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Supplementary Materials for
Constrained Maximum Likelihood Estimation for
Model Calibration Using Summary-level Information
from External Big Data Sources

S.1 Additional Simulation Results

S.1.1 Simulation Results for the Logistic Model with N = 400

Tables S.1-S.4 provide simulation results supplementary for those of Tables 1-4 in the main
text, respectively. Here, the sample size of the internal study is N = 400. All the other

details are the same as the corresponding simulation studies in the main text.

S.1.2 Simulation Results for the Probit Model and Further Data
Application

Tables S.5-S.7 provide simulation results when the full model is given by the probit
model. In these simulations, the reduced model is still given by a logistic model. In
the under-specification and missing covariate scenarios, the parameter values of the true
model (5o, Bx, Bz, Bxz) = (—1,0.4,0.4,0.2); in the measurement error scenario, they are
(Bo, Bz) = (—1,0.4). Such specifications lead to a population disease prevalence around

20%. All the other details are the same as the simulation studies in the main text.

S.1.3 Further Data Applications

Table S.8 presents further analysis results of BCDDP plus BPC3 data. In the this analysis,
the CML and GR methods are implemented assuming that the external model parameters

come from a dataset that is so large that uncertainty can be ignored.
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Table S.1: Simulation results for the under-specification setting; results multiplied by 103
are presented, and the coverage probabilities (CP) are reported as percents

Bo Bx Bz Bxz
Int GR/ CML Int GR/ CML Int GR/ CML Int GR/ CML
mGR mGR mGR mGR
simple random; N = 400
Bias -254 -556 -6.12 987 497 553 152 4.69 534 -041 -024 1.05
SE 152 40.7 40.8 151 36.3 350 154 370 356 149 151 149
ESE 147 359 377 148 348 343 148 345 343 137 135 139
MSE 236 169 170 228 134 125 240 139 130 221 227 221
CP 945 862 878 956 936 950 947 936 958 929 927 933
case-control; N = 400
Bias - - -1.17 102 296 389 16.3 294 368 3.03 292 -0.77
SE - - 269 121 188 274 120 195 268 116 117 114
ESE - - 26.1 117 203 277 117 207 280 114 114 112
MSE - - 0.72 148 123 077 148 124 0.73 134 13.6 129
CP - - 907 941 618 950 935 623 950 948 947 959

Int: internal-data only method
GR: generalized regression, mGR: modified GR for case-control sampling
CML: constrained maximum likelihood
ESE: estimated standard error
MSE: mean squared error
CP: coverage probability of a 95% confidence interval interval
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Table S.2: Simulation results for the missing covariate setting; results multiplied by 10% are
presented, and the coverage probabilities (CP) are reported as percents

Bo Bx Bz Bxz
Int GR/ CML Int GR/ CML Int GR/ CML Int GR/ CML
mGR mGR mGR mGR

simple random; N = 400

Bias -254 -12.3 -128 987 218 2.05 152 158 144 -041 -0.86 2.18
SE 152 578 57.7T 151 67.7 677 154 154 154 149 150 149
ESE 147 53.3 542 148 644 65.1 148 148 148 137 136 139
MSE 23.6 349 349 228 458 458 24.0 241 240 221 225 222
CP 945 944 950 956 936 943 947 941 942 929 929 936
case-control; N = 400

Bias - - 0.85 10.2 16.2 257 16.3 164 16.5 3.03 247 2.59

SE - - 36.1 121 422 453 120 120 120 116 116 116
ESE - - 36.9 117 426 454 117 117 117 114 114 115
MSE - - 1.30 148 204 206 148 148 148 134 135 134
CP - - 952 941 914 947 935 936 936 948 945 961

Int: internal-data only method

GR: generalized regression, mGR: modified GR for case-control sampling
CML: constrained maximum likelihood

ESE: estimated standard error

MSE: mean squared error

CP: coverage probability of a 95% confidence interval
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Table S.3: Simulation results for the measurement error setting; results presented are mul-
tiplied by 103, and the coverage probability (CP) is in percents

