Supporting Information

Overview of this document

The Supporting Information is organized as follows. First, in Sec. [S1| we partially calculate the codimen-
sion one bifurcation diagram of the network by evaluating the equilibrium points on the primary branch.
This calculation is based on an asymptotic perturbative expansion of the neural equations, therefore it
provides a good description of the membrane potentials in the stationary regime only for sufficiently
large values of Ig, where the branching-point bifurcations do not occur. Then, we divide the second
part of the Supporting Information in two main sections, devoted to the study of weak (Sec. and
strong inhibition (Sec. respectively. In both cases we present detailed analytical calculations of the
eigenvalues of the Jacobian matrix and of the codimension two bifurcation diagram for most of the local
bifurcations of the network. Since the perturbative expansion introduced in Sec. cannot be extended
to derive the secondary branches of the equilibrium curve, a complete picture of the codimension one
bifurcation diagram cannot be derived analytically. For this reason in Sec. we study the codimension
one bifurcation diagrams with numerical tools. As in the main text, all the results in the Supporting
Information are obtained using the parameter values shown in Table 1. To conclude, in Sec. [S5| we study
how important parameters of the network such as its size N and the density of the synaptic connections
affect the branching-point bifurcations.

S1 Equilibrium points (codimension one bifurcation diagram)

In this section we study analytically the equilibrium points of the neural network. By inspecting the
top-right panel of Fig. 2 in the main text, it is apparent that some of the solutions of the system (6)

(or, equivalently, of the system (11) with uso=...ur n,—1 def i1, namely on the primary branch) occur
when at least one of the two nullclines is approximately constant in the phase space. For example, if we
call ug = f (ur) the explicit function obtained by solving the equation % (ug, pur) = 0, two stationary
solutions are obtained when f (+) is approximately constant in p; (see the vertical portions of the violet
curves in the top-right panel of Fig. 2 in the main text). In turn, this means that <7 (u;) is approximately
constant in p7, namely the sigmoid function has saturated to 0 or v}***. Now we consider the case of
saturation to v1*** (the case of saturation to zero will be considered briefly later in this section). In order
to find the solutions of the systems (6) or (11) on the vertical portion of f(-), we need an asymptotic
expansion of & () for uy — +oo. If we use the algebraic activation function:
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(with @ = &% (u; — V') and y = 1), about the point y = 0 (i.e. = +o0). Since:

1
-



_i @n=DM on 1o 1:34 1:3:55
1+y - ot ¥ T 2% T Tl

n=0

then, if we consider the expansion up to the first order, we can approximate <7 (uy) as follows:

ymax 1 max 1
ay (pr) = 12 (1+17ﬁ) =] (17@).

In a similar way, we suppose that also ug could be expanded in an asymptotic series, namely:

(n>

In particular, here we consider only the first two terms of this expansion, since they are sufficient to
describe locally the equilibrium points of the primary branch with a good approximation. Therefore
o5 (ug) can be written as follows:
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where at the second step we have used a Taylor expansion. With these assumptions, the system (6) (or
equivalently (11) on the primary branch) becomes:

(1)
—% (w0 + ) et amn o (1) + o7t (1) "B |+ R o™ (1= gke) 41 =0,
(52)

. (,2\% + VIT) S JvP (1 = 2) + 35 Jie {"‘Z{E ( ) + g ( ) %} +1r=0.

Now in the first equation of (S2)), we compare all the coefficients with the same perturbative order ﬁ,
obtaining:
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for n = 1. Remembering that &g (ug) is given by , Eq. can be transformed into a fourth-order

polynomial equation:
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where:

The solutions of Eq. are:
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Some solutions ,ug) may be complex and must be discarded, since we want to describe stationary
membrane potentials which are real quantities. From Eq. (S4)) we obtain:
Ny g vE
ui = P —— (9)
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The second equation of contains a term proportional to x. For this reason it cannot be solved
as the first equation of (namely by comparing all the terms with the same order z%), therefore we
need to solve it directly without further simplifications. We observe that it can be transformed into the
following third-order polynomial equation:

Gz’ +bx’ +cx+d= 0,

where:
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for k =0,1,2, where:
up =1, U1 71+2L\/§, Ug = %“/g,

Ao =b°,
Ay =2b° + 27a%d,

and ¢ = v/—1. According to the De Moivre’s formula, for every uy there are different solutions of the
square and cube roots that define @ Different combinations of u(b?), ug, and De Moivre’s solutions provide
equivalent results for z. Therefore after removing all the redundant and complex solutions, we obtain
only 3 or 5 possible formulas for @), depending on the strength of I;.

We start by analyzing the case with weak inhibitory current, e.g. It = —10. If we choose for example

ug, we get 5 solutions:
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where the colors refer to those of the top panels in S1 Fig. Thus from Eq. (S11]) we obtain:
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Finally, by replacing Egs. + + into ugp = #29) + “};) and py = 12\—’; + V', we obtain the
stationary solutions of the membrane potentials in the two populations, as shown in the top panels of
S1 Fig. In this figure we observe a good agreement between the analytical formulas and the numerical
solutions provided by Cl_MatCont, on all the portions of the curve, with the exception of most of the
cyan colored one, and also the green and yellow curves close to point A.

Now we compute the coordinates of the points A, B, C, D that define the ranges of the 5 colored
portions of the primary branch. The most interesting ones are the points A, C since there the system
undergoes a saddle-node bifurcation (LP for short). At point A, the zeroth-order approximation is very
precise (i.e. pg(4) ~ u%)) (A)) since py (A) > 1. Thus we can use this approximation to find the

coordinates of this bifurcation point. If we derive Eq. with respect to ug), we obtain:
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Since ““&- = (0 at point A, we obtain:
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We discard the solution with the - because it is quantitatively different from the numerical value of
g (A) provided by Cl. MatCont (its meaning will be clarified later in this section). Now, if we replace

Eq. (S15)) into Eq. , we get:
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From Eq. (S13) we see that the first-order correction does not work around A, because the right-hand

side of this formula is equal to zero in A. This term is also the denominator of ,ug) (see Eq. )7
which explains why in A the first-order correction cannot be applied. Nevertheless, here the zeroth-order
approximation + is in very good agreement with the numerical calculation of the equilibrium
point (the reason will be clarified in SubSec. [S2.2.1)).

To conclude, from the second equation of (6) or (11), we get:

1 Nr—1 N,
= (A) + T (ur () + g Tl (1) (A) + 1 =0, (s17)

Since pr (A) > 1 and therefore o7 (11 (A)) &~ v{***, we obtain:
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A more precise way to calculate py (A) is to solve directly Eq. (S17)), which can be transformed into the
following fourth-order polynomial equation:

aps (A) + b7 (A) + éui (A) + dur (A) +é =0, (S18)
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The solutions of Eq. (S18) are:
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where Z , D, ¢ are defined similarly to Eq. (S8). It is easy to check that the solution that represents

the membrane potential in A is [ (A)]; = —L& + Z - %,/—422 —2p— %, because [ur (A)],,, are
quantitatively different from the numerical value of p; (A) provided by Cl.MatCont.

Things are more complicated for the point C. In this case we need to use the whole theory with the
first-order correction, because the zeroth-order approximation is not sufficient to describe this bifurcation
point. Since C' is the connection point between the blue and red portions of the primary branch (see
S1 Fig, top), it can be defined through the relation Z;eq = Tplue- Thus, from Eq. we see that this

relation is equivalent to ¥ = 0, namely 4&8 — ﬁ% = 0. From the expressions of Ay and A; we obtain that
this equation can be rewritten as 27a2d (453 + 2752(?) = 0. It is possible to prove that d # 0 at point C,
therefore the final equation that describes this bifurcation point is:

4b° + 27a%d = 0. (S19)



However, Eq. (S19) cannot be solved exactly, therefore we use it (together with Egs. + (S10)) to

calculate numerically ug) (C), which in turn allows us to get ,ug) (C) from Eq. (S9). Moreover, from

the condition ¥ = 0 we know that z = —22 (see Eq. (S12)), and finally we calculate pg (C) through
e

UE = Mg) + “wEQ , pur (C) from py = i—f + V', and I (C) by means of Eq. , similarly to point A (see

Eq. (S16)).

