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Proofs of Corollaries

Proof of Corollary 1: 1 — Pr (M* C M) = Pr (Elj € M*,éj < bn‘a> =1- Pr(ﬂj €
Mo &= & = (o — b)”_a) < ez |[M.|exp (—nca(co — b)*n=?* — c5log((co — b)n=)) , which
converges to 0, it < (1 — ¢)/2 andp = o(exp(n®)). The sure screening property has been
established. O
Proof of Corollary 2: Let w,, := c3 exp (—ncyv? — c5log v, ). We have

P, = C3€XP (—ncwﬁ — ¢ log v, + logp)

logp + ¢5logn/2
4 CqN

< czexp (—nc - %(log(logp + cslogn/2) — logn — logcy) + logp)

_ C3C4
(logp + c5 logn/Q)%r
Since ("Ml < p*, then we havePr <\M \ M, | = k) < pFr*, which implies

< 1.

P

Pr(IMAM]<nt) 21> (mp)*

k=nc
p

>1— Z (s exp (—negv; — cslogu, + logp))k
k=nc

c

>1-2 (03 exp (—ncwfl — c5log v, + logp))"
> 1 — 2c3pexp (—ncwﬁ — ¢5 log Vn) ,

where the last inequality follows frommr, < 1 established above. This completes the proof of

Corollary 2. O

Lemmas

LEMMA 1: Forany(0 <e<1,

Pr ( sup |S;(x) — Sj(:c)‘ > e) < 12exp (—ne*/9 —loge) . (1)

0<z<zg

Proof: If [3;(n'?),) — S;(n,)| < ¢/3 and|S;(nY)) — S;(n)| < /3, thenforn), < & < n,

~

Si(w) = 8j(x) < Si(n)) = S (y) + ;) — S() < 2¢/3,

The other direction can be shown by the same arguments. Weubave|S;(z) — S;(z)| < e
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for anyn,(jf1 <z < 77,(3). Hence, ifsup;<,<,, 5(x) — S;(z)] > e, then for some) < k <

L(e), |gj(7h(€j)) - Sj(n,(f))l > ¢/3. Thus,

Pr( s (3,05, > ) < 2@Pr ([36) - 5,6 > /3)
< 2L(e) ERNLG IPPP (—ne*/9 —loge)
= VPN njd tnef9 ) = 2P ATNE &¢

where the second inequality follows from the fact M&rX;; > =} — 5;(z)] < 1/4 and Bernstein’s

inequality. This completes the proof of (1). Moreover, wgéa

5 () -5 ()]~

< Pr <1<i1<112(5) S (U;(f_)1> =5 (771(3_) )’ + 55 (771(3)) =5 (W/(fj)ﬂ > 26/3)

< L@Pr (|50 - ;)| > ¢/3)

< 12exp (—ne’/9 —loge) . (2)
U

LEMMA 2: Givenz € [0, 2o, for any 24/(nty?) < e < 7/2, we have

Pr (sup |S;(t; ) — S;(t; x)| > e)

teT

< 12exp (—n62/9 — log e) + ¢ exp (—n7‘7662/(202) — log e) . (3)
Proof: By Foldes and Rejto (1981), we obtain
Pr (sup |S;(t; ) — S;(t; )| > e| My (2) = k:) < ¢ exp(—ky€? /ey — loge), 4)

teT

for 12/(ky*) < e < 1. Here, as defined in AppendiX/;,,(z) = >, 1{X;; > z}.
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If 24/(nTv*) < € < 7/2, then

Pr <sup |S;(t; ) — S;(t; )| > 6)

teT

= ZPT (sup 1S;(t;2) — S;(t; )| > €| Mj,(z) = k) Pr(M;j,(z) = k)

— teT

Pr (M;j,(z) < nS;j(x) — ne)

IN

+ Z Pr (sup |S;(t; ) — S(t; )| > €| Mj,(z) = k:) Pr(M;,(x) = k)

k>nSj(r)—ne teT
Pr(18;(z) = 8;(2)| = ) 5)

+C—€1 exp (—(nS;(z) — ne)y’e’ /o) Pr(Mj,(z) > nS;(z) — ne)

IN

= 12exp (—ne*/9 —loge) + ¢y exp (—n7y%€?/(2c2) — loge) ,

where the second inequality follows from) @nd the fact that for alt > n.S5;(z) — ne,

12 - 12 - 24 - 24 -
€
kvt = (nSj(x) —ne)y* — nSj(x)y* ~ nryt

and the last inequality follows from (1) artd < 7 < S;(x). This completes the proof of Lemma

