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SII and ultrahigh dimensional model-free screening 1

Proofs of Corollaries

Proof of Corollary 1 : 1 − Pr
(

M∗ ⊂ M̂
)

= Pr
(

∃j ∈ M∗, ξ̂j < bn−α
)

= 1 − Pr
(

∃j ∈

M∗, |ξ̂j − ξj| ≥ (c0 − b)n−α
)

≤ c3 |M∗| exp (−nc4(c0 − b)2n−2α − c5 log((c0 − b)n−α)) , which

converges to 0, ifα < (1 − c)/2 and p = o(exp(nc)). The sure screening property has been

established. �

Proof of Corollary 2 : Let πn := c3 exp (−nc4ν
2
n − c5 log νn). We have

pπn = c3 exp
(

−nc4ν
2
n − c5 log νn + log p

)

≤ c3 exp

(

−nc4
log p + c5 log n/2

c4n
−

c5

2
(log(log p + c5 log n/2) − log n − log c4) + log p

)

=
c3c4

(log p + c5 log n/2)
c5
2

< 1.

Since
(

p−|M∗|
k

)

≤ pk, then we havePr
(

|M̂ \M∗| = k
)

≤ pkπk
n, which implies

Pr
(

|M̂ \M∗| < nc
)

≥ 1 −

p
∑

k=nc

(πnp)k

≥ 1 −

p
∑

k=nc

(

c3 exp
(

−nc4ν
2
n − c5 log νn + log p

))k

≥ 1 − 2
(

c3 exp
(

−nc4ν
2
n − c5 log νn + log p

))nc

≥ 1 − 2c3p exp
(

−nc4ν
2
n − c5 log νn

)

,

where the last inequality follows frompπn < 1 established above. This completes the proof of

Corollary 2. �

Lemmas

LEMMA 1: For any 0 < ǫ < 1,

Pr

(

sup
0≤x≤x0

∣

∣

∣
Ŝj(x) − Sj(x)

∣

∣

∣
> ǫ

)

≤ 12 exp
(

−nǫ2/9 − log ǫ
)

. (1)

Proof: If |Ŝj(η
(j)
k−1) − Sj(η

(j)
k−1)| < ǫ/3 and|Ŝj(η

(j)
k ) − Sj(η

(j)
k )| < ǫ/3, then forη(j)

k−1 ≤ x ≤ η
(j)
k ,

Ŝj(x) − Sj(x) ≤ Ŝj(η
(j)
k−1) − Sj(η

(j)
k−1) + Sj(η

(j)
k−1) − Sj(x) ≤ 2ǫ/3,

The other direction can be shown by the same arguments. Thus,we have|Ŝj(x) − Sj(x)| < ǫ
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for any η
(j)
k−1 ≤ x ≤ η

(j)
k . Hence, ifsup0≤x≤x0

|Ŝj(x) − Sj(x)| > ǫ, then for some0 ≤ k ≤

L(ǫ), |Ŝj(η
(j)
k ) − Sj(η

(j)
k )| ≥ ǫ/3. Thus,

Pr

(

sup
0≤x≤x0

∣

∣

∣
Ŝj(x) − Sj(x)

∣

∣

∣
> ǫ

)

≤ L(ǫ)Pr
(∣

∣

∣
Ŝj(η

(j)
k ) − Sj(η

(j)
k )
∣

∣

∣
> ǫ/3

)

≤ 2L(ǫ) exp

(

−1

18

n2ǫ2

n/4 + nǫ/9

)

≤ 12 exp
(

−nǫ2/9 − log ǫ
)

where the second inequality follows from the fact Var[1{Xji > x} − Sj(x)] ≤ 1/4 and Bernstein’s

inequality. This completes the proof of (1). Moreover, we have

Pr

(

sup
1≤k≤L(ǫ)

∣

∣

∣
Ŝj

(

η
(j)
k−1

)

− Ŝj

(

η
(j)
k

)∣

∣

∣
> ǫ

)

≤ Pr

(

sup
1≤k≤L(ǫ)

∣

∣

∣
Ŝj

(

η
(j)
k−1

)

− Sj

(

η
(j)
k−1

)∣

∣

∣
+
∣

∣

∣
Ŝj

(

η
(j)
k

)

− Sj

(

η
(j)
k

)∣

∣

∣
> 2ǫ/3

)

≤ L(ǫ)Pr
(∣

∣

∣
Ŝj(η

(j)
k ) − Sj(η

(j)
k )
∣

∣

∣
> ǫ/3

)

≤ 12 exp
(

−nǫ2/9 − log ǫ
)