Now we consider the point B. Since this is the connection point between the yellow and blue portions
of the primary branch, it has to satisfy the condition Zyeiow = Zbiue, thus from Eq. (S12)) we get that

this is equivalent to [ug)} = {ug)} . The last condition is satisfied at the inflection point of the curve
3 0

Mg) = Mg) (Ig), therefore the point B can be calculated from the equation d[dzfol)f]z = 0. Now, from
HE
Eq. (S13]) we get:
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we conclude that ,ug) (B) = V£, or in other terms [ug)]g = {ug)}o = VL in B. Similarly to point

C, we can use ,ug) (B) to calculate /Lg) (B) and x (we can use Zyellow O equivalently apiue), from

which we get pg (B), ur (B) and Ig (B). The same idea can be applied to calculate the coordinates

of the point D, since again Zreq = Tcyan When {,ug)} = [ng)} . The only difference with point B is
3

that now the variable x must be calculated through the formula of ;eq or that of zcyan. We also get

Ig (D) =1 (B) = %VET — %JEE@ — %JEIV}H&X, which is in agreement with S1 Fig.

On the other side, when I} is sufficiently large and negative, e.g. Iy = —30, the term &% - 4&3 can
be zero on the yellow and cyan portions for some Ir < I (B). At this point ¢ = 0, therefore according
to Eq. , we get Tyellow = Tcyan, OF in other terms the two portions meet each other. In this way
the point C is formed by the yellow and cyan portions, while the blue and red ones disappear from the
primary branch (see S1 Fig, bottom).

In general we observe that the divergence of the perturbative expansion on the cyan portion of the
primary branch around point A prevents the use of our approximation for studying the secondary branches
that emanate from the branching points. This is due to the fact that these branches generally extend to
Ig < Ig (A) (see Figs. 8 and 9 in the main text), where the perturbative approximation cannot be used
anymore, because the membrane potential p; is not large enough to saturate the activation function.
We also observe that, according to the numerical analysis performed in the main text, for Iy < I (A)
we can have other LP bifurcations. As we said at the beginning of this section, the term .o/ (17) in
Egs. (6) or (11) saturates to 0 or v{"®*. Up to now we have considered the case &7 (uy) ~ v***, while
the remaining LP bifurcations are obtained when the activation function saturates to zero. In this case
we need to use the following asymptotic expansion for pu; — —oo:
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We do not show the explicit calculation of the equilibrium points, which is left to the interested readers.
Our approximation can be further improved if we consider higher-order corrections in the perturbative

o @)
expansion. At the second order we get ug = ug)—k £ B+ £ o which means that when <77 (1) saturates for

example to v1***, we need to use the asymptotic expansion & (uy) ~ vpex (1 — ﬁ + 16%) for uy — +o0.
In this case, the variable = satisfies a fifth-order polynomial equation, which can be solved analytically
in terms of complicated Jacobi theta functions [1]. However also in this case the formulas of pg ; diverge
for Iy — I (A), due to explosion of both the terms ug) and ug). This justifies the use of the first-order
approximation developed in this section, by virtue of its lower complexity.

S2 Weak-inhibition regime

In this section we perform an analytical study of the bifurcations in the weak-inhibition regime. In more
detail, in SubSec. we find the analytical formulas of the eigenvalues of the neural network, which
will be used to derive its analytical codimension two bifurcation diagram, as shown in SubSec. [52.2

S2.1 Eigenvalues

As we reported in the main text, for weak inhibition (i.e. ¢ < 1) the membrane potentials are always
homogeneous in each population, therefore it is easy to verify that in this case the Jacobian matrix J of
the network at the equilibrium points is:

~ L, + geo o, () (I, —1dy,), fora=p,
=15 ) ] -
Nafﬁ1 5 (s) INa,Ng»s for o # B,

where i, are the solutions of Eq. (6) in the main text, Iy, n, is the Ny x Ng all-ones matrix (with

In, def In, .~ ), and Idy, is the N, x N, identity matrix. The characteristic equation of the network is

det (J — Aldy) = 0, where X are the eigenvalues of the Jacobian matrix. In other terms, the equation
that we need to solve to calculate the eigenvalues is:

det (| s mE AMldwg Y, Se ])=0. (S24)

IE 11 — Aldn,

We can evaluate this determinant by means of the following formulas for block matrices:

det () det (D — €A1V , if det (A) #0,

w2 3)- =

det (D) det (A — BD 1), if det (D) #0,

10



where in our case A= Frpp — Mdn,, B = g1, €= 715, D = 71 — Mdy,.

We start by calculating the eigenvalues A; of J such that det (_#7; — A\;Idn,) # 0 for some values of
the index 4. In other words, we find the eigenvalues of J which are not also eigenvalues of _#;, if they
exist. Therefore we have to assume that \; # )\]U for j=0,...,N; — 1, where )\f are the eigenvalues of
the circulant matrix _#j;:

1 Nr—-1
)\II:—— 7J M’
0 7—1+N71 119y (pr)
A= —[—jl+—];,’§1g%}(p1)], j=1,...,N;—1.

By using the second formula in Eq. (S25)), we get that Eq. (524) implies:

det (A - BD'E) = 0. (S26)
Now, since ® is a circulant matrix:
D = 0oldn, +01 (]IN — Idn ) 00 = *i — X\ 01 = Jir JZfII (,LL[)
I 1 1/ I ’ N -1 ’

then ©~1! is also circulant:

1 _ D1(1\71*1)
01—99

1
= mpld In, —Id — %1%
D moldy, +my (In, Ny), Mo BT (N — 1)’

m=my+ ——,
1 LS,

where the denominators in mg ; cannot be equal to zero due to the hypothesis \; # /\]U . Now, due to
the properties of the circulant matrices, 2 — BD !¢ is circulant as well:

A — %@71¢ = n()IdNE +ny (]INE — IdNE) s

np=ap—7t, ny=a —t, t=Niboco[mo+ (N;—1)my],

a ——L—X a; = Ter
T T R

y J
A (pe) [’0:N71~Q{I(N1)a COINZEl«WJf:(ME)‘

Its determinant is:
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) Ng—1 Ng—1 2wk, Ng—1
det (A-BD7'¢) = [] (no+m D> e’ )= ]]
k=1 j=0

Jj=0

n0+n1<

=[no +n1 (Ng — 1)] (no —na) V=71

Therefore the characteristic equation (S26]) gives:

1_627er
1—eNe*

no+n (Ng—1)=0 and/or ng —ng = 0. (S27)
Now we start to analyze the first equation of (S27). From it we obtain:
ap—t+ (a1 —tv)(Ng —1) =0,
and therefore, by substituting the expressions of ag.; and t:
-4y  Ni—1
oy NtV I _
Ai X<NI i+ Z + )\iJrV) +Y=0, (SQS)
where:
NN 1 Ng —1
= ﬁhdmﬂé (we) o (p1), Y= ot lej_ 1 Jeedy (LE),
(S29)
1 N[ -1 ’ N] -1 / 1 JII /
Z=—— e - = _
TI+N71J”'%(MI)7 u Niljllﬂl(,ul)7 1% TI+N71«5271(,M1)
Now, since:
- 58 | Ni—1 1
Ny < + = ,
-XN+Z N+ V AN+ Z
Eq. (S28]) can be rewritten as the following polynomial equation:
N-Q+2)M+2-X) =0, (S30)
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whose solutions are:

YV+Z4\V+2) -1z x)
. .

R
Aoj1

According to the sign of the discriminant A = (¥ + £)° —4(VZ — X) = (¥ — £)® + 4X, the eigenvalues
A%y can be real and distinct (A > 0), real and identical (A = 0), or complex-conjugate (A < 0).
Now we consider the second equation of (S27). From it we obtain ay = a; and therefore:

)\¢:—|:L+%ME,;(,U/E):|7 iZQ,,..,NE.

TE

Therefore we have obtained Ng —1 identical and real eigenvalues, that for simplicity we call Ag. However
we observe that up to now we have obtained only Ng + 1 eigenvalues (considering also A51)7 thus some
are missing.

