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Appendix A

Mean of protein in the presence of cell cycle variations

Based on standard stochastic formulation of chemical kinetics [1, 2], the model introduced
in Figure 2A coupled with phase-type distribution introduced in Figure 3 contains the

following stochastic events

Event Reset Propensity
Protein production x(t)— x(t)+u k. p
ikg ..
Phase-type &ij g i #)-1, e {z:igfj.: ny,
Evolution iy (D &y () +1 jefl,...,i—1}
‘x(ts)|_)x+(ts)9 kpzn:(_]g),
Cell-division g,; ()0, =i

ga(t) > gu(t)+1  ieil....n;

Note that z(ts) is protein level after division, characteristics of z, (ts) is related to
protein level before division as shown in equation (5) of the main text. Whenever an
event occurs, protein level and states of phase-type distribution change based on the
stoichiometries shown in the second column of the table. The third column of table
shows event propensity function (z, g;;), which determines how often reactions occur,
i.e., the probability that an event occurs in the next infinitesimal time interval (¢, ¢+ dt] is
Y(x, g;;)dt. Protein production is a stochastic event which happens in bursts, each burst

generates B molecules where B is a general random variable with distribution

Probability{B = u} = pi;, we{0,1,...,00}. (A.1)



The probability of having a burst in the time interval (¢,¢ + dt] is k,p!/dt. Events related
to time evolution of phase-type distribution happen with a constant rate ik.

Cell division changes both the level of protein and states of phase-type. This event
contains start of new cell cycle, hence whenever this event occurs, the last state of phase-
type distribution resets to zero, and a new cell cycle which is sum of ¢ exponentials
starts with probability p;; protein count level also resets to z, (ts). The probability of
cell division and starting a new cell cycle from state g;; in the time interval (¢,t + dt] is
kp; Z;‘L:I (7gj5)dt.

Theorem 1 of [3] gives the time derivative of the expected value of any function ¢(z, g;;)

as

d<90(2;gij)> _ < S Ap(, gi) % w(x,gij)>, (A.2)

FEvents
where Ap(z,g;;) is a change in ¢ when an event occurs. Based on this setup, mean

dynamics of protein can be written by choosing ¢ to be x

=+ 85 (G - 0)) =

1) ki) - g S (irg))

J=1

(A.3)

where we replaced conditional expected value of x, by z/2 based on relation between
statistical properties of x, and x shown in equation (5).

Dynamics of (z) is not closed and depends to moments (zg;;), hence in order to have
a closed set of equations we add new moments dynamics by selecting ¢ to be zg;;. We

do it in two steps: first we write the moment dynamics of (zg1)

d(rgi1)

k
o = ka(B)on) + Spi (eghy) — ki (2g) kZp@ Tg11) (A.4)
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In the equation (9) of the main text it has been shown that
(gi2™) = (giz™), mne{l,2,...}, (A.5)
thus the term (zg?) will simplify as
(xg})) = (zgn) (A.6)

and the dynamics of (xgy1) can be written as

d(filﬁ = k. (B){g11) + gpl (wg11) — k{xg11). (A.7)

In the second step we write dynamics of the moments of the form (xg;;) other than (xg:;)

d(ﬂ;iiﬁ = ko(B){gi1) + kp; Z <j <(g + %gil - xgil)gjj>> — ik(xgi), (A.8a)
d<fli”> = ko(B)(9ij) — ik{xgi) + ik{xgij-1)), J €2, i}, (A.8D)

where dynamics of (xg;1) can be written as

d(Zihﬁ = ku(B)(9i1) + kp; i (j <ggjj>> + kp; i <—j <ggilgjj>> —ik{zg;1). (A.9)

j=1 j=1

The equation (10) in the main text shows that

<gijgrqu> = 07 if ¢ 7é r or ] 7é q, (Al())



hence 377, (j (£9119;5)) = 0, and equation (A.9) simplifies to

j=1

Further based on Figure 3 in the main text the probability of selecting a branch of ¢
exponentials is p;, and because all the transitions happen with a constant rate ¢k, hence

mean of each of these 7 states is

(9i) = % (A.12)

This also can be seen by solving moment dynamics of (g;;)

d<§;1> = kpi Z (7955)) — ik{gi), (A.13a)
d<§zj> = ik{gij-1)) — 1k{gi3), 1 =A12,...,i}. (A.13b)

Overall equations (A.7), (A.8b), (A.13), and (A.11) can be compactly written as shown

in equations (11)-(14).



Appendix B

Moment dynamics of hybrid model introduced in Fig-

ure 2B

Stochastic hybrid system introduced in Figure 2B coupled with phase-type distribution

contains the following stochastic events

Event Reset Propensity
ikg ..
Phase-type &ij )= 8ij ()-1, jc {zfl]: ny,

Evolution sy (D &y +1 jen  i-1

t)— x(t)/2 -y
M) )12 3 g ),
Cell-division g (z,)—= 0, =1

gil(ts)Hgil(ts)‘i'l iE{l,.,.,n}

and deterministic protein production dynamics
=k, (B). (B.1)

Time derivative of the expected value of any function ¢(z, g;;) for this hybrid system can

be written as [3]
—d<@(2;gij)> = <E;8Aw(x7gm) X ¢(w,gij)> + <W%<B>> , (B.2)

where the first term in the right-hand side is contributed from stochastic events and the

second term is contributed from deterministic protein production dynamics. Based on
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this equation, the mean dynamics of the protein is calculated by choosing ¢ to be x

M) kB~ 53 Gt (B3)

j=1

which is the same as equation (A.3). In addition to mean, dynamics of (zg;;) are also
equal to their equation in the previous section.