2. U

LEMMA 3: Forany0 < e <\,

2
Pr sup  max |1{Y; < t}nlog Vji(z)| > —— | < 2exp (—ne’/4). (6)
(t,x)eT xx 15isn A—€
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Proof:
P 1Y, < Binlog Viy(z)| > —
T su max nlo i
(t, m)eTpxX 1<i<n ! A—e€
>y H{Ye > Y5, Xy > ) )‘ 2
= Pr su max |1{Y; <tlnlo == >
(t:v)e’ZPXX1<Z<" { ynlog (Ek:ll{Yk >Y;, Xjp>ap+1 A — €
<P | (1 ! )‘ > 2
T su n (10 — n
- (t,:v)e’ZPXX & Zk:l 1{Y; > t, X > x}+1 A—¢€

2n 2
< Pr su
B (txe;)xxzk 11{Yk>thk>$}+1 A — 6)

<p 2n - 2 )
r n
o g kzll{yk>t07Xjk>x0}+1 A—¢€

< pr 2?211{K>t07le>$0}+1_é >E
- 2n 2 2

< 2exp (—ne*/4),

where the last inequality follow from Bernstein’s ineqtyaliThis completes the proof of Lemma

3. U

LEMMA 4: Let {77,8 ,0<k<L(e )} be the same grid pointsas constructed in Lemma 1 given

0 <e<1.Then
Vi 8
Pr sup max n | 1{Y; <t}log A )\—;
teT 1<h<L(e) ) <aan® SIST Vii (%@1)

< 12exp (—n62/9 — log e) + 2exp (—n)\z/16) . (7)
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Proof:
Vii 8
Pr sup max n | 1{Y; < t}log A > )\_Z
erasksta) vl Ve (1)
< Pr sup max 2n [ 1{Y; < t}
teT 1<k<L(e)n ) 1sisn
A<E<ZL(e),n,  <w<my

X

> J—
n n ] 2
(i 1> Y X > o)) (S 1 {0 > v X >0 }) |

PRER! {771?—)1 < Xj < 771?)} 8¢
< Pr sup  2n— 5>
1<k<i(e) (D 1{Y1 > to, X1 > 0}) A

A _ A _ 2n? 8
SAnD Y28 (n9D)] > e + Pr v
i (1) =5 ()] (S 1Y > to, Xt > w})® ~ X2

< 12exp (—ne’/9 — loge) + 2exp (—nA?/16),

< Pr ( sup

1<k<L(e)

where the last inequality follows from (2) and the proof ohma3. This completes the proof of

Lemmad4. ]

A useful result

By Foldes and Rejto (1981), for some universal constangdc, , and12/(ny*) < e < 1.

Pr <sup 1S(t) — S(t)| > e) < crexp(—ny°e?/cy — loge), (8)
teT
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Hadamard differentiability of ch(Hj) We(t,x)| - |dtdx

For any convergent sequenags— 0 there exists aiV, such that for alh > N, |u,h,(t; z)| < &;
uniformly in7 x X. Then forn > N,
We(t, x)|S;(t; ) — S(t) + uphn(t, ) |dtde — We(t, )| S;(t; ) — S(t)|dtdx
Q2¢(r5) Q°(k;)

- We(t, £)sgn(S; (t; ) — S(t)) [S;(t; ) — S(t) + tnhn(t, )] dtdz

Qe(k;)

N /Qc( | We(t, )sgn(S;(t; x) — S(t)) [S;(t; x) — S(t)] dtdz

= We(t, x)sgn(S;(t; ) — S(t))unh,(t, z)dtdz.
Qe (k)

Thus, we have

lim u#( o )Wg(t,m)\Sj(t;x) — S(t) + uph,(t, z)|dtd

n—~0o0

- We(t, z)|S;(t: ) — S(t)|dtd:v)

Qe(k;)

= We(t, z)sgn(S;(t; x) — S(t))h(t, x)dtdz,

Qe (k;)

which impliesfﬂc(ﬁj) We(t, z)| - |dtdx is Hadamard-differentiable &t;(-;-) — S(-).

Detailed arguments of Theorem 2

Step 1:We considesup,cr g<x<r(e)

S; <t; 77,2”) - S, <t; 77,2”) ‘ first. By Lemma2, we obtain that

forany24/(nty?) < e < 7/2,

Pr ( sup S’j (t;n,(cj)) - S; (t;n,(cj))’ > e)
teT ,0<k<L(e)
< L(e)Pr <sup S (t;mﬁj)) —5j (t;m(f))‘ > 6)

teT
< T2exp (—ne*/9 — 2loge) + 6cy exp (—n7y%€?/(2¢2) — 2loge) . 9)
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Step 2:Next, we considesup,c 7 1 <j<r(e) ., <a<n 195 2) — Si(t; me—1)]. If nk [ <x< n,i ),

S(tl’) S(t 7](])) _ P’I“(T>t,Xj>$)_ ’l“( > t, i = Ml )
I\ P’/“(Xj>l') Pr (X'>7]]_)>

Pr(T>tX; >z ‘PT(X > ) Pr(X; >x))