To get the remaining eigenvalues, we can repeat the procedure above, but this time we need to
calculate the eigenvalues X; of J such that det (_#gr — AIdn,) # 0. In this case, by using the first
formula in Eq. , we obtain again Eq. , and also the following set of real eigenvalues:

)\1:7[%+71\J7f142{](u1)], i=Npg+1,...,N—1,

that we call simply A;.
To sum up, we have obtained that the Jacobian matrix J at the equilibrium points has the following
set of eigenvalues:

V+Z+4/(Y—2)*+4x 1 J
A4 = , AEZ—{f+%ﬂé(ME)}7 )\12—[

1 Jr1 /
— o, 1
Ly ). s

2 TE
where A\JY; have algebraic multiplicity 1 for A # 0 or 2 for A = 0, while Ag ; have multiplicity Nz ; — 1.
The most fundamental quantity of our theory is the eigenvalue \;, since it determines the formation of
the branching-point bifurcations discussed in the main text.
As we said in the main text, the eigenvalue A; is always negative in the weak-inhibition regime. On
the other side, in the strong-inhibition regime A; can change sign, therefore the neural equations exhibit
both homogeneous and heterogeneous solutions. This will be discussed later in Sec.

S2.2 Codimension two bifurcation diagram

In this subsection we derive analytically most of the local bifurcations shown in the weak-inhibition
codimension two bifurcation diagram of Fig. 7 in the main text. We cover only local bifurcations, since the
global ones are analytically intractable. In particular, we find a mathematical description of the saddle-
node and Andronov-Hopf curves (SubSecs. [S2.2.1] and [S2.2.2| respectively), as well as the coordinates of
the Bogdanov-Takens points (SubSec. [52.2.3]), while the cusp and generalized Hopf points are analytically
intractable and therefore have to be studied by means of numerical methods. Even though in the article
we focus on the case N = 2, we observe that the formulas derived in this subsection are valid for arbitrary
Nj.
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S2.2.1 Saddle-node bifurcations on the primary branch

Here we show two different ways to calculate analytically the LP curves of the codimension two bifurcation
diagram in Fig. 7 occurring on the primary branch. The first method is based on the results obtained in
Sec. and provides an explicit (i.e. non-parametric) but approximate formula of the LP curves. The
idea is to take Eqgs. and , that describe the coordinates of the LP points A and C for a fixed
current Iy, and to use them to obtain the corresponding curves I; = f(Ig). More explicitly, we can

rewrite Eq. (S19) as b=— i/ %525{, and from the expression of b reported in Eq. (S10) we can isolate I;
to get:

IT I 1 max
=V Nzl -
! I N -1 v

Ng
N —

(0) 3 277~2~
1J[E,Q{E (ME ) + 1 a3d. (832)

Now we observe that @ does not depend on the external currents, while d depends only on Ig through

u%)) (and therefore through the term ¢, see Egs. + + ) In this way we obtain I; as a
function of Ig. According to the results shown in Sec. when I is large enough (i.e. approximately
It > —20), the point C' is generated by the blue and red portions of pg ; (see S1 Fig, top), therefore in
this case we need to use the expression of [ug)} in Eq. . On the contrary, for a strongly negative
current (i.e. It < —20), the point C is generatedoby the yellow and cyan portions of the primary branch
(see S1 Fig, bottom), therefore in this case we need to use {pg)} . Through this distinction we get the
LP curve shown in S2 Fig, where the orange and violet portions are obtained in the two regimes of I
that we have just described. The point F' that separates the two portions occurs when {,ugj)} = {ug)}
and therefore at Iy = Ig (B) (therefore the corresponding I; can be obtained from Eq. (3. ’
From Eq. we also observe that the orange portion of the LP curve is not defined for 47— 2D —
% < 0, therefore its asymptote ([I3],, see S2 Fig) is obtained when 47 - 2p — % = 0, and thus when
[Mg)} L= [Mg)} .= _% + Z, according to Eq. . This last condition is satisfied when the green and

yellow portions of the primary branch meet each other, and therefore when Ip, = I'g (A). Therefore the
portion of the LP curve generated by the point C' converges to the portion generated by the point A,
without ever touching it. In other terms:

[1E]y = 15 (A) . (S33)

This is due to the fact that Eqgs. (S16)) + (S32) are only an approximation of the real LP curve, since
they have been derived from the perturbative expansion of the equilibrium points developed in Sec.
Intuitively, the divergence of I; in the I — I plane that occurs when the orange portion approaches [I%],

is due to the divergence of ,ug), contained in d. Since ,ug) is the only term that may explode in Eq. (S32)),
we conclude that it diverges also when the curve approaches the second asymptote (i.e. [I¥],, see S2 Fig).

Thus from Eq. we get that also [I%]; is defined by the equation f% + Af\f:ll JEp Y, <u§§)> = 0.

As we know, one solution of this equation is (S15)), which defines the point A, as it must be. The second
solution is that with the v that we rejected before, namely:

max 2
20 _ T _ 2 |3 NE_1J VB AR 4
He = Ve AE\J\/(Nl BET T TE '
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This formula, once substituted into Eq. (S3|), provides the current of the second asymptote:

as 1 _o©o Neg-1
3 = — o BT
Ueh =2, Fe — N3

N max
JEEYE (ﬁ(EO)) — N_IlJEIZ/I . (834)

The second LP curve of the whole codimension two bifurcation diagram (see Fig. 7 in the main text) is
obtained in the same way through the approximation . Therefore we have shown that the asymptotic
expansion of the equilibrium points developed in Sec.[S1]is also able to describe qualitatively the LP curve
in the codimension two bifurcation diagram, but for a quantitative characterization of its behavior we
need another approach.

For this reason now we introduce a second method for calculating analytically the LP curve. By
definition, one of the eigenvalues of the Jacobian matrix is zero at the LP points. Ag is always negative,
as well as A since we are in a weak-inhibition regime. Therefore we can only have A} = 0 or A} = 0. If
Y + Z < 0, according to Eq. the condition A} = 0 is equivalent to X = YZ. This, according to
Eq. , provides:

1 A Ng=ljy
A (pr) = 1 Ni—1 i g T N 0P Gy
——=—Jir+ o [(Ng —1) (Nt — 1) JggJir — NeN1JerJre] & (v)

; (S35)

TR N-1

where we have defined the parameter v &f wg. Moreover, we can invert Eq. (S35)) by means of Eq. (S14]),
obtaining:

pr () = Vi + 2.0 (”?]XA’)Q -1, (S36)
A] 45&71/ (/LI)

and from Eq. (6) of the main text we get:

TE

(S37)

{IE (0) = 2o — B Tppdi (v) — 525 Jer e (1 (v)),

Ir(0) = £ pr (0) = 525 Jipdp (0) — = T (pr (v)) -

Therefore Egs. + + define a set of parametric equations with parameter v for the input
currents /g ; that generate the LP bifurcation curve. Unlike Eq. , these formulas are exact, but do
not, provide the explicit relation between I'r and I;.

In the same way, if J + Z > 0, the condition A* = 0 is equivalent again to X = JZ, therefore we
re-obtain the same formulas found above. These curves have been plotted in blue in S3 Fig (the reader
may easily verify the agreement with the numerical results shown in Fig. 7 in the main text), where
the portion of the curve between the points BTy and BT, and that between the points BTy and BTs3,
correspond to the condition A = 0, while all the other portions are generated by the condition A} = 0.
At the points BT 12,3, that represent the Bogdanov-Takens bifurcations, both the eigenvalues )\g,-‘:l are
equal to zero, as we will see in SubSec. [52.2.3

Every point on the LP curve has also to satisfy the following system of inequalities:
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maxy
{0 < i (ur) < 2L

(V-2 +4x >0,

whose solution is v € (b,,v;), where:

_ maxA 2
bpe = Vp £ A2EJ (’/(]X}E_ 11JEEVE ) ETE) -1 (S38)

This leads to get four asymptotes [I3], , , 5 (see S3 Fig) for v — v} and v — v,". In both the limiting
cases we obtain <7/ (u;) — 0 and therefore either 7 (uy) — 0 or 7 (1) — vi***. Thus the expressions
of the asymptotes are:

asy]  __ 1 NE -1 NI max
[IE]() T vy N_1 JEEYE (t’b) N — 1JEIV1 s
asy]  __ 1 NE -1 I max
e —TEUa N1 JepdE (0a) N 1JE11/1 ,
(S39)
as 1 N —1
=], :Ebb - ]\f_ 1 JeEYE (0s),
a8 1 Ng —1
=], :Eﬁa - ]\;E_ T JepdE (0a) .