The second order moment dynamics of protein can be expressed by choosing ¢ to be

d<§> = 2kz(B)(z) + k’; (j < ((g)Q — x2) 9jj>> ; (B.4)

which can be simplified as

d<§> = 2ka{B){z) - % > (i {2%0i1)) - (B.5)

J=1

In order to have a closed set of equations we select ¢ to be of the form z%g;;. At the first
step we write moment dynamics of (x2g;;)

d(z*g11)

k n
o = 2ke(B)(zgn) + 7 p (2°gh) — kpr (2°g01) — kY pilagn). (B.6)

4 ,
1=2

Based on equation (9) of the main text, the term (z?¢?) simplifies as

<x29%1> = <x2911>, (B.7)
hence dynamics of (z%g;;) will be
d(z? k
( dtgn> = 2ka(B)(zgn1) + s (2g11) — k(z®gn1). (B.8)



In the second step, we write dynamics of moments (z2g;;) when g;; # g1

d(z2g; (. ) (z* z? :
< dtg l = 2k, (B){xgin) + kpi ; <J <(Z + 79— 51729i1) 9jj>) —ik(z*ga), (B.9a)
d(z°gi;)

T = 2ka(B){wgy) — k(2P i) + k(e g ), G =121, (B.9b)

where dynamics of (x2g;;) can be shown to follow

d(x;921> — Qkx<B><$gi1>+§pi Z (7 (z°g;;)) _¥pi Z (j (x%ging;;)) —ik{z2gn). (B.10)

j=1 j=1

Based on equation (10) in the main text Y 7 | (j (°gingy;)) = 0, thus equation (B.10)

simplifies to

d<$;le> = 2k (B)(zga) + %pi Z (j (2%gj;)) — ik(z?gan). (B.11)

=1

Equations (B.8), (B.9b), and (B.11) can be compactly written as equations (19) and (20)

in the main text.



Appendix C

Moment dynamics of hybrid model introduced in Fig-

ure 2C

Stochastic hybrid system introduced in Figure 2C coupled with phase-type distribution

contains the following stochastic events

Event Reset Propensity
ikg..
S
Evolution 8i(j+1) () 8i(j+1) (1)+1 jell,...,i—1}
x(t) - x (t), <
(S) +(S) kPZZ(]gﬂ)’
Cell-division g (z,)— 0, =

g, ) g, t)+1  i€{l,....n}

and deterministic protein production dynamics

i = ky(B). (C.1)

Note that in this model x(t) is a continuous random variable, thus we also use a continuous
distribution to describe x4 (t5), however statistical properties of x(ts) is still given by
(5). For this model we still can use equation (B.2) to derive moment dynamics; equations
describing time evolution of mean and (zg;;) are the same as previous models, thus mean

of protein for this model is equal to its value in Appendix A. The second order moment
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dynamics of protein can be written by choosing ¢ to be z? in equation (B.2)

d(;(f) = 2k, (B)(z) + k’i: <j < (%2 + % - $2> 9jj>> : (C.2)

J=1

where conditional expected value of 22 is substituted based on equation (5). Dynamics

of (z%) can be simplified as

o = 2ka{B)(z) + Z (7 (2g3)) — . (7 (*°g55)) - (C.3)

The same as before we add dynamics of the form (2%g;;) to have a closed set of dynamics.

First we add dynamics of (z?g;;)

d xQ ak k n
) m 1) = ok (B agu) + — Pr(egty) + 7 (2Pgh) — kp (o) — K ;pwgm,
(C4)
Based on equation (9) of the main text dynamics of (z%g;;) simplifies to
d %2 ak k
| 7 W) — ok (B) o) + o {agu) + o (@gn) - kaPgn). (CH)

Now we express dynamics of moments (z%g;;) for g;; # g1

d{z%g;1) () (2 2? ar  ax ,
= 2k, (B){(xg;1) + kp; Z I\\T + 79 + e + 79 g ) gi5 ) ) — k(@ ga),

(C.6a)

d(z?gi;)

7 2k, (B)(2gis) — ik(x°gij) + ik(2’gi-1)), = 1{2,...,i}, (C.6b)
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where dynamics of (x2g;;) can be shown as

% =2k, (B)(zgn) + %kpi > (i (zgi)) + %pi > (i (#%g55))
Eo - 3k <« - (©1)
+ %Pz’ Z (j <5Ugi19jj>) - Ipi Z (j <5U292'19jj>) - ik<$29i1>-

Based on equation (10) in the main text Y7 (j (2*gingj;)) = 0, and 37, (j (zgings;)) =
0, hence equation (C.7) simplifies to

d{(z? i ak - . k n ) ‘

—< dtg ) = 2k, (B)(zgn) + VRK Z (7 (xg;5)) + ik Z (j <:B29jj>) —ik{z%g;s). (C.8)

j=1 j=1

Equations (C.3), (C.5), (C.6b), and (C.8) can be compactly written as equations (28)-(30)

in the main text.