<

Pr(X; >x)Pr (Xj > 7713_)1)

Pr(X; > o) [Pr(T > ,X; > 2) = Pr (T > 1,X; > n,(j_’l)’
+

Pr(X; >x)Pr<X >77(J)>

<€/_3+€/3 2e
T T 37

Therefore, we obtain

sup Si(t:x) — S;(t; Y, )) < % (10)

teT 1<k<L(e) ) | <z<n? 37

Step 3:Thenwe deal WiﬂSupteT Lenel )

S;(t;x) — S, (t ) 1)‘ Forany0 < u,v <

() (J) <:C<7]

1, we haveu — v| < |logu — logv|. Therefore,

& 4e 8
Pr sup Stsw) = 5 ()| > 5+ 5
teT 1<k<L(e) ), <a<n?) A A
& 4 8
< Pr sup log S;(t; 2) — log S, ( k)1>’ L de +_§
teT 1<k<L(e)n? <a<n? A
Syt
teT 1<k<L(e) ), <a<n? |i=1

4
X (1{6,-:1,Yi§t,Xj,- >x}—1{5i:1,Y,~ <t X, >77,<j)1})‘ > {)

sup Z {5i:173§§t,ij‘>77;£j_)1}

teT 1<k<L(e)n\, <z<n?) i=

+ Pr

7~

Vii(x) 8¢

X lOg — > 32
Vii (771?—)1) A
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where the last inequality follows from the decomposition:
log g»(t;x) logS (t D )1>

_2[1{5_1Y<tXﬂ>x}—1{5_1Y<tXﬂ>n Hlogvﬂ()

+Z1{5 — 1Y, <t X; > }[logvﬂ( ) —log Vj; (nk 1)}
i=1

Then we have,

Pr sup
teT 1<k<L(e) ), <a<nl? |

Z log Vji(x)

X (1{5,:1,1@9 >x}—1{5 =LY<t X >, DP%)

<P7’< sup  max |[1{Y; < t}nlogVj(z)|
(t,x

- )ETXX 1<z<n

X sup L e
t€T ,1<k<L(e) n h\

< Pr ((txsup max |1{Y; <t}nlogVj(z)l SUP() [S (nk 1) B gj (n’(“j))} - %)

)ET x X 1si=n 1<k<L(e

4
§P7’< sup  max |[1{Y; <t}nlogVj(z )|>X>
(t,x

)ETXX 1<z<n

+ Pr ( sup [5} (7719_)1) — gj (nlij)ﬂ > e)
teT 1<k<L(e)
< 2exp (—nA?/16) + 12exp (—ne’ /9 — loge) ,

following from Lemma3 and (2). On the other hand, by Lemrha

n

Pr sup 21{5—1Y<tXﬁ>7]

teT1<k<L(e)n), <a<n? i=1 }
x log
77k 1)
)
)

8
< Pr sup max n | 1{Y; < t}log (= ‘

2
1<e<
teT 1<k<L(e) ) | <z<n® =" < U ) A

< 12exp (—7’L€2/9 — log e) + 2exp (—n)\2/16) .
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Thus,

R . - 4de K¢
P }S- t; —S-(t; (J))} —+ —
' ( Supm ) i) =55 (e )| > A + A2

tET,lngL(e),nk71<x<nk
< 24exp (—ne’/9 —loge) + dexp (—nA?*/16) . (11)

Combining (9), (10) and (11) yields,

A 2¢  4e 8¢
P 8 Sj(t;x) = Sj(tx)] > e+ ox + + +
' <tef,oli§<xo| o) = Sjla)l > e+ 55+ 3 )\2)
< T2exp (—ne’/9 — 2loge) + 6¢1 exp (—n76°€*/(2c2) — 2loge)

+24 exp (—ne2/9 —loge) + 4exp (—n)\2/16) : (12)

for any24/(ntv*) < e < A A 7/2. This and (8) together imply

Pr ( sup | St x) — S(t) — (S;(t; ) — S(t))‘ > e)
te7 ,0<x<xg
< czexp (—TI,C4€2 — ¢ log e) , (13)

for anycen=! < e < 1, wherecs, ¢4, cs, ¢ are some constant depending onlyon, and), andn

is sufficiently large.

G-el< [ [ we

then by (13),

Since

Si(t;x) — S(t) — S;(t; ) + S(t)| dtdz,

Pr <|€j—€j| >€>

o to . R
< P ( | [ W) |St) - 50) - iti0) + 50| dtdo > )
o Jo
< Pr ( sup Sj(t;x) — S(t) — (S;(t;x) — S(t))‘ > E)
teT ,0<x<xo
< czexp (—nc4e2 — ¢5log e) . (14)
and hence

Pr (max & — & > e) < czexp (—nese® — csloge + logp) . (15)

1<j<p
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