We observe that [I3], | given by Eq. (S39)) correspond to those provided by Eqs. (S33|) and (S34).
To conclude, we underline that even if the cusp bifurcations are evident from S3 Fig, we cannot

calculate analytically their coordinates in the codimension two bifurcation diagram. Indeed, it is possible
to prove that these coordinates are given by the solutions of a high-order polynomial equation, which can
be calculated only numerically.

S2.2.2 Andronov-Hopf bifurcations on the primary branch

Andronov-Hopf bifurcations (H for short) are defined by the existence of a simple pair of complex-
conjugate purely imaginary eigenvalues. Since Ag ; are always real, this condition can be satisfied only
by )\51, by setting ¥ + Z = 0 and (Y — £)° + 4X < 0. In particular, from the equation Y + Z = 0 we
get:

N -1 1 1 Ng -1

(N =) Jir |7g = N-1

Ay (ur) = JeE g (n)] : (S40)

where v & ug as before. Following the same procedure introduced in SubSec. from Eq. (S40)
we obtain a set of parametric equations with parameter v for the input currents Ir ; that define the H
bifurcation curve.

Every point on the curve has also to satisfy the following system of inequalities:
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D}naxAI
4 )

0 < (ur) <

(V-2 4+4x <0,

whose solution is v € [vf, v4] U [0., 0], where:

l 3 V%‘axAE (NE—I) JEE 1

A 4(N -1 1, 1 vPAL(N-1)Jpg
" ( ) TE + Tr 4(N—-1)

vea =Vi +

2 maXA 2
Ve, f :VET:I:i v (VE E> 717

AE 43
—b — /b2 — 4dac
3:2—a’

_ (NE -1 >2 NgN;(Ng —1) JesJerJie
a= JEp | — (

N -1 N —1)?(N;—1) Jir ’
b_,lNE_lj n NeN7 JerJig (1 1
T 7 N-1°FF (N=1)(N;—=1) Jig TE 1)’
1
=z

These curves are represented in red in S3 Fig, and again the reader may verify the agreement with
the numerical results shown in Fig. 7 in the main text. It is important to observe that in S3 Fig we
did not distinguish between subcritical and supercritical H bifurcations, because the coordinates of the
generalized Hopf point GH (which, by definition, divides the two kinds of bifurcations, see the main text)
cannot be calculated analytically.

S2.2.3 Bogdanov-Takens bifurcations on the primary branch

Considering the results obtained in SubSec.[S2.2.2} the BT bifurcations are given by v = v, ; (equivalently,
they can be obtained from the conditions Ay = A{* = 0, since by definition the BTs are the contact points
between the LP and H curves). Therefore we get:
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Ig (BTy) = %Ue — ]\11\1737711 JEEAE (ve) — %JE]JZ{[ (,LL}L) s

T

I; (BTo) = %u}r — S T pd (ve) — 5L Tirar (nf)

T

I (BT1) = Aoy — N Tende (v5) — 55 Jerdr (uf)

It (BT1) = Fpf — § 5 Jipdd/e (vp) — Y Juner (uy) ,

TI

T

It (BTs) = L uy — 325 Jipdle (ve) — Rt st (7))

I (BTs) = ooy — S Jepde (vf) = ydJerd (pr) |

{IE (BT2) = %Ue — BEl Jppdp (ve) — s Jerels (uy),

I (BTs) = £py — 35 Jinddp (vf) — s (7))

where:

S R v A (N = 1) Jir

- 1.
A 4(N —1) (% s JEEa)

This concludes our analytical study of the local bifurcations in the weak-inhibition regime, therefore now
we are ready to start the analysis of the strong-inhibition regime.

S3 Strong-inhibition regime

Here we study the case of strong inhibition, i.e. ¢ > 1. This section has a similar structure to Sec.

therefore we start by calculating analytically the eigenvalues of the neural network (SubSec. [S3.1)), and
then we will use them to derive analytically the codimension two bifurcation diagram (SubSec. [S3.2))

S3.1 Eigenvalues

In the strong-inhibition regime the inhibitory membrane potentials can be either homogeneous or het-
erogeneous (see main text). In the homogeneous case, the mathematical formalism is the same of Sub-
Sec. In the heterogeneous case, we can reinterpret the inhibitory population as a collection of
smaller inhibitory subpopulations. For this reason, in order to perform our bifurcation analysis, we need
to extend the results of SubSec. to the case of a multi-population network. Therefore if we consider
a network with a generic number of populations 3 and we suppose that N, is the size of the population
p-1
a (so that Z N, = N), the whole connectivity matrix of the system can be written as follows:

a=0
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Joo Jo1 Jo,p—1

J10 311 T T Jaa (In, —Idn,), fora=p,
J = . . . . ) Saﬁ =
: o N : Jaslng ,Ng, for a # S,
Jp-1,0 JIp-1,1 - Ip-13p-1 "
for a, 8 =0,...,B — 1. The matrix Jog, which contains the connections from the population 3 to the

population «, is N, X Ng. Thus the Jacobian matrix of the system is:

Joo Jo1 Jogp—1
710 2 /1§71 _%IdNa +JM"‘—(‘:‘=Q/O’L (pa) (In, —Idn,), fora=p,
J = . . ’ =
: : B ; 7 255 (118) INa N5 for o # 3,
Sp-10 Sp-11 o Fpoigpel o e
(S41)

where p, are the solutions of the following system of equations:

1 Ny —1 N
[ B
aﬂa M., Jaa o (pa) + BE OfM Japp (1g) + Ia =0, a=0,...,8—1. (S42)

[e3

B#a

Now we introduce the following theorem (being part of a larger work on multi-population networks, we
leave it without proof, which will appear in another article).

Theorem S1 (Eigenvalues of a multi-population network) The Jacobian matriz (S41) has eigenvalues:

1 J ’
N == ()] (S43)
Yy

Ty

with algebraic multiplicity Ny, — 1 for vy =0,...,B — 1 (in the case P = 2 studied in this article, these
are the eigenvalues that for simplicity we called Ag ;). The remaining P eigenvalues are those of the
following “reduced” B x B Jacobian matriz:

/OE /OE /021;71

. B2 A1 /1’33,1 .
j = . . . . ) /aﬁ = N
: : : 5

{_7—1‘1+ N](\Za_ljaadolt (/’La)7 fora:ﬁy
1 Jap s (up) for o # B.

fg—l’o /‘-%2—1,1 /‘173{1,‘]3*1
(S44)

Example. The following Jacobian matrix:
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r—-1 2 2 2 0 0 -4 -4 —4]
2 -1 2 2 0 0 -4 -4 -4
2 2 -1 2 0 0o -4 —4 -4
2 2 2 -1 0 0 -4 -4 -4
J = 3 3 3 3 -2 4 -6 -6 —6
3 3 3 3 4 -2 -6 -6 -6
0 0 0 0 1 1 -5 -9 -9
0 0 0 0 1 1 -9 -5 -9
L 0 0 0 0 1 1 -9 -9 =5

represents a network with N =9, B = 3, Ny = 4, N; = 2, N» = 3, where the populations 0,1 are
excitatory while the population 2 is inhibitory. The eigenvalues of J are AP = —3, —6, 4, with algebraic
multiplicities 3, 1, 2 respectively. The remaining 3 eigenvalues are those of the reduced Jacobian matrix:

5 0 —16
JR=16 2 —12 |,
0 3 —23

namely:
A &~ —21.943, ARy = 2.971 4 2.564..

