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Web Appendix A

Estimation of 52 and its asymptotic distribution
We assume that the smoothing parameters are small relative to the sample size, i.e., n'/ 28, —
0 for j = 1,2. From (4) we estimate 65 by minimizing the penalized sum of squares J(62) =
n I AW — B (S;)02}% + 6205 Dafy. We have

0J(6-)
00,

= 205" {W; — By (S;)02} Ba(Si) + 202 D505 = 0

=0

= n 'Y Ba(S)Wi — {n" 1201 Ba(Si) By (i) — 02D2160, = 0
= n_IZ?leg(Si)Wi — A;Zleg =0
= 52 = Angn_lzz-l:lBg(Si)Wi.
Now, the asymptotics of 52 can be given by
n'2(0, — 0,) = n'*(Apon 'S Bo(S)W; — 6,)
=12 (Apan™ '3 Bo () [By (Si)62 + Uy] — 62)
=" Npa (™ Y00 Ba(Si) By (Si) — Ay )02 + Anan™ 2301 Bo(Si)Uj
= Ao V2" Bo(S) Ui + 0,(1).
Thus,

By —65) = n "N " Bao(Si)Ui + 0p(n~/?). (15)
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This is because as, n'/2§; — 0, then

nT Y01 Ba(Si) By (Si) — Ay = 62Dz = 0, (n™ ). (16)

Estimation of 51
From (3), we estimate $; and #; by minimizing the penalized sum of squares J(3,60;) =
anZ?:l{Y'Z_ - BE(SZ)QQ/Bl - BIT(SZ)Ql}Q + 61€’1TD191. That iS,

9J(B,01)
9P

= 2n 1" (Y, — BY(S:)8261 — BY(S))61}BY(S:)8s =0

=0

= n " {B(S)8:Y; — 0285 (S:) By (S:)8551 — 0By (S;) B ()61} = 0

= 07" (B (S:)8:Y; — 0285 (S:) By (S:)8:51 — 0> B3 (S;) BY ()61} = 0,

and
8‘](67 (91)
90,
= 205" {Y; — BY(S)0,81 — BY(S:)01} By (S;) + 20, D16, = 0

=0

= nilz?zl{Bl(Si)Y; — Bl(Si>BQT(Si)§251 — Bl(Si)B;F(Si)el} + 01010, =0
= 0 I Bi(S)Ys — n Y Bi(S) BY (80281 — (n S0 By(S) BY(S:) — 61D1)fy = 0
=07 S Bi(S)Y: — n T S Bi(Si) By (S)0:81 — A6y =0

= n Y Bi(S)Yi — n 0 Bi(Si) By (S:)0:61 — A16:} = 0.

This leads to the estimating equations

B(S5))Y;
0 = n‘lZL ! l)A
B3 (S;)0-Y;
-1 T n
_n—lz?:1 Anl A ABl (SZ)BQ (31)92/\ 91
BY(S:)B3 (Si)02 03 By (Si)By (S:)62 ] \ b



Writing @2(5’1») = BQT(SZ-)@;, we see that the estimating equations are
0 = YL ABUS)Y: = Ayl — Bi(S)Ca(S0)Bu): (17)
0 = S, CalS){Y — BY (S0 — Ga(S0)Bu}- (18)
Now from (17) we see that
01 =V, — R0,
where,

Vn = Anln_lzylel(Si)de

Rn == Anlnilzylel(SZ)BQT(S%)

Estimation of 31

Substituting the value of 8; in (18) we have
0= 52 Ga(S){Yi = BI(S)Va + B (S) Babafir — Ca(S) 5}

From this,

El = — n_izz:1G2<Si){K - B?E‘Sl)‘/n}/\ ) (19)
1y 1 Ga(Si){Ga(Si) — By (Si)Ruba}

The numerator of (19) is
n TS Go(S){Yi — BI(Si)Va}
=07 S YiBY ()0 — n Y003 Ba(S) B (S)V
=0 YL YiBy (S0)0 — n*lZiL@f{Bl<Si>B§<si>}Tvn
— 'S VBT (S)0, — 0 RTA MV,
— 'S VBT (S)0y — ViPAL R0,
I {(VBE(S) — VAR, O

= n I Yi{BE(S;) — BY(S:)Ra}0s.
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The denominator of (19) is

n I Ga(S){Ga(Ss) — BY(Si)Rubs

O3 'S, Ba(S){ By (Si) — B (Si) R, }0s

O {n " Bo(Si)BE(S:) — n~ 2" Ba(Si) B (S:) Ry } 0

= 03 (T, — R A R,)Ds.

where, T, = n~'37" By(Si)B; (Si) (say).