Int GR/ﬁr?lGR CML Int GR/mGR BZ CML
simple random; N = 400
Bias -12.5 -10.8 -0.84 7.33 7.06 2.72
SE 141 41.8 25.6 142 138 66.5
ESE 139 38.7 24.4 137 131 61.3
MSE  20.1 1.87 0.66 20.2 19.2 4.43
CP 947 913 952 954 942 912
case-control; N = 400
Bias - - 1.01 8.33 7.99 7.13
SE - - 204 104 99.4 59.3
ESE - - 20.7 106 101 58.3
MSE - - 0.42 10.9 9.93 3.56
CP - - 955 961 956 948

Int: internal-data only method

GR: generalized regression, mGR: modified GR for case-control sampling

CML: constrained maximum likelihood
ESE: estimated standard error

MSE: mean squared error

CP: coverage probability of a 95% confidence interval.
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Table S.4: Simulation results for the missing covariate setting when the covariate distribu-

tions are different between internal and external populations; results multiplied by 10% are

presented, and the coverage probabilities (CP) are reported as percents

Bo Bx Bz Bxz

Int CML SCML Int CML SCML Int CML SCML Int CML SCML
simple random; N = 400
Bias -15.0 -380 -8.16 191 -80.1 802 9.79 824 6.10 -996 -5.68 -13.4
SE 149 556 428 150 629  50.3 147 147 144 147 149 143
ESE 147 552 444 147 64.6  50.2 147 148 145 136 137 136
MSE 225 453 190 229 104 260 21.7 218 207 21.8 221 205
CP 948 950 940 952 843 900 948 945 950 925 933 938
Bias - -26.3  -6.42 156 -86.0 4.02 6.48 8.02 6.09 227 445  -3.37
SE - 37.9 39.1 122 45.0 44.3 119 119 117 117 118 116
ESE - 373 38.6 117 457 443 117 116 115 115 112 114
MSE - 213 157 152 942 198 142 142 138 137 139 135
CP - 934 939 945 542 920 944 937 944 948 943 953

Int: internal-data only method
CML: constrained maximum likelihood method

SCML: synthetic constrained maximum likelihood method
ESE: estimated standard error

MSE: mean squared error
CP: coverage probability of a 95% confidence interval
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Table S.5: Simulation results for the under-specification setting; results multiplied by 103
are presented, and the coverage probabilities (CP) are reported in percents

Bo Bx Bz Bxz
Int GR CML Int GR CML Int GR CML Int GR CML

simple random; N = 400

Bias -17.1 -545 -481 119 5.12 422 139 817 7.08 -2.03 -3.35 -1.96
SE 89.2 186 183 93.6 269 234 921 270 237 984 100 994
ESE 86.3 16.2 164 89.5 24.5 23.7 893 245 237 874 849 91.6
MSE 825 0.37 0.36 890 0.75 0.57 868 0.79 0.61 9.69 079 0.61
CP 930 927 856 938 925 962 946 912 960 917 900 935
simple random; N = 1000

Bias -3.78 -1.44 -1.18 294 1.10 0.75 178 346 3.51 0.09 0.19 0.31
SE 53.5 10.7 10.7 594 150 13.7 56.6 152 13.6 59.0 587 59.0
ESE 536 10.0 993 559 144 135 559 144 134 559 551 571
MSE 288 0.12 0.12 353 0.22 0.19 3.21 0.23 0.20 3.47 3.44 347
CP 95.2 906 88.0 935 941 956 956 933 941 939 93.6 95.0

Int: internal-data only method

CML: constrained maximum likelihood
ESE: estimated standard error

MSE: mean squared error

CP: coverage probability of 95% confidence interval
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Table S.6: Simulation results for the missing covariate setting; results multiplied by 10® are
presented, and the coverage probabilities (CP) are reported in percents

Bo Px Bz Bxz
Intt GR CML Int GR/ CML Int GR CML Int GR CML

simple random; N = 400

Bias -17.1 -8.95 -850 11.9 3.66 2.03 139 155 144 -2.03 -3.33 -0.95
SE 89.2 377 376 936 443 43.0 921 928 926 984 99.1 99.6
ESE 86.3 359 36.3 89.5 424 427 89.3 888 922 874 864 922
MSE 825 150 149 890 197 185 868 884 877 969 982 9091
CP 930 946 952 938 929 948 946 939 947 917 909 938
simple random; N = 1000