As we said in the main text, for the sake of clarity in this work we study the case Ny = 2 (for N; > 2
the analysis is still feasible, but more complicated, thus it is left to the interested reader). For ¢ > 1
(and more precisely whenever A; > 0) the stationary solutions of the network are given by Eq. (12) of
the main text, which can be interpreted as a special case of Eq. in the case of three populations.
Therefore now the Jacobian matrix of the network is:

Joo  FJor  _Fo2
J=1 o Fu Ji2 |, (S45)
S0 I I

where:

1 J y J / J
Soo =~ ldng + N]iElﬂE (ne) Ing —ldng), o = N]illﬂz (nr0) Ing, Jo2 = N’illﬁff' (1r1) Ing,
Jie t 1 Jir ’
7 = 1 7 = — / = —
J1o Nfle (E)1Nng, In et H12 N_1 T (pra),
Jie ¢ Jrr , 1
/20 N—1 E(U’E) Ng» /21 N_1 I(//(/I,O)7 /22 -

Here 1y, is the Ng x 1 all-ones vector and 1§VE is its transpose. As we said, this allows us to reinterpret
the network as if it were made of the usual excitatory population with Ng neurons, and two inhibitory
populations with one neuron each. According to Thm. we are in the case with Ny = Ng and N, =
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Ny = 1, therefore the network has the eigenvalue \] = A\g = — [% + JEE o], (,uE)} with multiplicity

Ng — 1 (see Eq. ((S43)), while the other eigenvalues are those of the following reduced Jacobian matrix
(see Eq. (S44)):

— 2+ B Teed (ue) A (p10) A (pra)
VA B Tipdy (Le) - L otf (1) | - (S46)

I

B Jip ey (L) L of{ (pr,0) -+

TI

In other terms, the remaining eigenvalues are the solutions of the following third-order characteristic
polynomial:

& ()\R)B +b (AR)2 +eNR4d=0, (S47)
where:
a=1,
5 = —tr (JR) ,
(S48)
) e (7))
d = — det (JR) .

Now, if we define:

2 I

, igﬁ,/ﬁg_m

Ao =b* — 3a¢,

Ay =20 — 94bé + 27834,

we get that the eigenvalues of J® are:

1 (- . Ao
M= —— [ b+uQ+ —% ],
k 3a ( wQ urQ
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for k=0, 1,2, where as usual ug = 1, u; _1%“/5, Uy = _1%“/5
To conclude, we observe that for arbitrary Ny there is an explicit relation between any pair of inhibitory
membrane potentials 17 ; and pr j, that will prove very useful in determining the parametric equations

of the bifurcations. Thus from the second and third equation of the system (11) in the main text we get:

1 Ji1 1
B L N —
Sl (p1,5) it

Jrr
N 17 (k1)

This equation can be rewritten for example as follows:
~ 4 ~ 3 ~ 2 > ~
au;yj + b/Lij + C/LI‘]' + d,UI,j +e= O,

where:

S A
477
N A2 N VT
TI TI
_A? VIN? 4 o] 1
C:II $2+( 1) +*V[T¢ +*2*
TI TI TI
~ A2 LN 2 ~
d=— oV (4 +<z>) - eV,
(A1) ~ 2
e:(7’¢>VF) + (Vi)
/\71 ) J[[ l/;ﬂaxJU
¢—I,u1,z+N 142{1( 1,i) I(N=1)’

£ VP AT\
S \4WN=-1) )"

therefore we can express pr ; in terms of p7; by means of the formula of the solutions of a fourth-order
polynomial equation:

b o~
[:ufyj}o,l == 1% Z+
(S49)

b A
[:U’I,jb,ii T +Z+



where the quantities A , D, ¢ are defined similarly to Eq. (S8). The relation between pr; and pr ; is shown
in Fig. (5) of the main text. In particular, in SubSecs. (53.2.3) and (S3.2.4) we will use Eq. (S49) to
calculate analytically the LP and H bifurcations on the secondary branches in the case N; = 2.

S3.2 Codimension two bifurcation diagram

Now we are ready to use all the results of SubSec. for the evaluation of the codimension two
bifurcation diagram in the strong-inhibition regime. The case A; < 0 is similar to SubSec. therefore
here we consider only the bifurcations that occur for A\; > 0, namely under spontaneous symmetry-
breaking. As usual, here we cover only local bifurcations. Of special interest is the formation of the
branching points, which are discussed in SubSec. since they represent the central topic of this
article. Then in SubSec. we calculate the zero-Hopf (neutral saddle) bifurcations, and finally
we derive analytically also the saddle-node, Andronov-Hopf and Bogdanov-Takens bifurcations on the
secondary branches, in SubSecs. [S3.2.9} [53.2.4] and [$3.2.5 respectively. The formulas that we derive for
the branching-point and zero-Hopf bifurcations are valid for arbitrary N;. However, unlike the weak-
inhibition case, the formulas of the saddle-node, Andronov-Hopf and Bogdanov-Takens bifurcations are
valid only for N; = 2, even though our formalism can be easily extended to the case Ny > 2 (results not
shown).

S3.2.1 Branching-point bifurcations

In this subsection we study the condition A\; = 0 that gives rise to the branching-point bifurcations (BP
for short), namely:

1 J
L b (3P =0, (850)
The solutions of this equation are:
pr (BP) = Vi + 2 Y2 —1. (S51)

Ar

Being a limiting case, the condition A; = 0 can be studied either from Eq. (6) or equivalently from
Eq. (11) (see the main text) after setting puyo = ... = pr,n,—1. Thus for example, if we choose to use
Eq. (6), from its second equation we get:

1

2
pe (BP) = Vi + i - — (S52)
(ot [ B0 - NSt it o BP) - 11] 1}
while from its first equation we obtain:
1 Ng—1 N;
Ip =~ (BP) — ——7 JeeE (ue (BP)) — 17— Jor/ (u1 (BP)), (S53)
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where pp (BP) and puy (BP) are given by Egs. (S51)) and (S52) respectively. Since pug (BP) depends
on I1, Eq. (S53) defines explicit functions Iy = Fy (I7) that represent the currents Ig; at which
a BP bifurcation occurs. From Eq. (S51) we observe that p; (BP) has two different possible values
depending on the sign in front of the square root, while from Eq. (S52) we see that ug (BP) has
four possible solutions, due to the sign of the square root and to the value of py (BP). The pairs
(;LE(BP) — VT +...,uf (BP) défVITJr...) and (g (BP) = VI — ..., uf (BP) = VT +...) define the
two portions of the curve that we call F (we observe that g (BP) is calculated from the py (BP) of
the corresponding pair through Eq. (S52))), while the pairs (,uE (BP) =VZL +...,u; (BP) def Vi — .. )

and (pg (BP) =VZ — ..., u; (BP) =V —...) define F_. Moreover, from Eqs. (S51)) and (S52) we see
that the functions F exist if and only if:

A(N—T )
11 1 Z 01
_—
2(N—1 Ny-1
{711}‘5‘“‘&1\’3;113 {%MI(BP)— Al JI,@«I@,(BP))JI}A}

2
{9505 (2w BP) = Xt i (ur (BP) — L] -1} #1,

from which we obtain that 7 is defined for [I3°], < Ir < [I°];, while F_ for [I}°], < Ir < [I}®]5, where:

as L+ Nr—1 + v *NgJiE
171y =i (BP) = R iwa uf (8P)) — N
as 1 N - 1
1), =—pi (BP) = 5 Jus (uf (BP)),
as 1 _ N[ -1 _ VmaxNEJ]E
1), =—n1 (BP) = Ty Jurr (ur (BP)) — R,
as 1 _ Nr—1 _
[17°]y =1 (BP) = N Ji (ur (BP)).

Therefore the horizontal asymptotes [I ?5]0’1,273 in the I'g — I plane define the domain of the two functions
F+ and describe the behavior of the BP curves for large values of |Ig| (compare with Fig. 10 in the main
text).

To conclude, we observe that for N; > 2, we may observe the formation of special branching points
that are not determined by the condition A; = 0, rather by the fact that one of the eigenvalues of the
reduced Jacobian matrix tends to zero. These branching points can be studied analytically through
our approach, but since the complexity of the corresponding eigenvalues strongly depends on N; and on
the degree of heterogeneity of the inhibitory population, we do not analyze them in detail.