Hence,

Bl _ n ' Yi{ By (i) — BF(Si)Rn}é;‘

~

0 (T, — RTA-LR,)0s

n**nl

Proof of Theorem 1

To ease exposition, let us define the following expressions:

A, = 0700 {Go(Si) B+ Gi(Si) HBa(Ss) — Ry Bi(Si)}T;
C. = T,—R'A!R,:

n**nl

{Ba(5:) 1(5:) 1704 (20)
wi = 03C,AnaBa(Si) + By (S;)A2C,09;
gm’ = Dm/ 9; Cn92§

Hoi = Auhn2Ba(S:)/08C,0, — AnboFri ) (61C,0,)2.

Consider that the S;’s are fixed and known and recall that, Y; = G2(S;)51 + G1(S;) + €.

Substituting the expression for Y; into the numerator of (19) and simplifying using the



expression from (20), we have

n~'S Y BY (S) — BY (SR Y05
=0 Y (B (81025 + B (S0 + €){ B3 (Si) — BY (Si) R }6>
=~ I (BY ($00:61 + BY(5:)00){B5 (5:) = BY (S)Ra}0 +
n ' e BY(Si) — BY(Si)Ra s
= Ay + 07" Doey
= Apby + An(0y — 05) + 0 S Doses.
Applying (15) to the above equation, we have
Ay + 075" { A Ao Ba(S)U; 4 Dyiei} 4 0,(n2).
Again, the denominator of (19) is
03 (To — RN Ro)by = 8,C.fn.
Now applying (15), the denominator becomes,
(02 + 17 3 Aua Ba(S:)Ui) + 0p(n )T C(0s + 07" 0 M Bo(Si)Us) + 0p(n/?)
=0,Cpbo + 1Y 105 Cu A2 Bo(Si)Us 4+ n Y U Ba(Si) T ApaCiifs
(I Ana Ba(S0)U) T (0 300 A Ba(S:)Us) + 0 (n™1/?)
= 03Cp00 + 'S0 Fuils 4 0,(n ).

Then, by a Taylor series expansion,

x5 Anez + n_IZ?:l{AnAnng(Si)Ui + DmQ} ~1/2
v = OTC,05 + 1Ly Fuils op(n™)

1 n ] . L n 7T —1
_ { AnQZ + n Eizl{AnAn2B2<SZ)U’L + DH’LEZ}} {1 + EizlfmUl} + Op(nfl/g)

6TC.0, 67C,0, 6TC,05
Al 0 (A By(S)U; + Dyies}
6TC.0, | 6TC, 05
A6,

a2 i ogp ~1/2y.
(G;FCHQQ)?n Y1 FniUi + 0p(n=77)
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Thus

- Aneg

_ Anba -1y (o . .
/81 Qgcnez n Zz:l(gnzel +HTL’LU1,) ‘|—0p(n )

Now considering the fact from equation (16) that n='>"" | Bo(S;)B1(S:) = A5 + o(n~1/?)

and using this in the expression for A,,6,, we have

Ay = n7'0 163 Bo(S){ B3 (Si) — BY (Si) Ry }05
+0,n~ 0 Bi(Si){ B3 (S;) — B (Si) Ry, }0-
= B105Cnbo + 0] {A,} —n "3 B1(S) B (i)} Rt

= B10TC05 + 0p(n V).

Therefore,
H;T%% = b1+ 0p(n~17?).
Hence,
nl/Z(E1 — f31) ~ Normal(0, 0?),
where

o* = lim n” 'Y (02G2, + 02 H2,). (21)

n—oo

Thus, ﬁl is a consistent estimate for ;.



