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Supplementary Figure 1: Topology of Shiba bands of a ferromagnetic dilute impurity lattice. Chern num-
bers computed straightforwardly from Hamiltonian of Supplementary Equation (98) (with £ = 10AFr) as a
function of spin-orbit coupling strength, for several values of lattice spacing (in units of Fermi wavelength
Ar) of Shiba impurities. The ill quantization of some of the Chern numbers is due to errors in numerical

integrations. Note that the symbols here are dimensional to be consistent with the main text.
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Supplementary Figure 2: Gapless low energy spectrum of helimagnetic impurity lattices. Examples of
nodal superconductor band structures with (a) two Fermi points (see Supplementary Note 3 A), (b) four

Fermi points (see Supplementary Note 3 B).
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Supplementary Figure 3: Examples of the Chern number phase diagrams with different helical patterns.

The color code corresponds to the Chern number C of the impurity bands.



Supplementary Figure 4: Gapped low energy spectrum of helimagnetic impurity lattices: (a) low-energy
bulk bands and (b) dispersion relations for an open-boundary strip. Here, p/q = 1/3, p, = 27/3, n = 5.5,

A = 0.9. The Chern number is —1 in this example.
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Supplementary Figure 5: Relaxation energy of different lattice configurations for different transition metal

adatoms. The configuration adopted in our simulations is highlighted.
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Supplementary Figure 6: Details of the atomic configuration adopted in our simulations. This configuration

has a notable C'3 symmetry.
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Supplementary Figure 7: Fermi surfaces with four values of Er around 0. In the presence of a small
(0.01eV) s-wave superconducting pairing potential, the Chern number corresponding to the superconducting
phase with Er = 0.18 eV is 3, and the Chern numbers in the rest cases are all 1 (see main text Figure 4). The
color scale represents log p( E, k) in arbitrary units, where p(Er, k) is the momentum-resolved density of

states at the Fermi energy.



Supplementary Note 1. Analysis of topological phases in the dense impurity limit

In the dense impurity limit (A = A*), Hamiltonian of Equation (1) in the main text has a simple

form in momentum space

H = Z ek Hycr, ek = (Ch1) Cr C;rw, —CLT)T, (1)
K

Hy, = {[2t(cos k1 + cos kq) — p)og + 2a(oy sinkg — o9 sinky)} @ 73
+J0‘3®7’0+A0’0®71, (2)
where we have assumed the lattice constant ¢ = 1, and the Pauli matrices ¢; and 7; (: = 0, 1, 2, 3)

correspond to spin and particle-hole degrees of freedom, respectively. The spectrum of Hy is given

by

E(k) :j:\/ﬂ+A2+gi+aii2\/J2(A2+ei)—l—aiai, (3)

where ey, = 2t(cos k1 + cos ko) — pand oy, = 2a\/sin2 ki + sin? k.

If « = 0, degenerate zero eigenvalues of the above Hamiltonian occur where ¢y =
++/J% — A2, which generically appears as nodal lines in the momentum space (provided that
solutions exist). After turning on o # 0, the zero-energy solutions are in general removed ex-
cept if they occur where sin? ky + sin? ky = 0, that is, at the four inversion-symmetric momenta
kij = (1 —4,1 —j)n/2 with 4,j = £1]. We will show next that the occurrences of these
nodal points when the chemical potential p is tuned with respect to the normal-state band structure
signify transitions between topologically distinct superconducting phases.