S3.2.2 Zero-Hopf (neutral saddle) bifurcations

By definition, the zero-Hopf bifurcations (ZH for short) are detected when the network has a zero eigen-
value and a pair of complex-conjugate purely imaginary eigenvalues. In our case, this occurs at the
intersection of the BP and H curves, therefore the ZH bifurcations satisfy the following conditions (see

Fas. (510) and (S50)):
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o] (ur () = b [ 4 2 = Mot (ui (21)]

L L ot (g (ZH)) = 0,

From this system of equations we get:

N-1 (1 NI>
74'_7 s

o e (M) =08 =1y g\ *

N-—-1
@71/ (pr (ZH)) :m’

and therefore:

2
2 |, (VgaXAE(NE—l)JEE) 1

+ T
pk (ZH) =VE £ =
" " AR 4N -1) (& +2)
(S54)

i (ZH) =V 27 -1,
A

Therefore finally, from Eq. (6) or (11) in the main text, we see that the coordinates of the ZH bifurcations
are:

Ip (ZHo) = - puh (ZH) — S Jppdp (uf (ZH)) — g5 Jere (uf (ZH)),

) = £uf (ZH) — & Jrpdlp (ph (ZH)) — St sy (uf (ZH)),

Ip (ZHh) = Z-pp (ZH) — T Jepdp (ng (ZH) — x5 Jerdr (uf (ZH)),
{ Nt I (uf (ZH))

T (ZH) — 32 Jrpde (np (ZH)) — 35

NE711 Jepds (ug (ZH)) — NNf1 Jerdy (uy (ZH)),

Ip (ZHz) = - (ZH) — =
= Lyy (ZH) — FE Jipdn (uh (ZH) — N Jiedr (ur (ZH))

NS Jeede (np (ZH)) — 35 Jer s (py (ZH)),

Ig (ZH3) = %HE (ZH) — F=
{ M=t (uy (ZH)) .

It (ZHs) = Fpp (ZH) = & Jieds (up (ZH)) — J

In the current and the previous subsection we have studied the case A; = 0. From now on we will restrict

ourselves to the case A\; > 0.
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S3.2.3 Saddle-node bifurcations on the secondary branches

The results of this subsection are valid only for Ny = 2. The LP curve that occurs on the secondary
branches is given by the condition that one eigenvalue of the Jacobian matrix is equal to zero.
Since the determinant of a matrix is equal to the product of its eigenvalues, and moreover the eigenvalues
Ag are never equal to zero, then the LP curve is described by the equation det (J R) = 0. After some

algebra, this condition can be rewritten as 4.7, (ug) — b =0, where:

, 1 NE —1 1 NE
112712 N1 JEE+?IWJEIJ1E [JZ{II (HI,O)"’M(HI,I)]
+ W [QNEJEIJIEJU —(Ng —1) JEEJIQI] A (uro0) @ (pr1),
B*L 1 ( Ju 2.!2{/( AT (S55)
_TE 7_12 7N 1 1 \[1,0 1 \M1,1) |,

therefore we get:

, b
A () = 5. (856)

Now, by inverting Eq. (S56]), we obtain pug as a function of d, 13, that in turn depend on pro and pr ;.
Combining this result with Eq. (S49) (for ¢ =0 and j = 1), we get ug as a function of us ¢ only, which

can be used to get the parametric equations of the LP curve. Indeed, if we define v def 11,0, now we have
formulas £ = f (v) (depending on the sign in the expression puf = V& +---) and u;1 = g (v), which
replaced into Eq. (12) of the main text provide the parametric equations of the currents I ; on the LP
curve, as a function of the parameter v.

In particular, it turns out that the two portions of the LP curve are generated by [ur1]; (see Eq. ),
therefore the points on the curve have to satisfy the following system of inequalities:

maxp o

0< o (up) < “E=E
0< o (1) < I (S57)

—47% —2p+ 1 >0.

Noke)

The system determines the range of v where the LP curve is defined, but unfortunately it cannot
be solved explicitly. However, in this case the extremes of the range of v do not define any important
codimension two bifurcation point or asymptote, differently to what occurs for the LP curve on the
primary branch. For this reason their exact evaluation is not fundamental. Nevertheless, for the sake of
completeness some numerical examples are shown in S1 Table for different values of Ji;.

From the formula of b it is interesting to observe that </}t (pg) is proportional to

2 2
}IQ - (1(711—11) o (pr,0) ] (pr,1). Since for Ay — 0 we get 17,0 — 1,1, and since }12 — ([;,]I_IIMI’ (ﬂ[,o)) =

—Ar (% — o] (HI,O))’ we conclude that A\; = 0 implies &L (ug) = 0. In other terms, according to

our analytical formula the LP curve on the secondary branches cannot exist for A; = 0, as it must be.
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To conclude, we observe that on the LP curve we have new CP bifurcations, whose coordinates
cannot be calculated analytically, as in the case of the primary branch (a numerical derivation has been
implemented in S1 File).

S3.2.4 Andronov-Hopf bifurcations on the secondary branches

Similarly to SubSec. [S3.2.3] the results below are valid only for Ny = 2. If we replace AR = 4w into
Eq. (S47)), we get the following system of equations:

aw® — éw =0,

bw? —d = 0.
w = 0 is a solution if and only if d=0 (this condition corresponds to the BT bifurcation that we
will discuss later in SubSec. [S3.2.5)). Moreover, the remaining solution w # 0 exists if and only if

ad — bé = 0. By means of Eq. (S48)), after some algebra this last condition can be written more explicitly
as a (A (up))” + beZ)y (up) + & = 0, where:

. Ng—1 2 Ng—1 Ng , , }
- = - —_— 4 o,
a=N_1 JEE |:7'I N1 JEE + (N 1) Jerdre (] (uro) + 94 (p11)) |
Ng , , < 1 1) |:4 Ng -1 Ng ’ ’
b=2——JprJrgJir 4, o - —+ = |— J Jerd o o
(N_17 erJieJid] (pr0) 71 (n1,1) - +7'1 7 N—1 EE + (N1 e1dre () (pro) + < (p1,1))
o2/t 1) Jir \* ,
i {(nﬁn) - (§5) o o) o )| (55%)

Therefore we get:

o (ug) = (S59)

—b4 Vb2 — 4ae
24 :

Now we can follow the same procedure explained in SubSec. for the LP curve, ending up with a
parametric formula for the H curves on the secondary branches.

As usual, we need to find also the range of the parameter v = . As for the LP curve, this range
cannot be calculated analytically. However, in some cases one of the extremes of the range can be found.
Indeed, in Fig. 10 of the main text we showed that when inhibition and excitation are strong enough,
the H curves of the secondary branches are connected to the BP curves through the same ZH bifurcation
points that we calculated in SubSec. and whose inhibitory membrane potentials are known (see
Eq. ) First of all we want to prove briefly that the H curves of the secondary branches actually
converge to the ZH points, when they exist. For A\; — 0 we know that p;o and pr; converge to the
inhibitory potential p; of the primary branch, therefore the reduced Jacobian matrix becomes:

— L+ NS e (ne)  REL A () S ()
1

—R
TR T = B Jipdy (Le) -1 -1
Np / _ 1 _1
Nfl‘]IEME (/“LE) Tr Tr
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. . . . <R <R .
It is easy to prove that this matrix has eigenvalues A\;; = )\zfl and Ay = A; = 0, where )\Zfl are given

by Eq. . In other words, for A\; — 0 the two complex-conjugate purely imaginary eigenvalues X?,l
converge to /\6?1. This means that the H curve of the secondary branches meets the BP curve when two
eigenvalues are complex-conjugate purely imaginary and equal to those of the primary branch. As we
know, the latter is the condition that defines the H curves of the primary branch. Therefore the H curves
of the primary and secondary branches and the BP curve meet each other at the same point, which must
be ZH, according to the results in SubSec. Therefore in this case one of the extremes of the
parameter for each H curve is b = uy (ZH), as given by Eq. , while the other must be calculated
numerically.

We conclude by observing that the point GH is analytically intractable, as in the case of weak
inhibition.