. (2)

�

LEMMA 2: Given x ∈ [0, x0], for any 24/(nτγ4) < ǫ < τ/2, we have

Pr

(

sup
t∈T

|Ŝj(t; x) − Sj(t; x)| > ǫ

)

≤ 12 exp
(

−nǫ2/9 − log ǫ
)

+ c1 exp
(

−nτγ6ǫ2/(2c2) − log ǫ
)

. (3)

Proof: By Foldes and Rejto (1981), we obtain

Pr

(

sup
t∈T

|Ŝj(t; x) − Sj(t; x)| > ǫ|Mjn(x) = k

)

≤ c1 exp(−kγ6ǫ2/c2 − log ǫ), (4)

for 12/(kγ4) < ǫ < 1. Here, as defined in Appendix,Mjn(x) =
∑n

i=1 1{Xji > x}.
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If 24/(nτγ4) < ǫ < τ/2, then

Pr

(

sup
t∈T

|Ŝj(t; x) − Sj(t; x)| > ǫ

)

=

n
∑

k=0

Pr

(

sup
t∈T

|Ŝj(t; x) − Sj(t; x)| > ǫ|Mjn(x) = k

)

Pr (Mjn(x) = k)

≤ Pr (Mjn(x) < nSj(x) − nǫ)

+
n
∑

k≥nSj(x)−nǫ

Pr

(

sup
t∈T

|Ŝj(t; x) − Sj(t; x)| > ǫ|Mjn(x) = k

)

Pr (Mjn(x) = k)

≤ Pr
(

|Ŝj(x) − Sj(x)| ≥ ǫ
)

(5)

+
c1

ǫ
exp

(

−(nSj(x) − nǫ)γ6ǫ2/c2

)

Pr (Mjn(x) > nSj(x) − nǫ)

= 12 exp
(

−nǫ2/9 − log ǫ
)

+ c1 exp
(

−nτγ6ǫ2/(2c2) − log ǫ
)

,

where the second inequality follows from (4) and the fact that for allk ≥ nSj(x) − nǫ,

12

kγ4
≤

12

(nSj(x) − nǫ)γ4
≤

24

nSj(x)γ4
≤

24

nτγ4
< ǫ,

and the last inequality follows from (1) and2ǫ < τ ≤ Sj(x). This completes the proof of Lemma

2. �

LEMMA 3: For any 0 < ǫ < λ,

Pr

(

sup
(t,x)∈T ×X

max
1≤i≤n

|1{Yi ≤ t}n log Vji(x)| >
2

λ − ǫ

)

≤ 2 exp
(

−nǫ2/4
)

. (6)
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Proof:

Pr

(

sup
(t,x)∈T ×X

max
1≤i≤n

|1{Yi ≤ t}n log Vji(x)| >
2

λ − ǫ

)

= Pr

(

sup
(t,x)∈T ×X

max
1≤i≤n

∣

∣

∣

∣

1{Yi ≤ t}n log

( ∑n

k=1 1 {Yk > Yi, Xjk > x}
∑n

k=1 1 {Yk > Yi, Xjk > x} + 1

)∣

∣

∣

∣

>
2

λ − ǫ

)

≤ Pr

(

sup
(t,x)∈T ×X

n

∣

∣

∣

∣

log

(

1 −
1

∑n

k=1 1 {Yk > t, Xjk > x} + 1

)∣

∣

∣

∣

>
2

λ − ǫ

)

≤ Pr

(

sup
(t,x)∈T ×X

2n
∑n

k=1 1 {Yk > t, Xjk > x} + 1
>

2

λ − ǫ

)

≤ Pr

(

2n
∑n

k=1 1 {Yk > t0, Xjk > x0} + 1
>

2

λ − ǫ

)

≤ Pr

(∣

∣

∣

∣

∑n

l=1 1 {Yl > t0, Xjl > x0} + 1

2n
−

λ

2

∣

∣

∣

∣

>
ǫ

2

)

≤ 2 exp
(

−nǫ2/4
)

,

where the last inequality follow from Bernstein’s inequality. This completes the proof of Lemma

3. �

LEMMA 4: Let
{

η
(j)
k , 0 ≤ k ≤ L(ǫ)

}

be the same grid points as constructed in Lemma 1 given

0 < ǫ < 1. Then

Pr



 sup
t∈T ,1≤k≤L(ǫ),η

(j)
k−1<x<η

(j)
k

max
1≤i≤n

n



1{Yi ≤ t} log





Vji(x)

Vji

(

η
(j)
k−1

)