Appendix D

Effect of mean protein level on partitioning noise

Right before division, the phase type is in one of its last states. Hence the mean number
of proteins before division, can be derived by conditioning on the phase type being on the

last stages G;

(]gu=1)= <xgm>’ ie{l,2,...,n}. (D.1)

Using (D.1) and moment (zg;;) obtained from (16) in the main article, we derive the mean

number of proteins right before
(z[gi = 1) = 2k, (BN(T), i€{1,2,...,n}. (D.2)

D.1 Partitioning noise for constant variance

Suppose that the noise added by partitioning is independent of the protein level before

division, i.e.,

x(t5)> = a, (D.3)

12
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Then the time evolution of (z?) and (x?g;;) changes to

d<dxt i = 2ks ) +ak Z gﬂﬂ Z a? g]] (D.4a)
d(x?gi1) E o~ 5 LI o

— = 2k.(B)(rgi1) + sz‘ Z (] (x gjj>) + akp; Z (7¢g;5)) — ik(z*gir), (D.4b)
d<$;tgu> = 2k, (B)(xgi;) — ik{z?gi;) + ik<x2g(i_1)j>, j=12,...,i}. (D.4c)

Taking a similar approach as we used in the main article results in

(T3) +4CVZ(TY + 6(T)3 4«
3(T) T

(22) = k2(B)* (D.5)

Finding C'V? of the protein level and subtracting the extrinsic noise found in (24) results
in
4o

1
3 {a)



Appendix E

Second and third-order moment dynamics of the full

model

Based on model introduced in Appendix A, second order moment dynamics of protein is

expressed by choosing ¢ to be 22 in equation (A.2),

d<d“f> = k,(B2) + 2k,(B) () + k; (j < (‘%2 + - a:Q) gjj>) o (B

where conditional expected value of 23 is substituted based on equation (5). Dynamics

of (x?) can be simplified as

= k(B%) + 2k (BY) + TS (g~ S (1 (e%) . (B)

j=1 7j=1

d{z?)
dt

The same as before we add dynamics of the form (z?g;;) to have a closed set of moments.

First we write dynamics of (x2g;)

d(x?g11)
dt

ok k -
= ko (B?)(g11)+2k, (B) <$911>+IP1 <$9%1>+ZP1 (g3, ) —kp1 (2°g3, )=k Z pi{z?gu1),
=2

(E.3)

Based on equation (9) of the main text dynamics of (z%g;;) simplifies to

= KB on) + 26(B) egu) + o (won) + o (g — kztgn). (B4)

d(x?g11)
dt

14
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Next, dynamics of moments (z2g;;) when g;; # g11 can be written as

d{z*g;
< dt . =ko(B?)(gin) + 2ko(B)(2ga)
(. ) (z* 2P ar  ox ,
+ kp; ; (] <(Z + 79 + e + 9 $2gi1) 9jj>) — ik(z%gq),
(E.5a)
d{x?g;; . . . :
% =ko(B*)(9ij) + 2ko(B)(wgis) — ik(a?gij) +ik{z’gi1y;), 7= {2, 1},
(E.5D)
where dynamics of (x2g;;) can be shown as
d{x?g; ak < . ko,
<Tl> =ko(B*)(gi1) + 2ko(B)(xgin) + P Z (7 {zg;;)) + g Z (7 (=°gj5))
koo 3k o . - (E6)
a , . .
+ Ipi Z (j <5Ugilgjj>) - Ipi Z (] <x292'19jj>) - 2k<$29i1>-
=1 j=1

Based on equation (10) in the main text Y27, (j (2%ging;;)) = 0 and 37, (j (zgings;)) =

0, hence equation (E.6) simplifies to

n n

= k'z<32><9i1>+2kx<3><$9i1>+%kpi Z (j (xgjj>)+§pi Z (7 (2%g55)) —ik(2?gn).

J=1 Jj=1

d{z*gi1)
dt
(E.7)

Equations (E.2), (E.4), (E.5b), and (E.7) can be compactly written as equations (35)-(37)

in the main text.



Appendix F

Contribution of different sources of stochasticity in

protein by taking into account gene duplication

A) Gene duphcatlon

Stochastic cell cycle,
Stochastic gene duplication,
Stochastic partitioning,
Stochastic production

\_/

X x+ B Cell division x —x+B

B) Gene duphcatwn

Stochastic cell cycle,
Stochastic gene duplication,
Deterministic partitioning,

Deterministic production x —x/2

Gene duphcatlon

C)

Stochastic cell cycle,
Stochastic gene duplication,
Deterministic partitioning,

Deterministic production X x

+

Cell division

Cell division

Figure A: Stochastic hybrid models for quantifying different sources of noise,
where gene duplication and cell division times are random events. A) Protein
production happens in random bursts with burst frequency k,. After gene duplication
event, burst frequency increases to fk, (f > 1). At the time of division, proteins are
randomly distributed between daughter cells, and the protein burst frequency is k, again.
B) Protein production is deterministic, and after gene duplication, dynamics of protein
production is multiplied by a factor f, i.e., # = fk,(B). At the division event, proteins
are distributed between daughter cells equally. Thus the only stochastic events are dupli-
cation and division events. C) Protein production is deterministic, and protein levels are
distributed randomly among daughter and mother cells. Thus duplication, division, and
partitioning are random events.
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Gene
duplication
P
Start cell @ 2/, @ 2k cane
cycle duplication
PN . .
n,k, nlkll ‘ nlkl, Gene
duplication
Cell
, division
P
Gene 2k2 @ 2ka Cell
duplication division

R YRR cell
division

Figure B: Cell cycle time consists of two time intervals: at the end of the
first interval gene duplicates, and at the end of the second one cell di-
vides. Two independent phase-type distributions are used to model cell cycle time in
the presence of genome duplication. The states of the first distribution are denoted by
Sijs i ={1,...,m}, 7 ={1,...,i}; transition between these states happens at rate ik;.
The states of the second distribution are shown by G;;, ¢ = {1,...,no2}, j ={1,...,i},
and transition between these states occurs at rate iks.