S3.2.5 Bogdanov-Takens bifurcations on the secondary branches

The BT bifurcations occur at the intersection points between the LP and H curves, therefore they are
defined by Egs. (S56) + (S59). From them we obtain the condition:

ab® + abb + a*¢ = 0. (S60)

Now, these parameters are functions of pr o and pr 1 (see Egs. + )7 therefore from Eqs. (S49)
+ we obtain two equations in two unknowns, from which in principle we should be able to derive
the inhibitory membrane potentials. However, these equations turn out to be analytically intractable.
For this reason, the BT bifurcations can be calculated only numerically (see S1 File). The simplest way
is by checking when the condition d = 0 is satisfied on the H curves of the secondary branches, because
this corresponds to find the points where the H and LP curves meet each other. Alternatively, it also
possible to check the condition ¢ = 0, since 4d — bé = 0 on the H curves and b # 0 (with the exception of
the ZH points, where b = —tr (TR) == (0+AF+AF) =0).

S4 Examples of dynamics from the codimension two bifurcation
diagram

The codimension two bifurcation diagrams shown in Figs. 7 and 10 of the main text contain almost all
the information concerning the dynamics the model is able to exhibit for different values of I ; and Jr;.
However, the knowledge about the amplitude of the oscillations, as well as the value of the membrane
potentials at the equilibrium points and their stability, is carried out by the codimension one diagrams.
For this reason, by following the same logical path as in [2], in this section we integrate the results shown
in the main text by providing the codimension one bifurcation diagrams for several values of I7 in both
the weak and strong-inhibition regimes (see SubSecs. and respectively).

S4.1 Weak-inhibition regime

Let us first consider the weak-inhibition regime J;; = —10. Due to the high symmetry of the bifurcation
diagram of the network (see Fig. 7), we focus on its upper-half part, as shown in S4 Fig. The codimension
two bifurcation points, with the addition of the relative maxima and minima of the H and the limit point
of cycles curves (identified by the labels p1, p2 and p3), provide a subdivision of the Iy — I plane, which
is also detectable by white and gray backgrounds. Specifically, we find nine areas, identified by the letters
A-I, where the system exhibits qualitatively similar dynamics. Overall, the system displays temporal
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behavior which is of considerable physiological interest. In particular, we stress the presence of damped
oscillations, stable oscillations and hysteresis. Damped oscillations are involved in the thalamus, in the
olfactory bulb and in the cortex [3H6] as a reaction to impulse stimulation. Moreover, stable oscillatory
activity is an emerging property of the thalamocortical system and can be observed at the mesoscopic
scale in EEG signals [7]. Oscillations are commonly classified in the frequency bands delta (1-4 Hz), theta
(4-8 Hz), alpha (8-13 Hz), beta (13-30 Hz) and gamma (30-80 Hz). Slow and infra-slow oscillations (0.1-1
Hz and 0.02-0.1 Hz respectively) can also be observed, as well as fast and ultra-fast rhythms (80-200 Hz
and 200-600 Hz) [§].

It is important to observe that our model, as described by Eq. (3) in the main text, is dimensionless.
In order to match it with neurophysiological recordings, it is natural to express the membrane potentials
in mV. Moreover, since in our analysis we chose g = 77 = 1 (see Table 1), and since the membrane
time constant of biological neurons is of the order of 10 ms (see for example [9]), we conclude that
in our simulations time is expressed in centiseconds. For this reason, if numerical simulations exhibits
oscillations with dimensionless frequency fuum, the corresponding frequency in physical units is 100 X fpum
Hz.

By going into the details of our analysis, below we list all the areas highlighted in S4 Fig, and we
describe their corresponding codimension one bifurcation diagrams. The collection of these diagrams is
shown in S5 Fig, where each panel describes the equilibrium points in the excitatory population as a
function of Ig, while Iy is held constant (the equilibria of the inhibitory population have been omitted
due to the similarity with those of the excitatory population). In S4 Fig, we identify the bounds of
each area on the I;-axis by the notation Iy (B), where B represents the bifurcation acronym; moreover,
I; (LB) = —17 and I; (UB) = —2 characterize the lower and upper bounds, respectively, of the inhibitory
current of the whole diagram.

[A-B] For I; (CPC) < I; < I; (UB) (where CPC is the acronym for the cusp bifurcation of cycles),
areas A and B are characterized by non-oscillating activity (motivated by the absence of stable limit
cycles) and bistability. Nonetheless, stable equilibrium points, both foci and nodes, exist. The unstable
equilibrium points and the unstable limit cycles create basin separatrixes that determine, depending on
the initial conditions, the equilibrium to which the solutions converge. In particular, the lowest stable
portion of the equilibrium curve is characterized by a low firing rate activity, and since the eigenvalues
are complex-conjugate, these equilibria are foci. This means that for all the initial conditions belonging
to the basin of attraction of the low-activity state, damped oscillations appear. On the contrary, the
highest stable portion of the equilibrium curve corresponding to the high firing activity is characterized
by real eigenvalues and thus is constituted by nodes. Examples of temporal evolution of the membrane
potentials that converge to foci, as well as to stable nodes, are represented in S6 Fig, left. Furthermore,
bistability is present in the codimension one bifurcation diagrams of areas A-B. As we said in the main
text, in A bistability occurs in presence of hysteresis.

[C-H] Stable oscillations with different frequencies are present for all I; (BT3) < I; < I; (CPC).
However, they are generated by different kinds of bifurcations. In more details, in area C the subcritical
H bifurcation gives rise to unstable limit cycles. Due to the vicinity to the CPC bifurcation, the limit
point of cycles curve is two-fold crossed and leads the unstable limit cycles to become stable and hereafter
unstable again. Finally, these limit cycles vanish in a homoclinic bifurcation where the frequency of the
oscillations decays to 0 Hz. Thus, in a narrow range of values of Ig, three stable solutions coexist:
a damped oscillating solution and a non-oscillating solution, as in the areas A-B, together with stable
oscillations in the range of about 30-128 Hz. Furthermore, in area D, stable limit cycles originate from the
unstable ones after reaching the limit point of cycles curve. These stable limit cycles reach the maximum
oscillation frequency just after they change stability; its value is about 150 Hz. The stable limit cycles
vanish in the homoclinic bifurcation. Finally, in the remaining areas E-H, we always observe oscillatory
activity described by one or two families of stable limit cycles. In all the cases, the frequencies span from
the theoretical 0 Hz at the homoclinic bifurcation up to 170 Hz. Several examples of oscillations are
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shown in S6 Fig, right.

[I] To conclude, for Iy (LB) < I} < I7 (BTj3) the system presents both stable equilibrium points and
stable limit cycles. In particular, stable equilibria describe states with high firing rates for large I. On
the contrary, states with low firing rates emerge for low Ir. Moreover, for intermediate values of Ig, the
unstable equilibria are surrounded by stable limit cycles. In turn, the stable limit cycles are enclosed
between two homoclinic bifurcations.

S4.2 Strong-inhibition regime

Let us now consider the strong-inhibition regimes J;; = —34 and J;; = —100. The codimension two
bifurcation diagrams in these cases are more complex than that of the weak-inhibition regime. For this
reason, we do not show systematically the codimension one bifurcation diagrams for each slice that can
be identified in the whole codimension two diagrams, contrarily to what we did in the weak-inhibition
regime. Nonetheless, we provide the codimension one diagrams in three different sample areas called A,
B, C highlighted in S7 Fig, and specifically for It = —4, It = —13.25 and Iy = —16. We underline that,
nearby the graphs of ugp = pur(Ig), we show also that of u; = p;(Ig). This choice is motivated by the
fact that, unlike the weak-inhibition regime, now the secondary branches of equilibria exhibit qualitative
differences in excitatory and inhibitory neurons. The collection of these diagrams is shown in S8 Fig and
S9 Fig.

[A] The model exhibits non-oscillating or oscillating activity depending on the inhibitory strength.
On the one hand, for J;; = —34 the model exhibits non-oscillating activity on both the primary and
the secondary branches since stable limit cycles do not exist. The primary branch is characterized by
stable foci (nodes) for low (high) values of Ig. These equilibria describe low- and high-activity states,
respectively. For intermediate values of I, the solutions of the model converge to the stable equilibria
of the secondary branches. However, bistability is present. On the other hand, for J;; = —100 the H
bifurcation gives rise to stable limit cycles that represent oscillating activity with frequencies from 0 Hz
at the homoclinic bifurcation up to 89 Hz.