Bias -3.78 -1.77 -142 294 229 1.75 1.78 233 1.87 0.09 0.01 0.66
SE 3.5 216 21.6 594 265 259 56.6 56.8 56.7 59.0 587 59.2
ESE 536 21.6 21.6 559 256 255 559 557 56.1 559 55,6 57.2
MSE 288 047 047 353 0.71 0.67 321 323 321 347 344 3.50
CP 952 951 95.0 935 933 945 956 959 959 939 938 94.7

Int: internal-data only method

GR: generalized regression

CML: constrained maximum likelihood
ESE: estimated standard error

MSE: mean squared error

CP: coverage probability of 95% confidence interval
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Table S.7: Simulation results for the measurement error setting; results multiplied by 103

are presented, and the coverage probability (CP) is in percents

Bo Bz

Int GR CML Int GR CML
simple random; N = 400
Bias -6.04 -7.13 -1.59 5.10 5.00 2.57
SE 822 347 276 838 82.0 58.7
ESE 80.0 329 262 815 779 55.0
MSE 6.79 1.26 0.77 7.05 6.74 3.45
CP 942 936 946 945 944 916
simple random; N = 1000
Bias -0.51 -2.11 -0.48 -0.45 -0.05 0.90
SE 51.1 21.2 16.5 524 50.0 35.7
ESE 503 206 16.5 51.2 49.2 34.9
MSE 261 045 027 274 2.50 1.28
CP 95.7 938 948 949 954 94.4

Int: internal-data only method

GR: generalized regression

CML: constrained maximum likelihood

ESE: estimated standard error

MSE: mean squared error

CP: coverage probability of 95% confidence interval
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Table S.8: Analysis results of BCDDP data assuming that the uncertainty associated with
the parameters in the external mmodel (6) can be ignored. The variables in the model
include: number of first-degree relatives with breast cancer (numrel), age at menarche (two
dummy variables agemenl-agemen2), age at first live birth (three dummy variables ageflb1—
ageflb3), weight, number of previous biopsies (nbiops), and mammographic density (MD)t

Internal data mGR CML
variable Est. (SE) Est. (SE) Est. (SE)
numrel 0.648 (0.090)  0.346 (0.030)  0.297 (0.020)
(0.091)  0.079 (0.019)  0.077 (0.019)
agemen2  0.468 (0.124) 0.167 (0.028) 0.167 (0.028)
ageflbl ~ -0.018 (0.146) -0.117 (0.030) -0.117 (0.031)
ageflb2 0.086 (0.144) -0.005 (0.033) -0.005 (0.033)

(0.137) (0.040) (0.040)
(0.004) (0.002) (0.001)
(0.070) (0.069) (0.073)

(0.045) (0.043)

agemenl  0.083

ageflb3 0.251 (0.137)  0.165 (0.040)  0.163 (0.040
weight 0.020 (0.004) 0.022 (0.002)  0.024 (0.001
nbiops 0.180 (0.070)  0.178 (0.069)  0.165 (0.073
MD 0.430 (0.044) 0.428 (0.045) 0.441 (0.043

T: adjusted for 5-year age strata

mGR: modified GR for case-control sampling
CML: constrained likelihood method

Est.: estimated coefficient

SE: estimated standard error

S.2 The Score Function and Negative Hessian Matrix
for Pseudo-Loglikelihood

S.2.1 Simple Random Sampling Design

Let sp(Y, X, Z) = Olog{ fs(Y|X, Z)}/0B be the score function of the likelihood for the full
model f3(-). Based on the pseudo-loglikelihood (equation (4) in the main text) for the con-
strained likelihood, the score function for (3, A) of the pseudo-loglikelihood can be obtained