 >
8ǫ

λ2





≤ 12 exp
(

−nǫ2/9 − log ǫ
)

+ 2 exp
(

−nλ2/16
)

. (7)
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Proof:

Pr



 sup
t∈T ,1≤k≤L(ǫ),η

(j)
k−1<x<η

(j)
k

max
1≤i≤n

n



1{Yi ≤ t} log





Vji(x)

Vji

(

η
(j)
k−1

)







 >
8ǫ

λ2





≤ Pr



 sup
t∈T ,1≤k≤L(ǫ),η

(j)
k−1<x<η

(j)
k

max
1≤i≤n

2n

[

1{Yi ≤ t}

×

∑n

l=1 1
{

Yl > Yi, η
(j)
k−1 < Xjl < x

}

(
∑n

l=1 1 {Yl > Yi, Xjl > x})
(

∑n

l=1 1
{

Yl > Yi, Xjl > η
(j)
k−1

})



 >
8ǫ

λ2





≤ Pr



 sup
1≤k≤L(ǫ)

2n

∑n

l=1 1
{

η
(j)
k−1 < Xjl < η

(j)
k

}

(
∑n

l=1 1 {Yl > t0, Xjl > x0})
2 >

8ǫ

λ2





≤ Pr

(

sup
1≤k≤L(ǫ)

∣

∣

∣
Ŝj

(

η
(j)
k−1

)

− Ŝj

(

η
(j)
k

)∣

∣

∣
> ǫ

)

+ Pr

(

2n2

(
∑n

l=1 1 {Yl > t0, Xjl > x0})
2 >

8

λ2

)

≤ 12 exp
(

−nǫ2/9 − log ǫ
)

+ 2 exp
(

−nλ2/16
)

,

where the last inequality follows from (2) and the proof of Lemma3. This completes the proof of

Lemma4. �

A useful result

By Foldes and Rejto (1981), for some universal constantsc1 andc2 , and12/(nγ4) < ǫ < 1.

Pr

(

sup
t∈T

|Ŝ(t) − S(t)| > ǫ

)

≤ c1 exp(−nγ6ǫ2/c2 − log ǫ), (8)
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Hadamard differentiability of
∫

Ωc(κj)
Wξ(t, x)| · |dtdx

For any convergent sequencesun → 0 there exists anN , such that for alln > N , |unhn(t; x)| ≤ κj

uniformly in T × X . Then forn > N ,

∫

Ωc(κj)

Wξ(t, x)|Sj(t; x) − S(t) + unhn(t, x)|dtdx −

∫

Ωc(κj)

Wξ(t, x)|Sj(t; x) − S(t)|dtdx

=

∫

Ωc(κj)

Wξ(t, x)sgn(Sj(t; x) − S(t)) [Sj(t; x) − S(t) + unhn(t, x)] dtdx

−

∫

Ωc(κj)

Wξ(t, x)sgn(Sj(t; x) − S(t)) [Sj(t; x) − S(t)] dtdx

=

∫

Ωc(κj)

Wξ(t, x)sgn(Sj(t; x) − S(t))unhn(t, x)dtdx.

Thus, we have

lim
n→∞

u−1
n

(∫

Ωc(κj)

Wξ(t, x)|Sj(t; x) − S(t) + unhn(t, x)|dtdx

−

∫

Ωc(κj)

Wξ(t, x)|Sj(t; x) − S(t)|dtdx

)

=

∫

Ωc(κj)

Wξ(t, x)sgn(Sj(t; x) − S(t))h(t, x)dtdx,

which implies
∫

Ωc(κj)
Wξ(t, x)| · |dtdx is Hadamard-differentiable atSj(·; ·) − S(·).

Detailed arguments of Theorem 2

Step 1:We considersupt∈T ,0≤k≤L(ǫ)

∣

∣

∣
Ŝj

(

t; η
(j)
k

)

− Sj

(

t; η
(j)
k

)∣

∣

∣
first. By Lemma2, we obtain that

for any24/(nτγ4) < ǫ < τ/2,

Pr

(

sup
t∈T ,0≤k≤L(ǫ)

∣

∣

∣
Ŝj

(

t; η
(j)
k

)

− Sj

(

t; η
(j)
k

)∣

∣

∣
> ǫ

)

≤ L(ǫ)Pr

(

sup
t∈T

∣

∣

∣
Ŝj

(

t; η
(j)
k

)

− Sj

(

t; η
(j)
k

)∣

∣

∣
> ǫ

)

≤ 72 exp
(

−nǫ2/9 − 2 log ǫ
)