First we notice that for a zero-energy nodal point to occur at k;;, the chemical potential must
satisfy

=iy =20+t IMWIE = A2 QA=+l )

Around each of these points the original Hamiltonian of Supplementary Equation (1) can be ex-
panded in the three-dimensional k-/ space in the form of a (two-component) Weyl Hamiltonian.
The topological difference between the two fully-gapped phases immediately above and below
i = p; ;. 1s precisely given by the topological charge associated with the Weyl point, or, the sum
of the topological charges in the presence of multiple Weyl points at the same . Explicitly, to

linear order in the deviations (dk, o) from the nodal point (k;;, 11;;»), the original Hamiltonian of



Supplementary Equation (1) becomes

Ao . e~ Az
Hle]fg\<5k,5'u> = —7(j (5k201—z<5k102)+)\ 1_F(5,u0-37 (5)

where the Pauli matrices ¢; act on a subspace defined by the two bands that are relevant at the
specific nodal point. This effective Hamiltonian is obviously of a Weyl form and the associated
topological charge (that is, the integrated Berry flux on a closed surface enclosing the Weyl point

in the k-p space) is simply given by

nijn = Cf) =€) =i x j x A, (6)

Here, we have used the fact that the difference of the Chern numbers (Cf].jf\)) corresponding to the
fully-gapped 2D phases with ; immediately above (+) and below (—) 15, contributed by a single
Weyl point at (k;;, 1;5x), is equal to its topological charge

Supplementary Equation (6) allows us to infer the Chern numbers corresponding to all the
topologically distinct phases when p is tuned across the normal-state band width. To be specific,
let us assume 2t > /.J2 — A2, so that the critical chemical potentials, defined in Supplementary
Equation (4), areintheorder i~ < p—— < (p—y- = py— ) < (piegy = py—y) < piyy_ <
i+t These six critical chemical potentials separate seven topologically distinct phases, with
the first (u < p—__) and the last (4 > ) ones topologically trivial (C' = 0 by definition).
Thus, according to Supplementary Equation (6), the intermediate phases with increasing u are

characterized sequentially by Chern numbers
C=-1,0,+2, 0, —1. (7)

This sequence is confirmed by straightforward numerical calculations similar to what is shown in

Figure 2 of the main text.

Supplementary Note 2. Derivation of the effective Hamiltonian in the dilute impurity limit

We apply the strategy outlined in the Methods section to the Hamiltonian in equation (7) of the

main text in order to derive the effective theory in equation (10) of the main text. We start with the



BdG Hamiltonian

& A
Hpao(k) = ) 71 |, ®)
Ak _gk
h?
& = Sy K — p+ a(kyo, — kyoo), 9)
Ay = Ao + 6y(kyoy — kyoy). (10)

First we make the Hamiltonian dimensionless by defining

k= 2mru/h?, k=k/k,, (11)

l, = 1?/(2m*a), a=1/(l.k,), (12)
l, =h?/(2m*8,), A, =1/(l,k.), (13)
H=H/u, A,=A,/pu, (14)

and then omit the tildes, the bulk Hamiltonian becomes

Hpaq(k) = 7, @ [(k* — 1)o¢ + a(ky0, — kyo,)]
+7, ® [Aso0 + Ap(kyoy — kyoy)]. (15)

In this dimensionless Hamiltonian, energies are measured in units of x (assumed to be large com-
pared with other energy scales), lengths (wave vectors) are measured in units of the Fermi wave-
length (wave vector).

Next we go to the basis where the normal state Hamiltonian is diagonalized

Hpac(k) = U(er) Hpac(k)U (¢r) (16)
=7, ®[(k* — 1)og + ako,] + 7 ® [Asog + Ayko,] (17)
= [E4 (k)T + Ay (k)] © [E- (k). + A_(k)Ta], (18)
where
1 1 —1
Ulpr) =70 ® —= : (19)

Ei(k) =k — 1+ ak, (20)
As(k) = Ay ALk (21)



According to the general formalism (see Methods section of the main text), we need to evaluate

Go(E,r) = / dk Go(E, k)e™ 22)
27
:/ kdk/ dgpk E HBdG(k)]—lU<g0k)Teikrcos(cpk—gor) (23)
0
d / / /
~rien [ [ %U(sok)rw,rcowkwwkﬂ Re)' 24
0
where
I dk
(B, ) = / LB — A (R)] 25)
0 T
1 0
Rlgr) =70 ® R (26)
0 ever