as

N
5 = Zsﬁ Vi Xis Z0) + 50(X0 Z0) = ) 55(Yi X Z0),
1=1
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CB(Xza ZZ, 9))\
X, Z; S.1
SB( (3] ) 1— )\TUB(XZ,Z 9) ( )
cale,50) = [ 5oV DUT (Vo 0)fo(Y o, )2 (5.2)
Y
and
L Ol Z ug( Xy, Z;;0) Z (X, Z) (S.3)
TN T AT \Tuy(X,, Z:0) (X ‘
The estimator (3, A) for (3, \) is obtained as the solution to {s5", s37 1T = 0.
Let
iss(Y, X, Z) = —0%log{ fs(Y|X, 2)}/0805", (S.4)

and dgg(Y, X, Z) = igg(V, X, Z) — sp(Y, X, Z)®?, with A®? = AAT for a vector A. The nega-

tive Hessian matrix I* = =02 13, /O(B", \T)T9(8", AT) derived from the pseudo-loglikelihood
is given by the following expressions for the component matrices:

" DU,
BB _aﬂaﬁT
N
iy Xiy Li — — 55(X;, Z;)%*
;ZﬁB(Y’X72)+ 1= Mug(Xi, Zi;0) X 2)
where
dg(x,z;é’):/ MUY |2, 0)dgs(Y, 2, 2) f3(Y |z, 2)dY (S.5)
Y
0215
* *T 57)‘
an=1n = ~pgaar
N
cs(Xi, Zi; 0) ~ «T
= = Xi, Zi Xis Zi) ¢
Z{l— Nup(Xs, Zi0) T oK Z)si (X, Z0)
i=1
and
. P

N
I\ = _W == Zsi(Xiv Z)®?
i=1
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S.2.2 Case-Control Sampling Design
As defined in equation (8) in the main text,

pyfayle, 2) exp(ay) fo(yle, 2)

Paalyle, 2) = >, iy fsyle ) S explay) f5(yle, 2)°

with o« = log (p1/10). We can then rewrite the pseudo-loglikelihood (equation (6) in the

main text) as

e N o(Yi Xi, Z;

.= e T )
where

upo(X, Z:0) =Y U(y|X,0) exp(—ay)psa(y|X, 2),
y

and A is redefined as A := A/, With the above expression the pseudo-loglikelihood under the
case-control sampling design has the same form as that under the simple random sampling
(equation (4) in the main text), except that now the additional nuisance parameter o appears.
In fact, we can extend the results to more general settings where the internal study is
performed under the stratified case-control sampling design, namely the sampling is done
through strata formed by the cross-classification of the case-control status as well as levels of
some covariates (or their crude surrogates). We denote by W the vector of indicators for the

covariate levels defining the strata. In this general setting, the pseudo-loglikelihood takes

the form N

*,cC pﬁ,a(naXiazi) }

25 = Z log{

Bv)‘va - . L. ?

— 1 — Mg (X5, Z;; 6)

where

Pl I T S exp(yWTa) fa(y] X, Z) ‘
and

usa(X, Z;0) ZU yIX, 0)e ™ syl X, 2).

The score functions sj and s} for (8, )\), and the corresponding component submatrices 17,
I%y and I3, of the negative Hessian matrix of the pseudo-loglikelihood thus have the same
forms as those given in the case of simple random sampling, with f3(Y'|X, Z) now replaced by
oYX, Z), and ug(X, Z;0) replaced by ug (X, Z;6). The score function for the nuisance
parameter « is given by

ol l N
220 =N 5 (Vi Xin Z0) +5a(Xi, Z0) = Y si(Yi, Xi, Z0),

i=1 i=1

*_

“ da

S
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where s,(Y, X, Z) = 0log{ps..Y|X,Z)}/0a, and

a0 Xiy Zi; 0) A

(X5, Z;
Sa )= 1— Mup o (X;, 2 0)

with
ol 238) = 3 Lonly X.2) - y WU (y]X, 0)e " ps o (y]X, Z: B).