Deriation of smoothing matrix

From (3), we have

B3 (S:)825: + BY(S:)6:

=0
I

= BF(S))0251 + BL(S:)[Vs — Ru201]

= [Ba(S;) — BE(Si)Rn]Taz@ + Bl (Si)Va

n 'S Vi BY(Si) — BY(S;) Ry, }0-
02C,.0,

= [BaSi) — BlT(Si)Rn]Té\Q (

+B(S)Aun 'S0 Bi(S)Yi

D,in 'S D,Y;
= ==l BI(S)Aan Y Bi(S)Yi.
7re.d, 1 (Si)Amn™ 321 Bi(S))

Similarly from (4), we have
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Web Table 1

[Table 1 about here.|



R Code

Function for data generation

dataSimulation<-function(nsamp=500,b0=1,b1=2, sigma.Delta=0.25,
sigma.G=0.2,sigma.¥Y=0.5,range.par.Y=0.1)

é nsamp= Samgle size for data generation.
range.par.Y¥= Value of the range parameter for outcome variable.
sigma.Delta= Measurement error variance.
sigma.G=Variance for smooth spatial surface.
sigma.Y=Residual error variance.
bO=Intercept of the regression model.
bl= Slope parameter for regression model.
Load necessary R library
require(nlme)
# generate grid of nsamp points uniformly on square
sl <- runif (nsamp
s2 <- runif (nsamp)
spatDat <- data.frame(cbind(s1,s2))
#Covariance structure for Y following exponential correlation
cslExp.Y <- corExp(range.par.Y, form = ~ sl + s2)
cslExp.Y <- Initialize(cslExp.Y, spatDat)
R.Y.matrix <- corMatrix(cslExp.Y)
# Get true inverse covariance matrices, square roots, eigenvalues,
# used to generate data and also to compute bias correction factors
eigen.decomp.corr.Y <- eigen(R.Y.matrix)
gamma.Y.mat <- cbind(eigen.decomp.corr.Y$vectors)
lambda.Y.vec <- eigen.decomp.corr.Y$val
decomp.Y <- gamma.Y.mat)%*%diag(sqrt(lambda.Y.vec))%*%
t(gamma.Y.mat%
# generate true covariate X is is generated using a bivariate bump function
X1 <- 1/(1+s1) + 3*exp(-50%(s1-.3)72) + 2xexp(-25*(s1-.7)"2)
X2 <= 1/(1+4s2) + 3*exp(-50%(s2-.3)72) + 2*exp(-25*%(s2-.7)"2)
X <-X1%X2
generate observed covariate measured with error
Z ~ N (X, variance = sigma.Delta)
Z <- X + sqrt(si%ma.Delta)*rnorm(nsamp)
Generate smooth spatial surface
Gl<-sqrt(sigma.G)*decomp.Y/*/%rnorm(nsamp)
generate outcome Y | X © N (b0 + bl X+G1l(si)+variance)
Y <- b0 + bl*X+Gl+sqrt(sigma.Y)*rnorm(nsamp)

gaEa<—as.data.frame(cbind(sl=sl,82=S2,X=X,Z=Z,Y=as.Vector(Y)))
ata

HHEHHFHHAEH

H= H O HH
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Necessary functions for implementing the proposed method

### Function for selecting knots in two dimensional space
defaultKnots2D <- function(xl,x2,num.knots)

require("cluster")
# Set default value for num.knots
if (missing(num.knots))
num.knots <- max(10,min(50,round(length(x1)/4)))
# Delete repeated values from x
X <- cbind(x1,x2)
dup.inds <- (1:nrow(X)) [dup.matrix(X)==T]
if (length(dup.inds) > 0)
X <- X[-dup.inds,]
# Obtain and output knots chosen using
# coverage design principles
knots <- clara(X,num.knots)$medoids
3 return(knots)
### Function for penalty matrices using thin plate basis
# Set up thin plate spline generalised covariance function:

tps.cov <- function(r,m=2,d=1)

r <- as.matrix(r)

num.row <- nrow(r

num.col <- ncol(r

r <- as.vector(r)

nzi <- (1:length(r)) [r!'=0]
ans <- reP(O,length(r))

if E(d+1)o%2!=0)

ans[nzi] <- (abs(r[nzil))~(2*m-d)*log(abs(r[nzi])) # d is even
else

ans[nzi] <- (abs(r[nzil))~ (2*m-d)

if (num.col>1) ans <- matrix(ans,num.row,num.col) # d is odd
return(ans)

# Set up function for matrix square-roots:
matrix.sqrt <- function(A)

{
sva <- svd(A4)
if (min(sva$d)>=0)
Asqrt <- t(sva$v %*% (t(sva$u) * sqrt(sva$d)))
else
stop("Matrix square root is not defined")
return(Asqrt)

+

Ztps <- function(x,knots)