We study the contribution of different sources of stochasticity by using models in-
troduced in Figure A. Note that the model in Figure A.A contains both intrinsic and
extrinsic sources of randomness. Model in Figure A.B just include extrinsic noise, and
finally model in Figure A.C contains extrinsic noise and one source of intrinsic noise (par-
titioning). The cell cycle time consists of two time intervals: the time interval before gene
duplication and the time after gene duplication. These time intervals are modeled by us-
ing two independent phase-type distributions as shown in Figure B. Based on phase-type

characteristics mean of the states of the first phase-type (s;;) and the second phase-type
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(gij) are
Gy =28, ie{l,....m}, je{l,....i},
Y (F.1)
(g) = 2 =B), i€ {l.m}, je{l... i,

where 3 is defined as

5= Mean time interval before gene duplication  (77) (F.2)
o Mean cell cycle time (T '

We start our analysis by deriving mean level of protein in the next section.

F.1 Mean of protein count level in the presence of
gene duplication

After gene duplication the amount of genes expressing a specific protein doubles. Thus
the rate of protein production increases by a factor f as shown in Figure A.A. This model

coupled with phase-type distributions contains the following stochastic events

Event Reset Propensity

Protein production x(t) x(t)+u kxp;'{l + (f — 1)2 z gij]

i=1 j=1

ikys; s

() > 5. (f _19
SU() Sy() ie{2,...,n,},

First phase-type

evolution Si(j+1) - Si(j+1) (H+1 jell,...,i—1}
()0, kp " s
Gene-duplication 850 1P ’Zj:l SSiis
g, g, ()+1 ie{l,... n,}
ik,g.,
Second phase-type  &i ) g;(0)-1, ie {ZZgU n,}
evalution i (D &) (O +1 jell,...,i—1}
x(t,) = x,(2,),

P I8
Cell-division g (t,)—0, 2 21:1 i
Su(t) s, (1) +1 iefl,...,n}
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Note that in the protein production event, before gene duplication all the states g;; are
zero thus propensity function will be k,p!'. After gene duplication and before division, one
of the states g;; is one hence propensity function will be fk,p/. In time of gene duplication,
states of the first phase-type will reset to zero and state g;; of the second distribution will
be selected with probability p.; hence propensity function of gene duplication event is
kapi Y511 (5s45). At the end of cell cycle, states of the second phase-type will reset to zero
and a new cell cycle which is sum of 7 exponentials will be selected with probability p;;
thus propensity function of cell division event is kop; 3 72, (7955)-

Theorem 1 of [3] gives the time derivative of the expected value of any function

QD(I', Sij) ng) as

d{p(z, s, 9ij)) _ <

ph Y Ap(w,si,95) x U, Sz'j79z‘j)> : (F.3)

FEvents

where Ap(z, s;5,g:;) is a change in ¢ when an event occurs. The first-order moment

dynamic of this model can be expressed by selecting ¢ to be x in equation (F.3)

% —k,(B) <1 +(f-1) <iigzj>> + kgi (j <(g - x)gjj>> ) (F.4)

i=1 j=1 j=1

where conditional expected value of x is replaced from equation (5).
Mean dynamics is not closed thus we add dynamics of (xs;;), i = {1,...,m}, 7 =
{1,...,4} and (zg;;), ¢ = {1,...,m}, j = {1,...,i} to have a closed set of moment

equations. These moment dynamics are simplified by using equations (5), (9), (10) and
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(F.1) as
d(ﬁziﬁ = ky(B)(su) + %pg Z (j (g;;)) — iy (zsi), (F.5a)
d<f;w> — kx<B><8i]’> — ik <$8¢j> + 1k <x8i(j,1)>, j= {2, - ,i}, (F'5b)
d(ifiéthﬁ = fko(B){gin) + kp; i: (4 (xsj;)) — tka(xgin), (F.5¢)
—d%iij) = [ke(B)(9i5) = ika{xgi5) + ika(2Gi(-1)), J = {2}, (F.5d)

In order to find the mean of protein, first we need to find the moments (xs;;), i =
{1,....m}, j=A1,...,i} and (zg;), i = {1,...,na}, j = {1,...,i}. For calculating
these moments we should calculate the term Z;”il <j<xgjj>); this term can be obtained

by analyzing equation (F.4) in steady-state

k(B (11 B)+) = 23 (Teg) = 3 (e ) = 2oL a5

Jj=1 Jj=1

(F.6)
By having this term, we calculate (xs;;) by recursion process: we start by calculating
(rs;1) by substituting equation (F.6) in equation (F.5a). In the next step we use the

definition we derived for (zs;1) to calculate (xs;2) from equation (F.5b). We continue this

process until we derive all the moments

ke (B)

(o) = S (24 (0= 8)48) ) i = (i) = (i) (F)

Now we need to calculate the moments (zg;;), i = {1,...,n2}, 7 = {1,...,4}, thus we
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need the expression of the term Z;il ( J <:133jj>> ; from equation (F.7) we have the following

ni

: k:(B) (f(1—B)+2p)
> (s = ; . (F.8)
j=1 !
Substituting this term in equations (F.5¢) and (F.5d) result in
k(B ' 206k, (B . . .
1ko ) ko
(F.9)
Note that
) SHED 3 SUETEAERYCY) 9 3RS 9 9 )
=1 j=1 i=1 j=1 Zz 1 j=1 n2i:1’L 7=1 (Fl())
ZZ xsij +ZZ xgij
i=1 j=1 i=1 j=1

Thus by adding all the term calculated here and using equation (7) mean of protein can

be calculated as

= ko (B)(Th) (2f (1 = B) + 38 + BCVZ) | ke(B)T) (3f(1 = B) + 48+ f(1 - B)CVE)
2 5 :