The component submatrlces of the negative Hessian matrix corresponding to « are given as

I* _ _02 l;:i\c,a
oo dadaT
N
dgo(Xi, Zi;0) ~
— oo }/; ){'Z Z fye% (2] (2] _ o Xz ZZ ®2
D faa(¥i Xis T N (X, Z:6) (X, Z:)

i=1
where i (Y, X, Z) = —0%log{ps.(Y|X, Z)}/0ada™, and

dp.ol(m,20) = N U(y|z,0){daa(y, X, Z) —yWWT +yWsl(y, X, Z)}e "™ *pso(y| X, Z),

Y

With dpa(Y, X, Z) = iaa (Y, X, Z) — s4(Y, X, Z)®2

9 7%,CC
[* :[*T _a l@)\ya
of = e DadpT
N
. ega(Xi, Zi; 0)
= Y, X;, Z; . — So( X5, Z; X, Z;
Z{Zaﬁ( By <X z)+ 1 _)\TUB@(Xi,Zi;e) sa( 9 ) ( 9 )

i=1

where i,5(Y, X, Z) = —0?log{ps..(Y|X, Z)}/0adBT, and

€ﬁ7a(.§(:, 2 9) = Z ATU(kaa 9){daﬁ(y, Xv Z) + ywsg(yv Xv Z)}e_yWTapﬁva(y‘Xv Z)v

y
with dos(V, X, Z) = ias(V, X, Z) — 54(Y, X, Z)sp(Y, X, Z)T; and
_82 U3 o

8&8AT

Cﬁa Xwae) ~ *T
= — E X, Z; X, Z;) ¢ .
{1 - )‘Tuﬁ a(Xz> sze) * Sa( v Z)SA ( v 2)

* T
a)\_IAoz -

Note that in Proposition 1 we have absorbed the nuisance parameter « into § so that
the expressions provided there can be unified under both the settings of simple random and

case-control designs.
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S.3 The Score Function and Negative Hessian Matrix
for Synthetic Constrained Likelihood

In synthetic constrained likelihood method, the covariate distribution FT(X,Z) in the ex-
ternal study, different from the distribution F'(X, Z) in the internal study, is estimated by a
reference sample (X ]T 2 ]T ),j=1,...,N,, where N, is the size of the reference sample. When
the internal sample is obtained under the simple random sampling design, the synthetic
constrained likelihood is defined as l}i/\ = log(Lsr) + AT [up(X, Z; 0)dFt(X, Z), with Ft
the empirical distribution of (X, ZT) in the reference sample, and the synthetic constrained
maximum likelihood (SCML) estimator (3, X) for (53, \) is obtained by solving the estimating
equations 8ZTBA/8B = 0 and 8ZTBA/8>\ = (0. The expressions for s}; = l;/\/aﬁ and s = ZTBA/8>\

are:

al! N
T _ B T oot
h=35 = Z (Yi, Xi, Z;) +Zsﬁx Z)),
=1 7j=1
ShX;, Z) = CB(XT Z50)A, (5.7)

with s3(Y, X, Z) = Olog{ fs(Y'| X, Z)}/0B and cg(x, z;0) defined in (S.2), and
az;A ol

Z up(XT, Z50) =) s (XT, ZD). (S-8)

J=1

The component matrices for IT = —9? l;k/a(BT, ADTO(BT, AT) are given as

]T o 0 lg,)\
BB dBOpT
N Ny
= Zlgﬁ(y;,X“Zl) +Z)\ng(X;r,Z;,9),
i=1 j=1

where ig5(Y, X, Z) = —0%log{f3(Y|X, Z)}/0BOBT and ds(x, ;0) is defined in (S.5);

21
gy = gy = _8585@ = Z] 1CB(XT ZT ;0);

and I)TV\ = —0? lg’)\/ﬁ)\a)\T is a ¢ x { zero matrix with ¢ the dimension of .
When the internal sample is obtained by the case-control sampling design, following
Prentice and Pyke (1979), the likelihood contribution

N
Lgp = [[ fs(Vil X, Z0)dF (X5, Z:),

1=1
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with dF(X;, Z;) treated nonparametrically is equivalent to the pseudo-likelihood