To evaluate I'(E, =), we first perform the integral

kdk
Ms(Ba) = [ (B — By — Ak @
0

= Po / dFE, ik +Ey fvrle E+ Eyr, + ApTa

E?2—E}— A2’

(28)

where vp = 2kg (kg = /1 + a2/4) is the Fermi velocity (the same for + bands), k(i =koFa/2
is the Fermi wave vector for 4+/—-band, p, = kF /2 is the density of states for b-band at the
Fermi energy, and A, = Ab(k;g’)) is the pairing gap at the Fermi energy. Following Pientka et al.

[1], we have

1 s
ZEb$/UF — _a|x|/UF
/dE e E2 p ae , (29)
/dE 62be/vp Eb w2D
E? 4+ a? E? + w?,

iTw? —wplz|/v
= P sgn(a) (e e/ — el (30)

D

where a = \/A? — E? is a short-hand notation, and wp, is the Debye frequency which will be sent

to +oo in the end. Then

Iy = Yoo + Y1670 + V3672, (31)
Yo+ + Y3+ 0 T+ 0
0 e 0 _
P=T,ol - o V3 gt 7 (32)
Y1+ 0 Yo+ — V3+ 0

0 Y- 0 Yo— — 73—



where

_ E ik(b)xf\/A27E2\x|/'u
Yob = —TPb —Ai = © a b ", (33)

Ab ik(b)x—\/AQ—EQ\va
Yib = —TPp W err b ", (34)

9
_ Wp ikg)x —+\/A2—E?|z|/vp __ —wplz|/vF 35
V3b P OB B2 Al sgn(x)e™r (e e ). (35)
Next we find

AL —deTr AL Oy —deTr (L
1 Z‘ew’“ A_ A_|_ ieiwk O_ C+

Ulpr) TU(r)" = | | , (36)
2 C+ —ie_w’“ Cf B+ —Z‘e_ZgOkB,
ek (C_ Cy ek B_ B
where
As = (Yo+ + 734) £ (Y- + 73-), (37)
By = (Yo+ — 73+) £ (Y0- —13-), (38)
Ci=myEtm-. (39)

The integral Supplementary Equation (24) breaks down to the following basic one

/2 '
I(z) =1 / dip 19259 (1 =0, +£1) (40)
—7/2
/2 I s ,
=i / dip e'? Z i"J,(2)e™?|  (Jacobi-Anger expansion) 41)
—m/2 n=-—00
+oo w/2 ‘
=Y e [ deet (“2)
n=-—o0 —7/2
=nJ 2 3 Temiiil2) 43
=T ,Z(Z)—i‘ Zmzzoom, ( )

where J,,(z) is the the n-th order Bessel function of the first kind. Expressed in terms of ;(z), we



have

27 d o E
/0 293:: Zlezl@kfy()b(cos ka) = —% W [Il(zb) + <_1)l‘[l(_z;)i| ) (44)
2 d A
/0 292& ey, (cos or) = %ﬁ [L(2) + (=D)L (=2)] (45)
2
d
/ 280]C i d%%b(COS ©r) (46)
0 m
-2
Pb 1w * *
= e ) = (V) — B+ ()R] @)

2 = k‘%b)r +iy/ A2 — E*rfop, oz = l{:g)r +iwpr/vg. (48)

First we look at the limit » — 0, such that 2, z; — 0. In this case

In(z=0)=m, I41(z=0)==+2i. (49)
We find

Go(E,r —0) = R(gor)(/i To® 0o+ C 7y ® o0)R(pr)' (50)
:A70®0'0+C~’Tx®0'0, (51)

-1 [T dyy, T o E
A== _ =(—= _— 2
2/(; o (70++70 ) . ( 2)2\/@7 (5)

L 1 [Tdy; PuA
CZQ/O S (e +mo)| =(—3 Z Ny (53)

