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1 Numerical verification for the weighted support vector

machine

1.1 Proof for Lemma 1

ξ∗n satisfies below conditions

ξ∗n ≥ 0 and ξ∗n ≥ cn[1− ynh(xn; β)]+ for n = 1, . . . , N.

Let’s take any ξ satisfying (3.5) conditions. Then,

ξ∗n ≥ cn[1− ynh(xn; β)]+ = ξ∗n

Hence, Lemma 1 is proved as below:

Q(β, ξ∗) =
1

2
‖w‖2 + C

N∑
n=1

ξ∗n

≤ 1

2
‖w‖2 + C

N∑
n=1

ξn

= Q(β, ξ).

1.2 Proof for Lemma 2

It is clear that

β∗ = argminβQ(β, ξ∗) = argminβR(β).

1.3 Proof for the solution to the wSVM.

In order to solve non-separable case, one introduce slack variables,

ξn ≥ 0 for n = 1, . . . , N (1)

and use relaxed separability constraints with a weighted term cn

ξn ≥ cn
(
1− yn(〈w, xn〉+ b)

)
(2)

⇔ cnyn
(
〈w, xn〉+ b

)
≥ cn − ξn for n = 1, . . . , N. (3)
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SVM uses the quadratic programming (QP) to solve, for some C > 0,

minw,b,ξ
1

2
‖w‖2 + C

N∑
n=1

ξn, (4)

subject to the constraints (1) and (2).

Consider the Lagrangian

L(w, b, ξ, α, r) =
1

2
‖w‖2 + C

N∑
n=1

ξn −
N∑
n=1

α
{
cnyn

(
〈w, xn〉+ b

)
− cn + ξn

}
−

N∑
n=1

rnξn. (5)

From

∂L

∂w
= w −

N∑
n=1

αncnynxn = 0

∂L

∂ξn
= C − α− rn = 0

∂L

∂b
=

N∑
n=1

αncnyn = 0,

we have

w∗ =
N∑
n=1

αncnynxn. (6)

Since 0 < rn = C − αn, we have αn < C. Note that

〈w∗, w∗〉 =
N∑
n=1

N∑
m=1

αncnynαmcmym〈xm, xn〉

〈w∗, xn〉 =
N∑
n=1

αmcmym〈xm, xn〉.
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Hence,

g(α, r) = L(w∗, b∗, ξ∗, α, r)

=
1

2
‖w∗‖2 + C

N∑
n=1

ξ∗n −
N∑
n=1

α
{
cnyn

(
〈w∗, xn〉+ b∗

)
− cn + ξ∗n

}
−

N∑
n=1

rnξ
∗
n

=
1

2
‖w∗‖2 −

N∑
n=1

αn
{
cnyn

(
〈w∗, xn〉+ b∗

)
− cn

}
+

N∑
n=1

(C − αn − rn)ξ∗n

=
1

2
‖w∗‖2 −

N∑
n=1

αn
{
cnyn

(
〈w∗, xn〉+ b∗

)
− cn

}
=

1

2
‖w∗‖2 −

N∑
n=1

αn cnyn〈w∗, xn〉 − b∗
N∑
n=1

αn cnyn +
N∑
n=1

αncn

=
1

2

N∑
n=1

N∑
m=1

αn cnynαm cmym〈xm, xn〉

−
N∑
n=1

αn cnyn

( N∑
m=1

αm cmym〈xm, xn〉
)
− b∗

N∑
n=1

αn cnyn +
N∑
n=1

αncn

= −1

2

N∑
n=1

N∑
m=1

αn cnynαm cmym〈xm, xn〉 − b∗ × 0 +
N∑
n=1

αn cn

= W (α).
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