N
Lo = [ poalYil X 20,

i=1
with @ and pg(y|z, z) defined in equation (8) in the main text. The synthetic constrained
likelihood is then defined as l}i/\’a = log(L,) + A" [us(X, Z; 0)dF'(X,Z). The nuisance
parameter « appears only in the likelihood contribution from the internal sample (first term
in l;%a) and not in the contribution from the reference sample (second term in l;%a).
Therefore, all the results for parameters 5 and A derived under the simple random sampling
design directly apply, except that in the expressions involving the likelihood contribution
from the internal sample, such as sg(Y, X, Z) and igg(Y, X, Z), the quantity fs(Y|X,Z) is
replaced by pgo(Y|X, Z). The nuisance parameter « is directly solved from

N 8 N
Za_ Og{pﬁa Y‘XHZ)} ZSL(}/HXHZZ)
i=1 =1

The negative Hessian matrix is now defined as IT = —0? ZTBA7Q/8(BT, A aTYTO(BT, AT aT),

where

e
]la = - 805870[:11 = Ziaa(K7Xi7 ZZ)7

with 46 (Y, X, Z) = —02log{ps.(Y|X, Z)}/0ada™, and

T 8212‘3,/\,04 al .
fag = 9adfT = Ziaﬁ(Yz‘yXi,Zi)a

i=1

with i,5(Y, X, Z) = —0?logps.o(Y|X, Z)/0adBT. The components

i
82 lﬁ7A7a

=1 =
al T T aaaﬁT

are zero matrices.
The extension to the stratified case-control design in the internal study, as discussed in
Appendix S.2.2, is straightforward by redefining pg.(Y'|X, Z) as in (S.6), and generalizing

a to a vector of parameters corresponding to the levels of covariates W defining the strata.

S.4 Conditions for the Theoretical Results

Below is the list of conditions employed in the theoretical results.
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(i) The true parameter value [y is an interior point of the parameter space which is

compact.

(ii) The function ug(x, z;6) defined in (3) in the main text is twice continuously differen-
tiable in 3 in a neighborhood A of 5y, and Eljug(X, Z;6)|®> < co in N.

(iti) E{ug(X, Z;0)u}(X, Z;0)} is positive definite at 5 = fy, and

NN ug(Xy, Zi 0)ul (X, Z3;0) — E{ug(X, Z;0)ub(X, Z;0)}

in probability uniformly in N.
(iv) E|cs(X, Z;0)| < oo in N with cg(x, z;0) defined in (S.2).

(v) E|lds(X, Z;0)|| < oo in N with dg(z, z;0) defined in (S.5).

S.5 Proofs of Lemmas and Propositions

Proof of Lemma 1:

Let s53(y, 2, 2) — dlog{ fa(yle, 2)} /08, and igs(y, . 2) = —Plog{falyla, 2)}/05087. Waite
up(Xi, Z;) = ug(X;, Z;;0) since the value of 6 is always fixed. Consider the ball B = {f :
18— Boll < n~*} for some integer k > 3 such that B C V. For a fixed 8 within B, let A\(3)
be the solution to the 9l , /O\ = 0 or 0I5 /O\ = 0, namely

N

uB(XiaZi) _
2 T a7

Applying Taylor expansion to the left-hand side of the above equation, we obtain

A(ﬁ) = - {N_l Z UB(Xi7 Zi)ug(Xi, ZZ)} {N_l Z u5<Xi, ZZ)} + O;,,(.N_l/k)

i=1 i=1

= Op(N_l/k)

uniformly over B with probability tending to one as N — oo. Also, by Taylor expansion,

with probability one

N N —1
Zsﬁ(Yi,Xi,Zi) = —{N—IZZ’ﬁB(Yi,Xi,Zi)} N(B — Bo) + 0, (N1=1/k),

i=1 i=1
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Let Q(B) = U, AB) By Taylor expansion again and using the results above, we have

uniformly for S on the surface of B,

— Zlog{l = N (B)us(Xs, Z:)}

= ZAT Byus(Xi, Z;) +Z{AT Yug(Xs, Z:)}2 + 0p(N1-2/%)

=1

= —g {N‘lzuﬁ(Xi,Zi)} {N‘lZuﬁo(Xi,Zi)ugo(Xi,Zi)} {N_IZUB(Xi,Zi)}

—l—op(Nl_z/k)
— _K1N1—2/k;

