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Assume that the analysed domain occupies volume Ω and it is bounded by the boundary
Γ. Taking a proper weighted function space for all five species, the variational principle
of equation 7 in the manuscript, after making use of Gauss’s divergence theorem, reads

∫
Ω

δpT q̇ dV =

∫
Ω

δpTS dV −∫
Ω

∇δp : [D ·∇q] dV +

∫
Γ

δpT [D ·∇q] · n̂ dS , (1)

where n̂ denotes the outward unit vector to Γ, and δp the variation of the weighted
variables. Now, assuming that the flux of the species is zero on the boundary of the
analysed breast geometry, the rightmost term in the above integral equation vanishes.

Introducing linear finite elements and using the same Lagrange polynomial basis
(and of the same order) for all species, one can obtain the final system of the PDEs
involved in the wound healing model:

M · q̇ = F , (2)

where the “mass” matrix is given by

M(i,j) =


. . . . . . 0
... m(i,j)

...

0 . . .
. . .

 , m(i,j) =
∫

Ωe
Φ(i) Φ(j) dV , (3)

and the right-hand-side “force” vector

F(i) =



∫
Ωe

{
Φ(i)

[
K S (2 η0 η − η2) − k η

]
−Dη∇Φ(i) ·∇η

}
dV∫

Ωe

{
Φ(i) (`η η − ` ς) −Dς ∇Φ(i) ·∇ς

}
dV∫

Ωe
Φ(i)

[
β H (υ0 υ − υ2)

]
dV∫

Ωe

{
Φ(i) (λυ υ − λ ξ) −Dξ∇Φ(i) ·∇ξ

}
dV∫

Ωe

{
Φ(i) (φξ Q− φµ) −Dµ∇Φ(i) ·∇µ

}
dV


, (4)

where the Latin indices correspond to the nodes associated to each finite element “e”
(having volume Ωe) where the assembly takes place. The i-node shape functions are
denoted with Φ(i) and ∇Φ(i) the gradients.

Nonlinear equation 2 can be integrated using an explicit or an implicit
time-integration algorithm. In the present numerical framework, we choose to utilise the
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former scheme where a lumped mass matrix (e.g. using the row-sum method) is
considered to substantially increase the computational speed and reduce memory usage.
However, detailed description of the numerical implementation of the explicit time
integration scheme for first-order differential equations can be found in the FE textbook
of Bathe [1] and Zienkiewicz et al. [2].
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