(F.11)
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F.2 Noise in protein count level contributed from cell
cycle time variations

In order to calculate the noise contributed from cell cycle time variation, the model
introduced in Figure A.B coupled with phase-type distributions is used. This model

contains following stochastic events

Event Reset Propensity

_ _ ik;s..,

pist phase-ype SOP 0L 58
evolution Sicj+1) (t) = Si(j+1) (t) +1 JES {1,.. ,1 1}
s ()0, k'Y (s
Gene-duplication i) 1P Zj:l (/)
g, g, ()+1 ie{l,...,n,}
ik,go .
Second phase-type & (O g,; (-1, LA

evolution i &+ e i-1

x(t,) = x(2,)/2, o
) X Y (g,

Cell-division g; (t,)— 0, 21.91 ijl (]gjj )s
Sa(t) s, (t)+1 ie{l,...,n

and deterministic protein production

i = k,(B) (1 LoDy Zgij) . (F.12)

i=1 j=1

Theorem 1 of [3] gives the time derivative of the expected value of any function
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QO(I, Siju glj) as

d{o(z, sij, gij)) :< Z Ap(z, 5i;, gij) X w(m,sij,gij)>

dt
e ! 1
* < @;;ng ka(B) (1 +(f — 1);;%) > :

where the first term in the right hand side is contributed from stochastic events, and
the second term is contributed from deterministic protein production. In this model,

dynamics of (x), (zs;;) and (xg,;) are the same as equations (F.4) and (E.6), thus mean

of protein, (xs;;), and (xg;;) will be equal to their value in previous section. Further,
the second-order moment dynamics of protein can be added by selecting ¢ to be z? in

equation (F.13)

d<;;52> = 2k, (B) <<$> +(f—1) <i:z$9w>> 3k Z (j {2%g;;)) (F.14)

i=1 j=1

This equation is not closed thus we add dynamics of (2?s;;), ¢ = {1,...,n1}, j =

{1,...,4i} and (22g;;), i ={1,...,n2}, j={1,...,i} to have a closed set of equations

d<x;: 2 = 91 (B) s} + %Pz‘ i (4 (2°915)) — i1 {z*san), (F.15a)
% = 2ka(B)wsij) — ik (a%si5) + ik (s, = {21}, (F.15b)
% = 2fko(B){wgn) + k’lpii (4 (2%s53)) — ika(2%gan), (F.15¢)
W = 2fka(B){agyj) — ika(o®gig) + ikala®gnyy) g = {20}, (F.15)

In order to calculate noise we need to express (x2s;;), and (z2g;;), which requires calcu-



24

lating the term 2221 (j(:):zgjj>>; this term can be derived by analyzing equation (F.14)

in steady-state

3%2 ' ]<x29j,~)> =2k, (B) | () + (f - 1)<ZZ$%>) =
; ) 4R (BT (2 f(13;2ﬁ) 1354 BCV2) (F.16)
N AfKZ(B)*(To) (3f(1—B) + 48+ f(1— B)CVZ,)

3ks ’

where in deriving this term we used equation (F.11) and we summed all the terms in
equation (F.9). By having this term, we calculate (x2s;;) by recursion process. we derive
(x%s;1) by substituting equation (F.16) in equation (F.15a). In the next step we use the

definition of (x%s;1) to calculate (z2s;5) from equation (F.15b). We continue this process

until we derive all the moments

k2(B)*(Th) (2f(1 — B) + 38+ BCVE) |

(22s5) = 3k, p;
| TRAB (D) (3f(1 =) +45 + /(1 - BIOVE)
3iky ¢
2 2 -9 . .. .
+k§§fz> 2(5‘7 kit f”m“ﬁj),z’={1,...,n1},j={1,...,z‘}.

(F.17)

Expressing (z2g;;) requires calculation of the term 37!, ( J (xQSjj>> which can be obtained

from equation (F.17) as

ni

> (77 -

=1

4k (B)*(Ty) (2f(1 = B) + 368 + BOV7) N fE2(B)*(To) (3f(1 — B) + 4B+ f(1 - B)CVZ)
3k, 3k '
(F.18)
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Thus (22g;;) can be obtained with a recursion process from equations (F.15¢) and (F.15d)

e _ARABT) (21— 6) + 35+ 6CVR)
Jidl = 3ik, bi
FEABY(T) (3f(1— )+ 48+ f(1 = B)CVE)
i 3iks bi
P LRI, (PP (= Py 20 =) | SPEBR, (),
Zkz Zkg

] 1

i=1{1,...m), j=1{1,....0.
S S (F.19)
Note that > 7", Y70 (#%sy) + 312, >0, (22gi5) = (2?) thus the second order moment

of protein can be derived by adding all the terms in equations (F.17) and (F.19). (z2)
can be simplified by using equations (7) in the main article as

T _ (T9) + 12(13)

R

4 262(=38+2CVZ +6) +3B(8 —1)f(38 — BCVa +2(8 —1)CVz, —6) + (8 — 1) (—f?) (38 + 38CVE, — 4CVE —6)
3(T)

+

(1)

(F.20)
Finally, using the definition of C'V? results in noise of protein raised from cell cycle time

variations

(4(TP) + 4£3(13)) /(T)*
(BBCVE =1)+4)+ (B =1 f(B+ (B —1)CVZ —3))?
B2 (=38%(1 — CVE)? = 24BCVE — 6(8 — 1)2(CVE — 1)(CVE +1)f + 16CVE)
3BBICVE —1)+4)+ (B-1)f(B+ (B—1)CVZ —3))?
(B—1)2f2 (3CVE +3B%(CVE +1)2 — 68(CVZE +1)2 +2CVE +3)
3(BBICVAE =1)+4)+ (B -1 f(B+ (B —1)CVE —3))?