{

# Obtain matrix of inter-knot distances:

numKnots <- nrow(knots)

dist.mat <- matrix(0,numKnots,numKnots)
dist.mat[lower.tri(dist.mat)] <- dist(as.matrix(knots))
dist.mat <- dist.mat + t(dist.mat)

Omega <- tps.cov(dist.mat,d=2)

# Obtain preliminary Z matrix of knot to data covariances:
x.knot.diffs.1 <- outer(x[,1] ,knots[,1],"-")
x.knot.diffs.2 <- outer(x[,2] ,knots[,2],"-")

x.knot.dists <- sqrt(x.knot.diffs.172+x.knot.diffs.272)
prelim.Z <- tps.cov(x.knot.dists,m=2,d=2)

# Transform to canonical form:

sqrt.Omega <- matrix.sqrt(Omega)

Z <- t(solve(sqrt.Omega,t(prelim.Z)))
output<-list(basis=prelim.Z, penalty=0Omega ,Z=Z)




return(output)

#Function for generalized cross validation for delta2
%cv.delta2<—function(nsamp,Z,B2,BTB.2, D2, delta.2)

Lambda.2.inv<-1/nsamp*BTB.2+delta.2*D2

eigen.decomp.Lambda.2 <- eigen(Lambda.2.inv)

eigen.Lamdba.2.mat <- cbind%eigen.decomp.Lambda.2$vectors)

eigen.Lambda.2.vec <- eigen.decomp.Lambda.2$val

Lambda.2<-eigen.Lamdba.2.mat%*),diag(1l/eigen.Lambda.2.vec)%*%
t(eigen.Lamdba.2.mat)

theta.2.Hat<-1/nsamp*Lambda.2%*% (t (B2) %*%Z)

RSS.delta2<—t(Z—B2%*%theta.2.Hat)%*%}Z—B2%*?theta.2.Hat)
smooth.delta2<-1/nsamp*B2%*JLambda . 2)*%t (B2

gcv.delta2<-1/nsamp*
as.vector (RSS.delta2)/(1-1/nsamp*sum(diag(smooth.delta2))) "2
gcv.delta2

&Function for generalized cross validation for deltal
%CV.delta1<—function(nsamp,Y,Z,Bl,B2,BTB.1,BTB.2,D1, D2, delta.2,delta.l1)

Lambda.2.inv<-1/nsamp*BTB.2+delta.2*D2

eigen.decomp.Lambda.2 <- eigen(Lambda.2.inv)

eigen.Lamdba.2.mat <- cbind(eigen.decomp.Lambda.2$vectors)

eigen.Lambda.2.vec <- eigen.decomp.Lambda.2$val

Lambda.2<-eigen.Lamdba.2.mat%*}diag(1l/eigen.Lambda.2.vec)%*%
t(eigen.Lamdba.2.mat)

theta.2.Hat<-1/nsamp*Lambda. 2%*% (t (B2) %*%Z)

RSS.delta2<—t(Z—B2%*%theta.2.Hat)%*%}Z—B2%*%theta.2.Hat)
smooth.delta2<-1/nsamp*B2Y*JLambda.2%*%t (B2

gcv.delta2<-1/nsamp*
as.vector(RSS.delta2)/(1-1/nsamp*sum(diag(smooth.delta2))) "2

Lambda.l.inv<-1/nsamp*BTB.1+delta.1*D1

eigen.decomp.Lambda.1 <- eigen(Lambda.l1.inv)

eigen.Lamdba.l.mat <- cbind(eigen.decomp.Lambda.1$vectors)

eigen.Lambda.l.vec <- eigen.decomp.Lambda.1l$val

Lambda.1<-eigen.Lamdba.l.mat%*)diag(1l/eigen.Lambda.1.vec)%*%

t(eigen.Lamdba.l.mat)

### Generating the required components for equation (13)
Vn<-1/nsamp*Lambda. 1%*% (t (B1) %*%Y)

Rn<-1/nsamp*Lambda. 1%*%crossprod(B1,B2)
Tn<-1/nsamp*BTB.2

Cn<—§Tn—t(Rn2%*?Lambda.1.inv%*%Rn)

Dn<-(B2-B1%*7%Rn) %*’,theta.2.Hat
numerator<-1/nsamp*t (Y) %*%Dn
denominator<-t(theta.2.Hat))*%Cnl*%theta.2.Hat