N
Z log{ fs(Y11X;, Z;)}
=1

N N
= > log{fa(ViXi, Z)} + > (B = Bo)"sp(Yi, X;, Z — i)

i=1 =1

N 1
(ﬁ Bo)" { - Zlﬁﬁ Y, Xi, Z;) } (B = Bo) + Op(N1_2/k)

=1

N N -1
= ) log{fa(V1|Xi, Z)} — g(ﬁ — Bo)" {N_l > igs(Vi, X, Zi)} (8 = Bo) + 0p(N'72/F)

=1 i=1

N

- Z log{fﬁo(}/ﬂXh ZZ)} - KQNl_z/k’

1=1

where K7 and K are positive constants. On the other hand, it can similarly be shown that
— > log {1 — AT(B)up(X;, Z;)} evaluated at By is negative of order O,(loglogN). All these
results imply that Q(f5) is maximized at E in the interior of B, and E and \ = A(E) satisfy
Al »/On = 0. The proof for Q(B) = I3 c)\c(ﬁ) i.e. for the case-control setting, is fully parallel.
Proof of Proposition 1: Using the notation given in Appendix S.2, ) satisfies ), s7(5,\) =
with s7(8,A) = {s5" (Y, Xi, Zy), 537 (X4, Z;)}7T, and

N ]* ]*
(BN ==Y 0si (BN /o= 0 7
]*T [*

i=1 BA AA

Under regularity conditions for fz(y|x, z) and conditions (i)-(v), we have by Taylor expansion
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and Lemma 1,

0=N"'D (B2 = N Z (B0, 0) = N™"I"(80, 0)(7 — 1m0) + 0, (N /%)
| — Z (B0, 0) = Z*(71 = mo) + 0p(N~?),
where
oo [ Pl X2} —Bles(X, Z:0)}

~B{(X, 2:0)} —Ef{us(X. Z)u}(X, 2)}

is evaluated at § = [y, with igs(Y, X, Z), cs(X, Z;0), and ug(X, Z;0) defined in (S.4), (S.2),

and (3) of the main text, respectively. Hence,

VN@G—n) =T 1\/_{]\7 Z (B0, 0 }+0p(1)-

By the fact that E{sg, (Y, X, Z)} = 0 and E{ug,(X,Z)} =0, E{s;(5o,0)} = 0. Also, from
expressions given in Appendix S.2, var{s:(8y,0)} = E{s:(80,0)s:T(5y,0)} = J*, where

Eigs(Y, X, Z)} o
0 E{us(X, Z)u}(X, Z)}

J =

evaluated at 3 = fy, By central limit theorem we then have, as N — oo, v/ N (7 — 1) follows
asymptotically the normal distribution with mean zero and covariance matrix Z*~! 7*Z*~!.
Further matrix calculation simplifies the expression for the asymptotic variance given in
Proposition 1.

When the uncertainty in the parameter 6 of the external model cannot be ignored because
it is estimated from a finite external sample, the variance estimator for 77 needs to be modified
to account for such additional uncertainty, which can be simply achieved using the conven-
tional delta method. Let 0,9 = E{ds;(8,))/00"} = E{05%(X;, Z;)/00, 053" (Xi, Z;) | 00}7,
which can be readily obtained given the explicit formulas in (S.1) and (S.3) for sz(X;, Z;)
and s3(X;, Z;). Let vy/N. be the variance of the estimate of 0, with N, the size of the
external sample. Then, by d-method, v/N(7j — 7o) has the asymptotic covariance matrix
N T+ pV*)I* !, where V* = 0'779’090'7% with p = lim N/N,. Accordingly, an estimator for

the variance of 7 can be obtained as
:/i-*—l(j*/N + i}*/Ne).,/Zt—*_l,

where A denotes the empirical analogue of A evaluated at 7).
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Proof of Lemma 2: Since the proofs for the simple random and case-control designs are essen-
tially the same, we detail the former one only. Write azﬁ OB =N sl B) + ijfj( A),
where s!(3) = {sTT(Y Xi, Z;),07}T | with 0 a (-dimensional vector of zeros, and sj(ﬁ, A) =