For 7 > 0, we assume Re(z) > |Im(z)| and Re(z) > |n? — 1/4] (note that Re(z) = +kpr,
and Im(z) = \/A? — E?r/up or wpr/vp in our integrals), by using the asymptotic form

\/ ~ cos (z —nm/2 —7/4), (54)
we obtain

I(z|Re(z) > 0) =~ wJ_(2) + 2@\/; Z sle = @m 1= Om/2 — m/4 (55)

2m +1
)+ 2 ,/ + )2 — 7 /4) io (1" (56)
= 1 Sln z ™ — T
= 2m+1
2 . o .
_ _ﬂ.el(z—ﬂ/4+lﬂ'/2) — il _7(61(2—71'/4) ’ (57)
z z

Ii(z|Re(2) < 0) = [I_j(—2")]* ~ [ 2 ei<2*”/4>] : (58)



Therefore (assuming wp — oo after the integral)

A+ — iA_Uy é+ — ié_o'y

1
Go(B,r) =g R | 0 " 0 T R(@) (59)
Cy —iC_oy By —iB_oy
where
5 2 d
A+E/ el (60)
0 2m
(L e+ Py (s,F4s F) ©1)
N —(———c —¢_F_ s s_F),
VA —E T /AT CR2 o
B 27 d@k )
A_ E/ ——ie"Yr A (62)
0 2m
FE FE
~ (ﬂS+F+ — WS_F_) + (C+F+ — C_F_), (63)
5 27 d
B+E/ ey (64)
0 27
FE E
~N—(———c F .+ ————c_ F ) — (s, F, +s_F_), 65
et P gt P R s ) (65)
5 2 d )
B = / CPk jeive g (66)
0 27
E E
~ (———xs,F —s F ) — (¢ Fy —c_F_), 67
( /—Ai_EQ +4+ \/m ) (+ + ) ( )
_ 27 dSOk
0+E/ ndioh (68)
0 2m
Ay
N————— ¢ + c_F_, 69
JAZ —E2 U AT CR? )
5 27 d )
C.= / EOk jeier (70)
0 27
AL A_
ey /o M -
with
o = cos[kPr — w/4), s = sin[kPr — 7/4], (72)

Fy

_ V2mp, efwr/w \/ﬁ e*\/@?’/w -
= p— F .

/kg)r V2rrug

Now we assume A, = A_ = A, focusing on pure singlet superconductivity, and ignore



O(E?/A?) terms (the deep-dilute-Shiba-state approximation). Then

E -
Go(E,r) =~ R0 ®@a(r)+ 1, ®a(r)+ o p(r), (74)
a(r) = —%(C+F+ +c F)— %<S+F+ — 5_F_)(oycosp, —o,singp,), (75)
B(T) = %(S-"—F-f- + S—F—) - %(C-i-F-I- - C—F—)(Uy COS@Pr — Og sin 907“)7 (76)
B~ Ji0 (£ =vp/A) (77)
PV amrup e

For an FM Shiba lattice, assume the magnetization is along Z, we have [cf. equation (18) from

the main text],

D Go(E, v — ') (=Jo. @ mo)u(r') = (r), (78)
or,
E
X 2 Ml —r)u(r) = Mo(r — )y (r), (79)
Mi(or =0) = (%WJZPb> To & 0, (80)
b
Mi(6r #£0) = <% J) T0 ® [610, — 5_(0, cos @, + oy sing,)], (81)
My(or =0)=1 — (% WJZpb) Te ® 0, (82)
b
My(dr #0) = (% J) {—Tx ® [610, — 5_(0, cos @, + gy sin @, )]
+ 7, ® 510, + ¢_(0, cos , + 0, sin %)]}, (83)
where
pr = k}i)/Qﬁvp, (84)
~rg
Gy=c Fy+c F = VZWUF {\/k;“ cos[kSr — /4] £ 1/ kS cos[kGr — 7r/4]} . (85)

e '/t ) () S
Se=s.Fy+s F = kp’sinlky’r —w/4] £/ kp sinlkp 'r — /4] ¢ . (86)
\V2Trvg {