# Estimates of the regression parameter

bl.hat.basis<-numerator/denominator
ﬁ%gt%&l.Hat<—Vn—Rn%*%theta.2.Hat*as.vector(b1.hat.basis)

t (Y-B2%*x%theta.2.Hat*as.vector(bl.hat.basis)-BlY*%theta.1.Hat)%*Y%
(Y-B2%*%theta.2.Hat*as.vector(bl.hat.basis)-B1%x*%theta.1.Hat)
smooth.mat<-1/(nsamp*as.vector (denominator) ) *Dn%*%t (Dn)+
1/nsamp* (B1/*%Lambda. 1%*%t (B1))
gcv.deltal<-as.vector(RSS.Y)/(1-1/nsamp*sum(diag(smooth.mat))) "2
gcv<-gcv.deltal
return(gcv)

11
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Codes for Data analysis

# Set the number of knots
1=125

q2=150
# Get the data
set.seed(123456)
data<-dataSimulation()

# Extract the coordinates (s1,s2), covariate Z and outcome Y
sl<-data$sl
s2<-data$s?2
Z<-data$z
Y<-data$Y
nsamp<-nrow(data)
# Load relevant R library
require(cluster)
require(SemiPar)
# Section of knot locations
Knotsi<-defaultKnots2D(sl,s2,ql)
Knots2<-defaultKnots2D(s1,s2,92)
# Generating thin plate spline basis B1(.) & B2(.) with gl and g2 knots
# respectively
B1<-cbind(rep(1,nsamp),sl,s2,Ztps(cbind(sl,s2) ,Knotsl)$basis)
B2<-cbind(rep(1,nsamp),sl,s2,Ztps(cbind(sl,s2) ,Knots2)$basis)
### Generating penulty matrices
k1<—nrow§Knotslg+3
k2<-nrow(Knots2)+3
Di<-matrix(0,k1,k1)
D2<-matrix(0,k2,k2)
D1[4:k1,4:k1j<—ths(cbind(sl,32),Knotsl)$penalty
D2[4:k2,4:k2]<-Ztps(cbind(s1,s2) ,Knots2)$penalty
### Generating Lambdal and Lamda2
BTB.1 <- crossprod(B1,B1)
BTB.2 <- crossprod(B2,B2)
# Estimating delta.2
delta.range<-seq(-11, 11, length.out =60)
V<-rep(0,60)
for (i in 1:60){
V[i]<-gcv.delta2(nsamp,Z,B2,BTB.2, D2,exp(delta.rangel[i]))}
index.delta2<-(1:60) [V==min (V)]
delta.2<-10"delta.range[index.delta?2]
# Estimating delta.l
U<-rep(0,60)
for (i in 1:60){
U[i]l<-gcv.deltal(nsamp,Y,Z,B1,B2,BTB.1,BTB.2,D1,D2,delta.2,
exp(delta.range[i]))}
index.deltal<-(1:60) [U==min(U)]
delta.1<-10"delta.range[index.deltal]
#Get lambda.l using eigen value decomposition

Lambda.l.inv<-1/nsamp*BTB.1+delta.1*D1
eigen.decomp.Lambda.1l <- eigen(Lambda.l.inv)
eigen.Lamdba.l.mat <- cbind(eigen.decomp.Lambda.l1$vectors)
eigen.Lambda.l.vec <- eigen.decomp.Lambda.1l$val
Lambda.1<-eigen.Lamdba.1.mat)*)diag(1/eigen.Lambda.1.vec)%*%
t(eigen.Lamdba.l.mat)

#Get lambda.2 using eigen value decomposition
Lambda.2.inv<-1/nsamp*BTB.2+delta.2*D2
eigen.decomp.Lambda.2 <- eigen(Lambda.2.inv)
eigen.Lamdba.2.mat <- cbind%eigen.decomp.Lambda.2$vectors)
eigen.Lambda.2.vec <- eigen.decomp.Lambda.2$val
Lambda.2<-eigen.Lamdba.2.mat%*),diag(1l/eigen.Lambda.2.vec)%*%




t(eigen.Lamdba.2.mat)

### Generating the required components for equation (13)
theta.2.Hat<-1/nsamp*Lambda. 2%*% (t (B2) %*%Z)
Vn<-1/nsamp*Lambda. 17%x% (t (B1) %*%Y)
Rn<-1/nsamp*Lambda. 1%*%crossprod(B1,B2)
Tn<-1/nsamp*BTB. 2
Cn<-ng—t(Rn2% {Lambda.l.inv%*%Rn)
Dn<-(B2-B1%*/%Rn)%*/itheta.2.Hat
numerator<-1/nsamp*t (Y) %*%Dn
denominator<-t(theta.2.Hat)%*%CnJ%*Jtheta.2.Hat