{NTT(X tz T) (X tz T)}T Explicit expressions for these functions are given in Appendix

S.3. ThUSO_ZZIZ()_I—Z]lj( )
Consider the ball B contained in the neighborhood of 5y as defined in the proof of Lemma

1. In the following we suppress the dependence on 6 in cg(X, Z;0) since 0 is always fixed.
By Taylor expansion around the point (8*,0) with 5* € B and 0 a {-vector of zeros (¢ =

dimension of \), we have
N
0=> sl(B)+D_51(B",0) = I};(8— 5" — I3 (B—B) = I[,\

with (3, \) lying between (ﬁ , X) and (5*,0), where Igﬁ and I;A are negative Hessian matrices
whose expressions are given in Appendix S.3, and they are evaluated at (8, A). Accordingly,

we have

53— Hss H N Y, X, Z;
B —Bo _ ss  Hpx Sy sk ( i) 0, (NV5),

A Hg, O Z] 18)\(XT ZT)

with Hgg = 3 iga(Vi, Xy, Z;) and Hgy = =30 ca(X1, Z1). So,
A=HHLH; ZSTT (Yi, Xi, Z;) ’HZ (X1, 2,

with % = (HJHzzHgy)™'. As N — oo, the limiting value of the matrix #{ is of order
Op(N;2N), and that of Hf\ Hy; is Op(N,N~"') and hence X is of order O(N~1/®5~1) with
probability one uniformly for 5 € B.

Recalling the sufficient conditions for constrained maximality in the Lagrange multiplier
theory, together with the condition ¢ > ¢ (Chiang and Wainwright, 1984, p. 385), we
can then conclude the results of this lemma by noting that, with probability tending to one,
82l}37 \/OpopT = —Ig 5 1s negative definite by the fact that A — 0 and the regularity condition
that 0%log{ fs(y|x,2)}/0BIBT is negative definite for 3 € B.

Proof of Proposition 2: Under the conditions specified, the Taylor expansion yields

N
0= sl(B)+ Z~* Bo, 0) = Ii(B — Bo) — If5 (B — Bo) — I\ + 0, (N2 + N}/?),
=1 7j=1
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with Ig,ﬁ and Ig/\ evaluated at (f3y,0). Hence,
-1

el Py [ wEhis(n X Z) R hes(X), 2))
A — e LS h(xtL Zh) 0]

\/_ZleBT(YXZ)

= I 'Zy + op(1),

X + 0p(1)

with
B —kC
—-kCT O

It =

and
ST X, 2)
\/—Zj 13>\(XT ZT)
which, following the fact E{SET(K X, Z)} = 0 and Ef{st (XT, Z1)} = 0, converges in distri-

bution to a mean-zero normal distribution with covariance matrix
B O
O kL

Zy =

Jh=

Accordingly, as N — oo, v/N (7] — 1) follows a normal distribution with mean zero and
covariance matrix ZT-1 77771 which by matrix calculation reduces to the expression given
in Proposition 2.

When the uncertainty in the parameter 6 of the external model needs to be accounted for,
we modify the variance estimator for 17 using the d-method. Let Unﬁ = E{&fs*; (B,\)/007} =
E {8~TT(X JT : Zj) /00,95 (X JT Z T) /00}T which can be readily obtained given the formulas in
(S.7) and (S.8) for §TB(XJT, Z;) and s/\(XT ZT) Let vg/N, be the variance of the estimate of
0, with N, the size of the external sample. By the delta method, the asymptotic covarinace

matrix of Zy is
B O
O k(L + plvg)

K=

where pf = lim N,/N,. Therefore, v/N(ij — 1) has the asymptotic covariance matrix

T, Accordingly, an estimator for the variance of 7) can be obtained as
NTIZCHT

where A denotes the empirical analogue of A evaluated at 7.



NOT FOR PUBLICATION SUPPLEMENTARY MATERIAL S.20

REFERENCES

Chiang, A. C., Wainwright, K. (1984), Fundamental Methods of Mathematical Economics,
3rd ed., New York: McGraw-Hill.