In the limit where the Shiba impurities are ultimately dilute, Supplementary Equation (79)



becomes

§¢("') = (%7—0 ® O, — Ty & UO) ¢(T)a (87)
! _J a?
n:yJZpb—E L+ (88)

Since we have already assumed the deep Shiba state limit, where n ~ 1, we find the two low

energy states

1 0

EiziA(l—l), ALY L PR B (9)
n V2 |1 V2| o
0 —1

Projected into the subspace spanned by these two states, Supplementary Equation (79) becomes

E . N . .
& S hlr = r)0(r) = Y Shlr = 1i(r'). (90)
M, (67 = 0) = 15, 1)
~ 1

My(or #0) = (5 )45, (92)
Mo(6r = 0) = (1 —n)d0, (93)
My(d7 #0) = (% J)[—¢180 + (G, cos o, + ysing, )], (94)

where
Mi = (era wf)TMz(er??ﬂ*) (Z = 07 1)7 (95)

12 and o (tildes will be omitted hereafter) are wavefunctions and Pauli matrices under the basis

(¢4, 1_). Fourier transforming Supplementary Equation (90) we obtain

Herla)b(a) = 3 ¥(a). 96)

He(q) = [Z e—iq"‘Ml(r)] [Z e—iq"“MO(r)] : (97)

’I" ’f‘



Or,

Hen(q) = [n+ do(@)] ™" {[1 = n — do(@))o. + di(q)o= + d2(q)a,} , (98)
1 )
do(q) == J e ey (r), (99)
()
di(q) = — (% J) > e e (r)sing,, (100)
. r7£0
ds(q) = (% J> > e (r) cos . (101)
r7£0

Note that d; and d, are defined with slight differences in the main text in order to make a compact
expression.
We can further construct a Majorana basis by using the fact that ¢, and 1)_ are particle-hole

images of each other:

1 1
oan _ 1 _ 1)l on i o il

1/}1 - \/5(1/}+ +’¢7) - 2 1 ) 1/}2 - \/5(2/}+ 1/}*) - 2 1 . (102)
~1 1

Under this Majorana basis, the effective Hamiltonian is given by

H3(q) = — [0+ do(@)) " {1 — 1 — do(@)]oy + da(q)o, — di(q)o.} . (103)

Clearly, when q is one of the inversion symmetric momenta [ISMs, namely, (0,0), (0, ), (7, 0),

or (m,m)], e7" = ¢'97, therefore di(q) = dy(q) = 0; the Pfaffian function is given by
1

n+ do(q)

~do(q) (1) (105)

P(q €ISMs) =1 — (104)

Now return to the effective Hamiltonian of Supplementary Equation (98). If spin-orbit coupling
is absent, then Vq : d;(q) = d2(q) = 0. This immediately implies that if there is any sign change
in P(q) among the ISMs, the system is gapless with line nodes. Rashba spin-orbit coupling
potentially lifts these degeneracies. The sign of the Pfaffian formula (105), multiplied over both Cy
symmetric momenta is equal to the parity of the Chern number. We have evaluated the expression

numerically, with the result given in the main text.



In addition we have evaluated the Chern numbers through numerical integrations by using
Hamiltonian of Supplementary Equation (98) straightforwardly. Some representative results are
shown in Supplementary Figure 1. We confirm the existence of high Chern numbers associated
with this effective Hamiltonian, which complements the phase diagram in terms of the parity of

the Chern numbers presented in Figure 3 of the main text.