2 _
CVEf3

+

(F.21)
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F.3 Noise in protein count level contributed from
random partitioning

In order to take into account noise caused by random partitioning of proteins between
two daughter cells, we use the model shown in Figure A.C coupled with phase-type dis-

tributions. This model contains the following stochastic events

Event Reset Propensity

_ _ ik;s..,

Fistphaseype S0P HOL 5
evolution Sicj+1) (t) = 841 (t) +1 j€ {1,.. ,1 1}
s ()0, k'Y (s
Gene-duplication i) 1P, Zj:l (/)
g, g, ()+1 ie{l,...,n,}
ik,go .
Second phase-type & O g;()-1, . a8y

evolution i &+ e i-1

x(t,) = x,(t,), o
, : p > (g,

Cell-division g; (t,)— 0, 21.91 ijl (]gjj )s
s, ()P s, (,)+1 ie{l,...,n

and deterministic protein production

i = k,(B) (1 LoDy Zgij) . (F.22)

i=1 j=1

Note that here x is a continuous random variable, hence x, is also obtained from a
continious distribution. Connection between statistical statistical moments of z and
is given by (5).

For this model, (z), (zs;;), and (xg,;;) are equal to their value in Section E.1 and
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Section E.2. However, dynamics of (x?) and (zs;;) are different

n2

d(a?) ! 1 & Bk <, ., o
G =2k (B) | )+ (F =D D0 wgi ) |+ qoke Y G wag) = 77 D (5(2%05)

i=1 j=1 j=1 =
(F.23a)

ng na

) _ 2ko (B) (wsin) + —pi »_ (7 (x2g5)) + %akgz (j (xg;;)) — ik (z%sn),  (F.23b)
j=1 i=1

note that dynamics of (z%s;;), j = {2,...,i} and (2%g,;) are identical to equations

(F.15b), (F.15¢), and (F.15d). Similar to previous section, we derive (x2s;;) and (x2g;;)

as
o ki(B)X(Th) (2f(1 - B) + 38 + BOVE)
(#2s7) = Sk pi
FEZ(B)!(T2) (3f(1 = B) + 48+ f(1 - B)CVZ)
+ - D;
3ikq (F.24)
LR (Bf HASL= PO BT) | kB ),
91.2 7 . . Di»
12k 7 3tk
i={1,....m}j={1,...,i}.
- 4RABXTY) (2/(1 - B) + 38+ BCVE)
<5E gij> = ks bi
N fR2(B)*(T2) (3f(1 — B) + 4B + f(1 — B)CVE) .
3iks l (F.25)
f*E2(B)? <(1 - B)i*+ 0 -p)j+2(1 - B)ij> Afk2(B)? (w)
+ ; Di ; + ; pil —
tko ) iko i

+2akx<B>(§§;2— 5”5)% i={1,...,na}, j=1{1,....,i}.
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Hence the second-order moment is

v _ (T) + £2(13)

@ ey (L

y? 28%(=3B +2CVp +6) +38(8 —1)f(38 — BOVE +2(8B —1)CVE —6) + (B — 1) (—f?) (38 + 38CVp, —ACVE — 6)>
3(T)

N 2aks (B)(f(1 = B) + B)(T)
3

(F.26)
Squared coefficient of variation gives noise raised from partitioning and cell cycle varia-

tions, which subtracting equation (F.21) from results gives partitioning noise as

V2 — da(f1=5) + ) Ve

3((B2(f —1) —4B(f — 1) +3f) + B2CVE + f(1 — B)2CV3) (x)
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F.4 Noise in protein count level contributed from

stochastic production

In order to calculate the noise caused by stochastic birth of protein, we use the model
introduced in Section C.1. For this model, moments dynamics of (z?), (x%s;;), and (x?g;;)

can be written as

=1 =1 ~H
+ %a/@ i (7 (zg55)) — STkz i (4 (=%935)) , (F.28a)
i pe
d<$;:il> —kp (B2) (s11) + 2o (B) (wsi1) + %pi i} (j (22g;))
p
+ %a/@ i (7 (xg;3) — ik1 (@?sin), (F.28b)
p
Cl(x;;m =k (B2)(sij) + 2ko (B)(wsij) — iki (@?sij) +iki (s ny;)s G =12,...,i},  (F.28¢)
d(x;fm =fka(B?)(g01) + 2f ks (B)(zgin) + k1pi i (7 (2°sj5)) — ika(2%gin), (F.28d)
p=
W =Ika(B?)(9ij) + 2 ku(B)(xgij) — ika(a®gi) + ika(2gi1);), 5= {2,-..,i}. (F.28¢)

The same as before we derive (2s;;)

k2(B)*(Th) (2f(1— B) + 38 + BCVZ)

(x2s8i5) = Sk i
JE2(B)*(T) (3f(1 - B) + 48+ f(1—B)CVZ) ,
+ 3ik g
, ! o (F.29)
n k2(B)* , (5]2 +2(f(1—B)+ B)ij + ﬂj) 20k, (B)(f(1-B)+8) ,
27,2 p; . + - p;
i2ks 7 3iky

ko (B?) (f(l —B)+8

VAN ‘ .
= p;,, t={1,... ={1,...
ik‘l 3 +5Z>pzv ? { ) 7”1}7 J { ) 7Z},

+
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and (z2g;;)

Ak2(B)X(Th) (2f(1— B) + 38+ BCVE)