+ 6c1 exp
(

−nτγ6ǫ2/(2c2) − 2 log ǫ
)

. (9)
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Step 2:Next, we considersupt∈T ,1≤k≤L(ǫ),ηk−1<x<ηk
|Sj(t; x) − Sj(t; ηk−1)|. If η

(j)
k−1 < x < η

(j)
k ,

∣

∣

∣
Sj(t; x) − Sj(t; η

(j)
k−1)

∣

∣

∣
=

∣

∣

∣

∣

∣

∣

Pr(T > t, Xj > x)

Pr(Xj > x)
−

Pr
(

T > t, Xj > η
(j)
k−1

)

Pr
(

Xj > η
(j)
k−1

)

∣

∣

∣

∣

∣

∣

≤
Pr(T > t, Xj > x)

∣

∣

∣
Pr
(

Xj > η
(j)
k−1

)

− Pr (Xj > x)
∣

∣

∣

Pr (Xj > x) Pr
(

Xj > η
(j)
k−1

)

+
Pr(Xj > x)

∣

∣

∣
Pr(T > t, Xj > x) − Pr

(

T > t, Xj > η
(j)
k−1

)∣

∣

∣

Pr (Xj > x) Pr
(

Xj > η
(j)
k−1

)

≤
ǫ/3

τ
+

ǫ/3

τ
=

2ǫ

3τ
.

Therefore, we obtain

sup
t∈T ,1≤k≤L(ǫ),η

(j)
k−1<x<η

(j)
k

∣

∣

∣
Sj(t; x) − Sj(t; η

(j)
k−1)

∣

∣

∣
<

2ǫ

3τ
. (10)

Step 3:Then we deal withsup
t∈T ,1≤k≤L(ǫ),η

(j)
k−1<x<η

(j)
k

∣

∣

∣
Ŝj(t; x) − Ŝj

(

t; η
(j)
k−1

)∣

∣

∣
. For any0 < u, v ≤

1, we have|u − v| ≤ | log u − log v|. Therefore,

Pr



 sup
t∈T ,1≤k≤L(ǫ),η

(j)
k−1<x<η

(j)
k

∣

∣

∣
Ŝj(t; x) − Ŝj

(

t; η
(j)
k−1

)∣

∣

∣
>

4ǫ

λ
+

8ǫ

λ2





≤ Pr



 sup
t∈T ,1≤k≤L(ǫ),η

(j)
k−1<x<η

(j)
k

∣

∣

∣
log Ŝj(t; x) − log Ŝj

(

t; η
(j)
k−1

)∣

∣

∣
>

4ǫ

λ
+

8ǫ

λ2





≤ Pr



 sup
t∈T ,1≤k≤L(ǫ),η

(j)
k−1<x<η

(j)
k

∣

∣

∣

∣

∣

n
∑

i=1

log Vji(x)

×
(

1 {δi = 1, Yi ≤ t, Xji > x} − 1
{

δi = 1, Yi ≤ t, Xji > η
(j)
k−1

})∣

∣

∣
>

4ǫ

λ

)

+ Pr



 sup
t∈T ,1≤k≤L(ǫ),η

(j)
k−1<x<η

(j)
k

n
∑

i=1

1
{

δi = 1, Yi ≤ t, Xji > η
(j)
k−1

}

× log





Vji(x)

Vji

(

η
(j)
k−1

)



 >
8ǫ

λ2
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where the last inequality follows from the decomposition:

log Ŝj(t; x) − log Ŝj

(

t; η
(j)
k−1

)

=

n
∑

i=1

[

1 {δi = 1, Yi ≤ t, Xji > x} − 1
{

δi = 1, Yi ≤ t, Xji > η
(j)
k−1

}]

log Vji(x)

+
n
∑

i=1

1
{

δi = 1, Yi ≤ t, Xji > η
(j)
k−1

} [

log Vji(x) − log Vji

(

η
(j)
k−1

)]

.