Supplementary Note 3. Two-dimensional Shiba lattice with helical magnetic order

In this section we focus on a different type of magnetic order: we assume a two-dimensional
helical pattern for the magnetic moments. For simplicity we neglect the detailed spatial structure
of the Shiba states (which is crucial in the previous section) and investigate the following tight-
binding Hamiltonian

H= Z{CL(B,L o — p)en + [Anck(ioy)e, + hoc] + Z tns chnJr(;}, (106)
n §=+14,%1y
where n is a 2D index for the tight-binding sites, ¢,, = (¢u+, ¢,y )7 is the vector of electron annihi-
lation operators at site n, B,, stands for the local magnetic moment coupled to the superconductor
electron spin, A,, stands for the local pairing potential, and ¢,,5 stands for spin-independent nearest-
neighbor hoppings.
By changing to a rotating basis g, = U c,, with U,, defined by

Ul(B, -o)U, = B,o., UU,=0, DetlU,=1, (107)

the above Hamiltonian becomes

H= Z{gl(Bnaz — 1) gn + [Angh (i0y)gn + he] + ) s gLQm;gm}, (108)

n S=£1,,%1y

where
Qs = UlU,v5, DetQus = 1. (109)

To further simplify the problem, we set B, = B, A, = A} = A, 1, =t = to, ty, = t;;ly =
t, for all n.
We also assume a certain periodical pattern for the magnetic moments B,. One simplest,

nevertheless quite general, choice is to let

Q(719070),6:11 = Qa: = eXp[Z(px/z)fx ' 0']7 (110)

Qnany)o=1, = Sy = expli(py/2)7y, - o], (111)



for all n, and n,. Here p, , stand for rotation angles between neighboring sites and 7, ,, stand for

rotation axes. The rest of the {2-matrices are hereby determined by a closed-path formula:
Qg1 = A = Q0,00 = expli(pe/2)0, ™ (7 - )], (112)

If €2, and 2, do not commute and p, = 27p/q [which implies ¢ = (—1)?] with p and q relatively

Q (ny mod q),

prime integers, then Qi) = ; each unit cell consists of ¢ sites. The Bloch Hamiltonian

in the Nambu basis is given by

i h(B, k) A
Hy = g, Gk, (113)
A —h(=B.,k)
T ( T T T T _ _ 114
gy Yokt 90,k)0 - -+ 1 Yg—1,k1> 9g—1,k) > 90,—kLs —90,—~kts - - - Gg—1,—kl; Jg—1,-k1); (114)
ho(B,kz)  7(ky) 0 7(ky)!
(k)" hi(B,ky) 7(k 0
h(B,k): ( y) 1( ) ( y) ’ (115)
7(ky) 0 T(’“y)]L hq-1(B, kz)
hn, (B, ky) = Bo, — p+ to(Ql) etk L p e, (116)
7(k,) = t,Q,e™/1. (117)

The above model is similar, but in general not equivalent, to a model with constant B,, and

spin-orbit coupling, such as the following one:
h2k?
hso(B, k) —%—,ujLBaz—l—k (o o)+ ky(oy - o), (118)

where o, and o, are real-valued vectors. To see this, we write the Hamiltonian of Supplementary

Equation (118) on a lattice. The hopping terms have the form

1
<7’L|h50|7’L + 1l:x,y> t+ 2—Zal (119)
If we define
1
tl::p,y = v/ tz -+ ’Oél/2|2, Ql =z,y — (t + —oq )/tl, (120)
where );,_, , are unitary and Det(); = 1, this Hamiltonian formally resembles Hamiltonian of

Supplementary Equation (108) except that, importantly, the €2’s such defined do not necessarily

satisfy a closed-path equation as Supplementary Equation (112).



A. Commuting helix rotations

Obviously, €2, and €2, commute when 7, = 7, = 7. In this case
hB,k) = Bo, — pu+ t,(Que™ + h.c) +t,(Q,e™ + h.c). (121)

Obviously we can rotate the basis again such that 7 = (sin 6, 0, cos ). Then

B—v—m —u
h(B, k) = ) (122)
—u —(B—v)—m
m = — 2t, cos 2 cos k, — 2t, cos 22 cos k 123
=l xCOS2COS - yC082cos v (123)
u = (2t,sin % sin k, + 2t, sin % sin k) sin @, (124)
v = (2t, sin %x sin k, + 2t, sin % sin k,) cos 6. (125)