2, ,
<.%' gzg> = ks Di
TEUB)* (o) (3f(1 — B) + 48+ f(1 - B)CVf,)
+ - Di
3iko
212/ 132 _ 342 Y  aves 2 2 /s
L (0P 09120 DY | SPEBR, (Y
1ko 1 iko 1
20k (B)(f(1—=B)+8) , ko(B?) (f(1—B)+4pB J
i . 1—-0)= ) pi
- 3iks Pt ik 3 A=A )
i={1,...,n0}, j=1{1,...,i}
Finally summing all the moments (z2s;;), and (x2g;;) results in (22) as
22) — k2(B)2 (T) + £2(13)
@ ey (L
1y 28%(=36 +2CVp +6) +38(8 —1)f(38 — BOVE +2(8 —1)CVE —6) + (8 — 1) (—f?) (38 + 38CVp, —4CVE — 6))
3(T)
2
2 20k B =D EAD) <f(1 SIELIY (1 +§VT1 >> o)

— CV2
+ ka(B?) (W +(1=5) <1+ QV“)) (T2).

(F.31)

Steady-state analysis gives the noise from stochastic birth, random partitioning, and cell
cycle time variations. Subtracting noise of cell cycle time and partitioning in equations
(F.21) and (F.27) results in noise caused by stochastic production of protein

cve _ (BF 8B —1) +35(f ~ 1) +37(1 = SPCVR + 3F°CVR (B 1

3(PU - 1) = 450/ — )1 30) + OVE + [~ BRCVR) (B) o) U0
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F.5 Effect of gene duplication time on intrinsic noise

We investigate how the noise contributions from random partitioning and stochastic ex-
pression (CV3 and CV3 terms in equation (45) of the main text) change as 3 is varied
between 0 and 1 for f = 2. Results show that C'V32 and CV3 follow the same qualitative

shapes as reported in Figure 6. There exists a 5*

—\/2(2cv;%1 +5CV2CV2 +3CVE + 20V +3CV2 +1) + 20V +4CVE +2

: F.33
CVE +2CVE +1 (F.33)

B

such that CV3 is minimized and C'V3 is maximized when § = f*. Note that when
CVE =CVE =0, 8* =2—+/2 as reported in the main text. The minimum value of CV3

and the maximum value of C'V3 are given by

CVZ (3CVE +17) — \/2(201/7%1 +CV3 +1)(CVE +20V2, +1) +TCVE +3 g2y 1

3(CVZ (CVZ +3) +3CVE + 1) (B) (x)
(F.34)

CVp =

CVE = V2a

(F.35)

3\/(2CV2 +CVR +1)(CVZ, +2CV2, +1) = 3V2CVR, —3v20V3,

-

o
o)

Optimal value of g
o o
S [}

I
)

o

Figure C: Effect of gene duplication on intrinsic noise level. Left: Value of § where
C'V3 is minimized and CV} is maximized as a function of CVZ. When CVZ = CVZ,
noise levels always reach their extrema at § = 2 —+/2. Middle & Right: Extremum values
of OV and CV3 as a functions of CVZ . Noise levels are normalized by their values at

B =0.
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respectively. Plots of 8* and optimal value of CV} and CV} as a function of C'V} are
shown in Figure D. Note that if noise in 77 is high and 75 is deterministic then * shifts
towards zero. Similarly, if noise in 75 is high and T} is deterministic then * shifts towards

one.



Appendix G

Noise level in unstable protein

Consider an unstable protein with sufficiently high degradation rate 7, such that the
protein level reaches steady-state instantaneously compared to the cell cycle time (Figure

D). Let 7 denote the time from the last division event, then

<y < BB sy - fRe(B) (1)

T Yz

where T} is the time in which duplication happens. The mean level of an unstable protein

can be calculated as

(z) = (x|t < TV)p(r < TY) + (z|7 > T)p(t > T1), (G.2)

where p(7 < T7) and p(7 > T}) denote the probability of being in the time interval before

and after gene duplication. Using

p(r<Ty)=p, p(r>T)=(1-0), (G.3)
we obtain

To compute the extrinsic noise component we consider deterministic protein produc-

33
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tion and decay. The second-order moment of z(t) is given by

@<= () (B2 4 (B 0 as)

— 2
@2 > Ty = (fk;<B>> Va @

By using definition of C'V?, extrinsic noise is

(1-p)B(f—1)

Ve=Grra—pn

(G.6)

which is zero at = 0,1 and reaches its maximum at g = f/(1 + f) (Figure D).

Next we compute the intrinsic noise component. If the protein decay is sufficiently
high, the noise contribution from partitioning errors will be negligible because any er-
rors will be instantaneously corrected due to rapid protein turnover. Noise raised from
stochastic gene expression can be investigated by considering a model containing stochas-
tic bursty production and stochastic degradation of proteins, where after gene duplication
the burst frequency doubles. Again assuming large enough 7, m is equal to the

steady-state second-order moment of a stochastic model with burst frequency k, (analyzed

in [4])

2
(z?|r <) = (k‘7<B>) + k"‘2<5> + k2<73> (G.7)
In comparison with equation (G.5), there are two extra terms at the right hand side of
m. The first extra term is due to production of protein in random bursts and
the second one is due to stochastic degradation of protein molecules. Further for the same

reasons (large degradation rate and rapid equilibration of the distribution), (z?|7 > T})

is equal to the second-order moment of a model containing stochastic bursty production
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of proteins with burst frequency fk, which is

ka<B>) | JRBY) |k (B) (G.8)

