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1 Web Appedix A: Consistency of Variance Estimate in Equa-

tion (3)

We want to show that the variance estimate given in equation (3) is a consistent estimate

of the asymptotic variance given in equation (2) under H0. Consider the first term of the

asymptotic variance, 1
λE[φ(rij)φ(rij′)]. Since we assume N

n →
1
λ , it suffices to show that

ξ̂1
p→ ξ1, where ξ̂1 = 1

nm2 [
∑n

i

∑m
j

∑m
j′ 6=j φ(rij)φ(rij′)] and ξ1 = E[φ(rij)φ(rij′)]. Observe

that U = 2
nm(m−1)

∑n
i

∑m
j

∑m
j′<j [φ(rij)φ(rij′)] is itself a U-statistic, and thus converges to

the expected value of its kernel, which is ξ1, under the condition that φ4(rij) < ∞. We

can rewrite U as 1
nm(m−1)

∑n
i

∑m
j

∑m
j′ 6=j φ(rij)φ(rij′), which makes it easy to see that ξ̂1 is

asymptotically equivalent to U , and thus converges to ξ1. In a similar manner, we can show
N

(nm)2
∑n

i

∑n
i′ 6=i

∑m
j φ(rij)φ(ri′j)

p→ 1
1−λE[φ(rij)φ(ri′j)], which completes the proof.

2 Web Appendix B: Optimal Weights for Weighted Test Statis-

tics

The proof follows the same argument given in Minas et al. [1] Let δw = w′θφ(w′Λw)−1/2.

As described in section 2.3, maximizing power corresponds to maximizing δw when θφ ≥ 0,

or minimizing δw when θφ ≤ 0. Equivalently, we want to maximize δ2w with respect to

w. The generalized Cauchy-Schwarz inequality states that for any positive-definite matrix

Σ, (γ′y)2 ≤ γ′Σγy′Σ−1y [2, lemma 5.3.2]. It follows that if Λ is positive-definite, δ2w ≤
w′Λwθ′φΛ

−1θφ

w′Λw
= θ′φΛ

−1θφ. δ2w attains the maximum for w = Λ−1θφ.
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3 Web Appendix C: ALS Simulation Model

We used a shared parameter model for generation of ALS and survival data in simulation

scenario 2. Per Healy and Schoenfeld [3], the ALSFRS model is given by:

ALSFRSij = β0 + β1 × timeij + β2 × timeij × treati + b0,i + b1,i × timeij + εij

where the β are fixed effects, the bi are patient specific random effects for subject i, and eij

are independent error terms that are normally distributed, i.e. eij ∼ N(0, 4.35). The bi follow

a mean 0 bivariate normal distribution:(
b0,i

b1,i

)
= N

(
0 28.38 0.79

0, 0.79 0.71

)
The time to death outcome has a Weibull distribution with density f(t) = γλtγ−1exp(−λtγ),

where γ = 2.28, and λ follows the model:

λi = exp[ε0 + ε1 × (β0 + b0,i) + ε2 × (β1 + β2 + b1,i) + ε3 × treati]

For these models, the following parameters were fixed:

• β0 = 43.3; β1 = -1.11

• ε0 = -7.55; ε1 = -.042; ε2 = −1.39

The parameters ε3 and β2 are the treatment effect parameters for survival and ALSFRS,

respectively. We varied these as follows:

Effect Size ε3 β2

None 0 0

Mild log(4/6) 1/6

Moderate log(3/6) 2/6

Strong log(2/6) 3/6
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