Then we have,

Pr



 sup
t∈T ,1≤k≤L(ǫ),η

(j)
k−1<x<η

(j)
k

∣

∣

∣

∣

∣

n
∑

i=1

log Vji(x)

×
(

1 {δi = 1, Yi ≤ t, Xji > x} − 1
{

δi = 1, Yi ≤ t, Xji > η
(j)
k−1

})∣

∣

∣ >
4ǫ

λ

)

≤ Pr

(

sup
(t,x)∈T ×X

max
1≤i≤n

|1 {Yi ≤ t}n log Vji(x)|

× sup
t∈T ,1≤k≤L(ǫ)

∑n

i=1 1
{

δi = 1, Yi ≤ t, η
(j)
k−1 < Xji < η

(j)
k

}

n
>

4ǫ

λ





≤ Pr

(

sup
(t,x)∈T ×X

max
1≤i≤n

|1 {Yi ≤ t}n log Vji(x)| sup
1≤k≤L(ǫ)

[

Ŝj

(

η
(j)
k−1

)

− Ŝj

(

η
(j)
k

)]

>
4ǫ

λ

)

≤ Pr

(

sup
(t,x)∈T ×X

max
1≤i≤n

|1 {Yi ≤ t}n log Vji(x)| >
4

λ

)

+ Pr

(

sup
t∈T ,1≤k≤L(ǫ)

[

Ŝj

(

η
(j)
k−1

)

− Ŝj

(

η
(j)
k

)]

> ǫ

)

≤ 2 exp
(

−nλ2/16
)

+ 12 exp
(

−nǫ2/9 − log ǫ
)

,

following from Lemma3 and (2). On the other hand, by Lemma4.

Pr



 sup
t∈T ,1≤k≤L(ǫ),η

(j)
k−1<x<η

(j)
k

n
∑

i=1

1
{

δi = 1, Yi ≤ t, Xji > η
(j)
k−1

}

× log





Vji(x)

Vji

(

η
(j)
k−1

)



 >
8ǫ

λ2





≤ Pr



 sup
t∈T ,1≤k≤L(ǫ),η

(j)
k−1<x<η

(j)
k

max
1≤i≤n

n



1{Yi ≤ t} log





Vji(x)

Vji

(

η
(j)
k−1

)







 >
8ǫ

λ2





≤ 12 exp
(

−nǫ2/9 − log ǫ
)

+ 2 exp
(

−nλ2/16
)

.
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Thus,

Pr



 sup
t∈T ,1≤k≤L(ǫ),η

(j)
k−1<x<η

(j)
k

∣

∣

∣
Ŝj(t; x) − Ŝj

(

t; η
(j)
k−1

)∣

∣

∣
>

4ǫ

λ
+

8ǫ

λ2





≤ 24 exp
(

−nǫ2/9 − log ǫ
)

+ 4 exp
(

−nλ2/16
)

. (11)

Combining (9), (10) and (11) yields,

Pr

(

sup
t∈T ,0≤x≤x0

|Ŝj(t; x) − Sj(t; x)| > ǫ +
2ǫ

3λ
+

4ǫ

λ
+

8ǫ

λ2

)

≤ 72 exp
(

−nǫ2/9 − 2 log ǫ
)

+ 6c1 exp
(

−nτδ6ǫ2/(2c2) − 2 log ǫ
)

+24 exp
(

−nǫ2/9 − log ǫ
)

+ 4 exp
(

−nλ2/16
)

, (12)

for any24/(nτγ4) < ǫ < λ ∧ τ/2. This and (8) together imply

Pr

(

sup
t∈T ,0≤x≤x0

∣

∣

∣
Ŝj(t; x) − Ŝ(t) − (Sj(t; x) − S(t))

∣

∣

∣
> ǫ

)

≤ c3 exp
(

−nc4ǫ
2 − c5 log ǫ

)

, (13)

for anyc6n
−1 < ǫ < 1, wherec3, c4, c5, c6 are some constant depending only onτ, γ, andλ, andn

is sufficiently large.

Since

|ξ̂j − ξj| ≤

∫ x0

0

∫ t0

0

Wξ(t, x)
∣

∣

∣
Ŝj(t; x) − Ŝ(t) − Sj(t; x) + S(t)

∣

∣

∣
dtdx,

then by (13),

Pr
(

|ξ̂j − ξj | > ǫ
)

≤ Pr

(
∫ x0

0

∫ t0

0

Wξ(t, x)
∣

∣

∣
Ŝj(t; x) − Ŝ(t) − Sj(t; x) + S(t)

∣

∣

∣
dtdx > ǫ

)

≤ Pr

(

sup
t∈T ,0≤x≤x0

∣

∣

∣
Ŝj(t; x) − Ŝ(t) − (Sj(t; x) − S(t))

∣

∣

∣
> ǫ

)

≤ c3 exp
(

−nc4ǫ
2 − c5 log ǫ

)

. (14)

and hence

Pr

(

max
1≤j≤p

|ξ̂j − ξj| > ǫ

)

≤ c3 exp
(

−nc4ǫ
2 − c5 log ǫ + log p

)

. (15)
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