(2|1 >TY) = <—
Va 27, 27,

Thus the second order moment of an unstable protein can be written as

- (12)' s BB, 1D,

xk: B)\? k g? k(B (G9)
+(2A2) -+ B gy BB

Using definition of CV? and subtracting extrinsic noise we obtain the following noise

contribution from stochastic expression and decay

1 /(B? 1
2\ (B) (x)
Sk, <B> 0.12 = Intrinsic noise
¥ — — Extrinsic noise
— X (5]
[3] >
® 9
- © 0.087
5 2
3 k(B o I i 4 S S I I
8 x< > g l i N 4L l 4 l
'E Vs T g 0.04|
° $TmTtoTttTTttttoY> Stable protein &
N ?jl-——><————-T—2————> — Unstable protein o
| | | | 0 0.2 . 9.4 . 0.6 0.8 . 1
Time Gene duplication time / Cell cycle time

Figure D: Contribution of gene duplication to noise levels of an unstable protein.
Left: For a stable protein, copy numbers accumulate in a bilinear fashion. In contrast,
an unstable protein reaches equilibrium rapidly and its level changes in steps. Right:
Extrinsic and intrinsic noise predicted for an unstable protein as a function of 3. Solid
lines are predictions from (G.6) and (G.10), which agree with estimates from 20, 000 Monte
Carlo simulations. Parameters taken as v, = 10hr~!, geometric burst with (B) = 6, and
f = 2. Burst frequency is changed to have a constant mean protein level of 100 molecules
for different values of 5. 95% confidence intervals are calculated via bootstrapping.



Appendix H

Simulation results

In this section we compare the analytic results obtained in this paper with numerical
simulations. We start with results obtained in equation (39). This equation is obtained
by assuming that cell cycle times are independent identically distributed random variables.
Here we perturb this assumption: suppose cell cycle times T;, ¢ € N are related through
an AR process as

T; =Ty + ¢Tiy +m;, (H.1)

where 7; is a normally distributed noise with zero mean and variance 0127; moreover Tg is

a constant, and |¢| < 1. For this model the mean and variance of cell cycle time is

Ty . o2
<T;> = 1€ N, V(Z’f’(ﬂ) = 1——n¢ﬁ

(H.2)

Further the cross correlation between two cell cycles which are i cycles apart is ¢*. Note
that 7;’s are independent and identically distributed random variables hence (n;n;) = 0.
In order to separate noise levels contributed from different sources, we used three mod-
els as shown in Figure 2 in the main text. For each model we run 10000 simulations, while
model in Figure 2B gives the extrinsic noise, the difference in the noise levels obtained
from models in Figure 2B and 2C gives the noise raised from partitioning errors. Nose
raised from stochastic protein production can be obtained by subtracting noise levels of
the models in Figure 2A and 2C. The comparison between numerical simulations and

analytic results based on equation (39) is shown in Figure E. As it is obvious from this

36
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figure our equations match the simulations.

100 = Total noise

o - =CV}+CV}+CV}
~
S
= 1011
> S \"_\
8 I N S z Production noise
< m S oy 3CVES (8) 1
9 102[ Cellcyclenoise I B SN TE CV ) (B) (x)
o 2 °\. ~
= CV; - I ~
& Partitioning noise I
(@] 2 _ 16 1 I
3 1031 " T3E+C) ()
O 'S
; I

10° 101 102 103
Mean protein count per cell

Figure E: Stochastic simulations show analysis obtained for independent cell
cycles can be applied to dependent cell cycle times. For this plot, B is assumed
to be geometrically-distributed with mean (B) = 1.5. Mean cell cycle time is 20mins and
CVZ = 0.05. We assumed binomial partitioning , i.e., & = 1. Error bars obtained via
bootstrapping based on 10000 Monte Carlo simulations. For this plot we have assumed a
—0.25 correlation between successive cell-cycle times as reported in [5].

Next we use numerical simulations to verify our results obtained for gene duplication.
In our analysis we assumed that the time before and after gene duplication are indepen-
dent. We relax this assumption by assuming that they are correlated, i.e., we draw the
first time interval T} from a log-normal distribution with mean 7} and we assume that

the second time interval 75 is
1 —
B
1

where 3 = — and 7 is a normally distributed noise. We fixed the cell cycle time mean

('Y = (T1) + (Ty) = 2 hours [6], and used the models introduced in Figure A to do

numerical simulations. We kept correlation coefficient between time intervals before and
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after gene duplication around 0.79 [6]. The simulation results for the correlated time
intervals is shown in Figure F. The analytic solutions match the numerical results for

different gene-duplication times.

Partltlonmg noise (CV2)

l 1- I.-‘l---l N 1
-1

1.1f
1.1f

—_

Total noise (CV?)

Product1on noise (CV#)

0.9r

I

Cell-cycle noise (CVEZ)—;'I,,' I

Normalized protein noise level

Normalized protein noise level
—_
|—|—,—|—|

b T I" I

0 O 2 O 8 1 0 0.2 0.4 0.6 0.8 1

Gene duphcatlon time / Cell cycle time Gene duplication time / Cell cycle time

Figure F: Numerical simulations show results obtained for gene duplication can
be applied to dependent 77 and 75. For this plot, B is assumed to be geometrically-
distributed with mean (B) = 10, and mean of protein is set to be 170. Mean cell cycle
time is 2 hours and C’Vﬁ1 = 0.05. We assumed binomial partitioning , i.e., « = 1. The
correlation coefficient between time intervals before and after gene duplication is take
as 0.79 [6]. Error bars obtained via bootstrapping method based on 10000 Monte Carlo
simulations.
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