Let us assume 6 = 7 /2, the spectrum of the Nambu Hamiltonian is given by

E = i\/B2+A2 +m? + u? £ 2V B2A? + B*m? + m?u?. (126)

The conditions for £ = 0 are

21, sin p—; sin ky + 2t, sin % sin ky, = 0, (127)
= 2t, cos '02—35 cos k, + 2t, cos % cosk, = vB?* — A2 (128)

Considering B > max(A, t) and p > 0, the spectrum is clearly gapped when |y — v/ B? — A?| >

2t,| cos £2| + 2t,| cos £2[; otherwise the spectrum is gapless with two Fermi points (K0, kyo)

[see e.g. Supplementary Figure 2(a)] that merge when the equal sign is taken.

B. Non-commuting helix rotations

Now we consider the case when €2, and (2, do not commute. The most important feature of
the band structure is that the subbands created by the multiple sites of a unit cell are not gapped.
To see this, let us look at the Hamiltonian of Supplementary Equation (113) at k£, = 0 or 7, where

etfs = +1, and

Qlmetks 4 h e = +(Q + h.c) = +2cos(p,/2). (129)

T



This implies that h,, (B, k,) has no dependence on m at k, = 0 or 7; the unit cell is essentially of

a single site. Explicitly, the Hamiltonian becomes

m (B, ky) A R
Hy,—o,x(k Z ah, ) Gk, (130)
A —hy(—B, ky)
27rmm
gmk (gm kTagm kygm —kl> gm kT gm ko — Z —6 T Gm! ko, (131)
hon(B, k) = Bo, — ju =4 2t, cos(p./2) + 7(2mm + k,) + 7(2mm + k). (132)

The crossings of the subbands do not necessarily occur at k, = 0 or 7 unless there is an inversion
symmetry. One example is that if Q, = exp[i(p,/2)(0, cos @, + 0y sin @, )], then 0.Qy0, = Q,
and 0.7, (B, k)0, = hy_m(B, —k,). In other words, if the rotation axis 7, lies in the z-y plane,
then the crossings of the subbands occur at £, = 0 or 7.
As a special case, we set p, = 7, 7, = (1,0,0), 7, = (cos @, sin¢,, 0). In this case, each unit
cell consists of two sites, {2, = i0,, Q; 1Q$Qy = QZ, and (we also sett, = t, = 1)
Bo., — p+t(Qe* + h.c.) —2to, sink, /2

h(B,k) = | . (133)
—2to, sink, /2 Bo, — u+t(QLeth= + h.c.)

The spectrum of this Hamiltonian can be solved to be

E:i\/B2+A2+mz+diii2\/BQA2+B2mk+mkd§i, (134)

my = p — 2t cos % cos k, (135)
. Pz . . ky

dr+ = 2t(sin ~ sin k, + sin E) (136)

The conditions for £ = 0 are

: . .k
sin % sink, + smgy =0, (137)

[ = 2t cos % cos k, =V B?% — A2, (138)

Considering B > max(A,t) and p > 0, the spectrum is gapped only when 1 > |2t cos 2| +
VB2 — A% or i < —|2tcos 2| + /B%— A2, When |u — v/B? — A?| < |2tcos £|, there are
always four Fermi points [see e.g. Supplementary Figure 2(b)].

With more general helical patterns, full superconducting gaps can be opened with nontrivial

topological properties described by Chern numbers [2]. The Chern number, as well as the spectrum



for an open-boundary sample, can be computed numerically. Unless otherwise stated, we set
B =51t =t,=1r7, = (1,0,0) and 7, = (0,—1,0) in our computations. We shown in
Supplementary Figure 3 several examples of the phase diagrams in terms of the Chern numbers
with different helical patterns. In Supplementary Figure 4 we show in addition an example of bulk

and edge spectrum for a fixed combination of ; and A.
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