0.39
Janan 0.57 |1 0.57 | 0.53 | 047 | 0.43 | 0.71 | 0.80 | 0.79 | 0.80 | 0.79 | 0.77 | 0.77 | 0.73
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Table S4. Sclected correlated interstate hopping parameter values C;; = V;;;; (in meV) for different QD potentials.

VoomeV) || 6] 5] 4| 3] 2| 1] o] 1| 2| 3| 4| 5] 6
C0 0,0 1) 0.05 | -0.03 | 0.01 | -0.06 | -0.01 | -0.01 | 0.01 0 0| -0.02 0| -0.01 | 0.03
C(00),(02) 0| 0.01 0 0 0 0 0 0] -0.01 | 0.02| 0.02| 0.01 | 0.01
C(00).10) -0.38 | -0.37 | -0.37 | -0.39 | -0.44 | -0.51 | -0.65 | -0.94 | -1.65 | -0.47 | 0.09 | 0.08 | 0.06
Co 0.0 1) 0 | -0.01 0 0] -0.05| 0.02 | -0.02 0] 0.03 0 0 0 0
Cl00).012) 0.03 0] -0.03 | 0.02|-0.03 | -0.01 | -0.01 | 0.02 0] -0.02 0| 0.01 | -0.01
Co1),01) 0.03 | 0.01 | 0.01 | -0.01 | -0.01 | -0.02 0 0| -0.01 0| -0.01 0| -0.01
C(o 2), (0 3) -0.03 | 0.03 | -0.01 0 0| 0.02 | -0.01 | -0.01 0| 0.03|-0.01 | -0.02 | -0.01
Ca 1) 0] 0.02 0 0| 0.01 | -0.03 | -0.02 | 0.04 0] 0.02 | -0.02 0 | -0.01
Table S5. Selected three- and four-state parameters V}; ;) (in meV) for different QD potentials.
Vap (meV) |\ 6| 5| 4| 3] 2| 1] o] 1] 2] 3| 4] 5] 6
V(000 1.0 1002 || 034 027 ] 023 ] 023 021 ] 0.15] 0.14] 0.19] 0.37 | 097 [ 1.08 | L.10 | L.I2
Vo o,0 002,01 || 019 | 014 ] 011 | 0.08 | 006 | 0.06 | 007 | 0.12 | 025 ] 0.68 | 080 | 0.81 | 0.82
Vioono0T,01),03 || 035] 027 | 023 ] 023 | 021 | 015 | 015 ] 0.19 | 037 | 095 | 1.06 | L1l | 1.09
V(0 0,0 2),00 2,00 1) 0 0 0 0 0 0 0 0 0] 0.03| 0.04 | -0.01 | 0.01
V(O 1,0 1,(10),00) || 004 ] 003 | 004 ] 0.09 | 0.18 | 0.18 | 020 | 026 | 048 | 0.67 | 029 | 0.18 | 0.12
0,02),(1 1,01 || “0-16 | -0.19 | -0.24 | -0.40 | -0.57 | -0.33 | -0.23 | -0.19 | -0.19 | -0.28 | -0.27 | -0.27 | -0.28
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C DRN in the correlated state: 2- and 3-electrons particle density

Here we provide the characteristics of the first excited state for N, = 2 for two additional values of Vgp.
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Figure S3. The same as in Fig. 5, but for Vop = 2 meV.
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Figure S4. The same as in Fig. 5, but for Vop =4 meV.
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D The degree of degeneracy in the ground- and first-excited state

In this Supplement we list the degeneracies of the multiparticle states. The first factor of the total degeneracy is due to the
8%, (287, 4 1 values). The additional degeneracy represents an emergent chirality and is related to the number of ways the
single-electron current can compose the total orbital current.

Table S6. The degrees of degeneracy for different QD potentials, with N, = 2, 3.

2 electrons 3 electrons
ground state | first-excited state || ground state | first-excited state

Voo (meV) [[ deg. [ Sior | deg. [ S deg. | Sir | deg. [ S
-6 1 0 3x2 1 2x3 1 1/2 | 2x2 1/2
-5 1 0 3x2 1 2x3 | 1/2 | 2x2 1/2
-4 1 0 3 1 2x3 1 1/2 | 4x2 3/2
-3 1 0 3 1 2x3 | 1/2 | 4%x2 3/2
-2 1 0 3 1 2x3 | 1/2 | 4%x2 3/2
-1 1 0 3 1 2x3 | 1/2 | 4%x2 3/2
0 1 0 3 1 2x3 | 1/2 | 4%x2 3/2
1 1 0 3 1 2x3 | 1/2 | 4%x2 3/2
2 1 0 3x2 1 4 3/2 | 2x2 1/2
3 1 0 3x2 1 4 3/2 | 2x2 1/2
4 1 0 3x2 1 4 3/2 | 2x2 1/2
5 1 0 3x2 1 4 3/2 | 2x2 1/2
6 1 0 3x2 1 4 3/2 | 2x2 1/2

E Average total momentum along the z-axis

We define the average total momentum along the z-axis as

(L) EZ<¢" / B (0P (r) q>> =Y / Broi i <éjf66j6>, (S1)

o,

where |®) is the state in the Fock space, W (r) is the field operator (1), {¢;} is the single-particle wave-function basis, i and j
are the pairs of quantum numbers [r,[] defining the single-particle state, and

L* = —ihdy (S2)

is the single-particle z-component momentum operator. To calculate (S1) we must calculate how (S2) influences the single-
particle wave-function basis {¢;}. First, let us consider (S2) acting on the simpler single-particle wave-function basis {y;}

Loy (r) = —ilidg Wi (v) = —ihdg Ry (r)e"® = hlyy (r). (S3)

Now, 17 acting {¢;} comes down to three cases

[=0: —ih8¢ (p”o(l‘) = —ih8¢ l//y,o(l‘) = 0, (S4a)
>0 —ihdy@u(r) = —ihidy 2" (r)\z"’"’ () _ i Yl (r)ﬁ;’"ﬂ ) _ inig,;(r), (S4b)
. . l//nl_(r) — Y (1) . Wnl_(r) + Wnl(r) .
o= =— = = i(r). 4
1<0 ihdy @y (1) ihdy NG il 7 ihl@,;(r) (S4c)

Eventually, due to the orthogonality of basis {¢;} the only non-zero elements in the sum (S1) are

=Y il ({&hen) - (ehe))- (S5)

o,n,l>0

It means that as long as the symmetry condition <CAZiénl> = <6Zlén[> is fulfilled (which is the case here), the average total

momentum along z-axis will be equal to zero.
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