[B] For both Jrr = —34 and J;; = —100, the system presents both stable equilibria (nodes and
foci) and stable limit cycles. As before, stable equilibria describe states with high firing rates for large
I, while states with low firing rates emerge for low Ip. Moreover, for intermediate values of Ig, the
unstable equilibria of both the primary and secondary branches are surrounded by stable limit cycles.
In particular, for J;; = —34, the high-amplitude stable oscillations produced by the H bifurcation on
the primary branch exhibit frequencies from 0 Hz at the homoclinic bifurcation up to nearly 90 Hz. On
the contrary, the low-amplitude oscillations originated from the secondary branches display frequencies
from 124 to 154 Hz. For J;; = —100, the oscillations originated from the H bifurcation on the secondary
branches span from 70 to 102 Hz.

[C] This third case turns out to be similar to the previous one. However, for both the inhibition
strengths considered here, new stable limit cycles arise on the primary branch for low Ig, and vanish
at the homoclinic bifurcation. In particular, for Jy; = —34, their frequencies lie from 0 to 142 Hz. A
similar frequency range (0-130 Hz) characterizes the limit cycles for high Ir. On the contrary, we find a
narrow frequency range for the low-amplitude oscillations on the second branches (152-164 Hz). Finally,
for Jy; = —100, the oscillations on the primary branch exhibit frequency from 0 Hz at the homoclinic
bifurcation to 73 Hz, while those on the secondary branches show frequency in the narrow range from 73
to 89 Hz. It is important to underline that, for both the inhibitory strengths, the high-frequency limit
cycles display a torus bifurcation (gray loop in S8 Fig and S9 Fig). Close to this bifurcation the spectrum
of the oscillations contains two incommensurable frequencies, therefore the neural network undergoes a
quasiperiodic motion, as shown in S10 Fig.
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S5 How the network size and sparse connections influence the
branching points

It is interesting to investigate how the network parameters affect the BP bifurcations. Particularly
important is to study the role of the network size N, because this allows us to compare our finite-size model
with its mean-field approximation. In SubSec. we show that the branching points disappear in the
thermodynamic limit N — oo, which proves that the mean-field theory provides only an approximation
of the real behavior of the network. This is a consequence of the all-to-all connectivity of the network,
therefore it is natural to wonder what is the behavior of the network when its synaptic connections are
sparse. In SubSec. we argue that, contrary to the fully-connected case, the BP bifurcations may
occur also in large networks if the synaptic connections are sparse enough.

S5.1 Differences between our approach and the mean-field theory

In this subsection we explain intuitively why the mean-field theory does not account for the formation
of the branching points. The mean-field theory makes the assumption that within each population the
membrane potentials are independent and identically distributed. Therefore, by hypothesis, it forbids
the presence of heterogeneous solutions, like those that emerge from the BP bifurcations. Due to this
assumption, according to the mean-field theory developed by McKean, Tanaka, Sznitman, and others
[10H17], Eq. (3) in the main text can be reduced to a system of two differential equations:

TEO = Ve (1) + RpJprE [p (Ve ()] + RiJpiE [ (Vi ()] + I,
(S61)
DO = —LVi (1) + ReJieE (e (Ve ()] + RiJuE [ (Vi (8)] + 11,
where R, = lim % (namely the ratio between the size of population o and that of the whole network

N—o0
in the thermodynamic limit, therefore in our case Ry = 0.8 and R; = 0.2), while V,, represents any

membrane potential in the population a. Moreover, E[-] denotes the average over trials at a given
time instant, and it means that the system is generally supposed to be stochastic. Stochasticity can
be introduced in different ways, for example through Brownian motions, random initial conditions, or
random synaptic weights [18]. In this work we consider a deterministic system, therefore we get simply
E [y (Vo ()] = oo (Vo (£)). In this way, the neural network is described by a system of two coupled
equations in the unknowns Vg 1 (t), whose Jacobian matrix is:

~ L 4 RpJepdh (i) Ridersd (ur)

2
ReJiedy (pE) *% + RrJriedf (ur) (862)

L7mf — |:
Its characteristic equation is:

2
o™ (A1) + 678 + e =0,

where:
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vt =— 4 o ReJepdy (pe) — RiJudi (p1),

TE

m 1 1 1
= — (—RIJH@{I/ (u1) + —ReJep sy (HE)> +ReRi (JepJi — JieJer) g (ne) o7 (ur) -
TETI TE TI

From Eq. (S31) it easy to see that Nlim MY, = A, The only difference between A}, and AP is in
570, ; ) ;

the ratios that multiply the synaptic weights (]X;":ll or ]\],le for the finite-size network, and R, in the

mean-field case). This difference, which is due to the absence of self-connections, is small for large
networks. Therefore, when compared to a finite-size network, the mean-field approximation takes into
account only the information provided by )\Zfl, and neglects that of Ag ;. Clearly A\g is always negative,
therefore it never affects the changes of dynamics of the system. However, in a finite-size network A; can
change sign, generating a BP bifurcation. The mean-field approximation neglects this information, and
this is a consequence of the fact that A}i_r}rloo)\ ;= —%. In other words, in the thermodynamic limit the

eigenvalue \; is always negative. For this reason, it cannot generate BP bifurcations, which is consistent
with the hypothesis of identical neurons. In mathematically more rigorous terms, we get that the center
manifold [19] of the network is not affected anymore by A\; for N — oo, so that the dynamics is governed
only by )\(7)?1. This proves that the mean-field approximation oversimplifies the description of the network,
since it takes into account only the primary branch.

The LP and H bifurcations on the primary branch undergo only small quantitative changes in the
thermodynamic limit, since the ratios 22=! and J=! in Egs. (16) and (20) of the main text converge
quickly to 0.8 and 0.2 respectively for N — oco. Quantitative small changes occur also in the curves of
the global bifurcations.

S5.2 Finite-size effects are stronger for sparse anatomical connections

According to the definition of ¢ (see Eq. (4) in the main text), the formation of the branching points

%. It is natural to argue that, more generally, in a network with sparse
[Ji1]

connections their formation is determined by the ratio S0 where M7 is the mean number of incoming
connections per neuron of the inhibitory population. For this reason, in this subsection we extend our
analysis to the case of sparse connectivity matrices (to simplify matters, we consider a purely inhibitory
network, since inhibition is sufficient to generate BP bifurcations). For example, we can consider the
block-circulant topology BCp a (Mo, ..., Mp_1) with circulant-band blocks introduced in [18]:

is determined by the ratio
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where B, ... BEF-1 are G x G circulant matrices (so that FG = N), with bandwidth 2¢; + 1, for
i =0,..., F —1. The network equipped with these synaptic connections can be interpreted as a collection
of F neural masses with G neurons each. If we define:

then Mo & 2¢, — H (50 — 4]+ (—I)G) is the number of connections that every neuron in a given

mass receives from the neurons in the same mass. Furthermore, M; def 26 +1—-H (& - [%J + (—1)G)7

for ¢+ = 1,..., F — 1, is the number of connections that every neuron in the jth mass receives from
the neurons in the (i+ j)th mod F' mass, for j = 0,...,F — 1. Therefore we conclude that M; =

F-1 G
F1+ %05 26— 1 (6- [$)+(-1%)].
Now, if we suppose that the membrane potentials are homogeneous, the eigenvalues of the correspond-
ing Jacobian matrix are:
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with m = 0,...,F —1 and n = 0,...,G — 1. They depend on the ratio ‘]%, where now M; does not
necessarily diverge in the thermodynamic limit (consider for example the case when G — oo for F' fixed,
and the parameters ; are finite and independent from G). In other terms, the eigenvalues A, g4, do not
necessarily converge to —% for N — oo (compare with SubSec. . Therefore this topology exhibits
stronger finite-size effects than the fully-connected network, thus we expect that in the case of sparse
connections the BP bifurcations may occur also in large networks.

We also underline that, according to [18], if M; does not diverge for N — oo, the neurons do not
become independent, therefore Sznitman’s mean-field theory cannot be used to simplify the description
of the network, even in the thermodynamic limit. This further underlines the importance of a formalism

that allows the study of networks composed of an arbitrary number of neurons.
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