# Estimates of the regression parameter
bl.hat.basis<-numerator/denominator

# Estimates of the empirical variance for the beta estimates

ﬁggt% 1.Hat<-Vn-Rn%*%theta.2.Hat*as.vector(bl.hat.basis)

gY B2)*)theta.2.Hat*as.vector(bl.hat. ba31s§ 1}*ptheta. 1
Y- B2/*/theta 2.Hat*as.vector(bl.hat.basis /*/theta
smooth.mat<-1/nsamp* (1/as.vector denomlnator)*DnA %t (Dn)+
Bl%*%Lambda.l%*%(thl)))
sigma.error.est<-as.vector
sum(dlag(crossprod(smooth mat,smooth.mat))))
RSS. Z<-t (Z-B2Jx/theta. 2. Hat) % (Z-B2j /theta 2.Hat)
smooth.delta2<-1/nsamp*B2%*YLambda . 290t (

Hat;% yA
1.Hat

RSS.Y)/(nsamp-2*sum(diag(smooth.mat))+

sigma.u.est<-as.vector(RSS.Z)/(nsamp- 2*sum(d1ag(smooth.delta2))+

sum(diag(smooth.delta2)*%t (smooth.delta2))))

Gn<-Dn/(as.vector (denominator))

Fn<-2%B2%*%Lambda. 2%*%Cn%*%theta.2.Hat

An<—(1/nsam )xt (B2%*Ytheta.2.Hat*as.vector (bl.hat.basis)+
B1y* %theta.1.Hat)%*7(B2—B1%*%Rn)

Hn<-t (An%* /Lambda.Q%*%t(BQ) as.vector(denominator))-

as. vector}AnA*Atheta 2.Hat)*Fn/(as.vector(denominator)) "2

sigma.beta.est<-1/(nsamp” 2)*(31gma error.estxt (Gn)%*YGn+
sigma.u.est*t (Hn)%*%Hn)
#Codes for the simulated standard error
nboot<-100

sim. b1 hat<-NULL
for (i in 1:nboot)

sim.sigma.Y<-rnorm(nsamp,mean=0,sd=sqrt(sigma.error.est))
sim.sigma.Delta<-rnorm(nsamp,mean=0,sd=sqrt(sigma.u.est))
sim.numerator<-Any*)theta.2.Hat+
1/nsamp* (AnY*%Lambda . 2%*%t (B2) %*%sim. sigma.Delta+

t(Dn) %*%sim.sigma.Y)
sim.denominator<-t(theta.2.Hat)%*%Cn’%*Jtheta.2.Hat+
1/nsamp* (t (Fn) %*%sim.sigma.Delta)
sim.new.bl.hat<-sim.numerator/sim.denominator
sim.bl.hat<-rbind(sim.bl.hat, sim.new.bl.hat)

#Estimated regression coefficient
bl. ha%< bl.hat.basis

#Estimation of standard error
se bl.hat<-sqrt(as.vector(sigma.beta.est))
e.bl . hat
#Estlmatlon of simulated standard error
sim.se.bl.hat<-sqrt(apply(sim.bl.hat,2,var))
sim.se.bl.hat

13
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Table 1
Simulation results with varying number of knots for covariate model (q2) for our proposed method. In each case, the
number of knots for the residual model (q1) were fized at 125. Reported numbers are averaged over 1000 simulations.
Data were simulated with sample size 500, regression coefficient 2, measurement error variance 0.25 and varying
range parameters for spatial correlations.

Range* Number of knots for covariate model
(T¢y) 130 140 170
Estimated coefficient

0.1 2.016 2.013 2.007

0.3 2.019 2.016 2.010

0.5 2.025 2.023 2.018

Empirical standard error

0.1 0.060 0.061 0.068

0.3 0.058 0.059 0.066

0.5 0.052 0.053 0.060
Average of estimated standard errors

0.1 0.048 0.048 0.049

0.3 0.047 0.047 0.047

0.5 0.045 0.045 0.046
Average of simulated standard errors

0.1 0.048 0.048 0.049

0.3 0.047 0.047 0.047

0.5 0.045 0.045 0.046

T, : values of the range parameter following
exponential correlation in G(s;).




