Transition between segregation and aggregation : the role of
environmental constraints
Supplemantary Material : Resolution of the system of equations (4)

S. C. Nicolis, J. Halloy and J-L. Deneubourg

A Symmetrical case : 3, =3, =3,{ =1

After some straightforward manipulations, the first and third equations of model (4) at the steady state
lead to

—r1(k+ 2o+ Py2) (s —22 —y2) + 22 (K + 214+ Py1) (s —x1 —y1) = 0
1 (k+y2+Bx2) (s —z2—y2) +y2 (k+y1 +Bx1) (s —21—y1) = 0 (A1)

Keeping in mind that xoys — x1y2 = y1 — x1 because of conservation of x1 + x2 and y; + y2 we have

ks(xg —x1) +x122 (y2 + 22 — 21 — 1) — (Bs — k) (1 — 1) +

(£B196'2y2 + T1Y5 — D21y — 1‘21/%) B=0 (A.2)
ks(y2 —v1) +iye (y2 + 22 — 21 —y1) + (Bs — k) (z1 — 1) +
(ylym + Y175 — Yoyi T — yﬂf) p=0 (A.3)

Adding together the two equations (A.2)) and (A.3)) yields after some rearrangements,

2(1 =21 — 1) (Brrys + 122 + Broyr + ks + y1y2) =0 (A.4)
T Ts

Clearly, the second factor T5 of equation (A.4) cannot lead to a solution, as all terms are positive. We
are therefore left with 77 = 0, i.e.

y1=1—x1 and similarly yo =1 — 9 (A.5)
Substituting equation (A.5|) into equation (A.2]), we obtain

(xr1 —x2)(s—1)(k+b)=0 (A.6)
and thus

TI=To =Y =Yz = - (A7)
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B Symmetrical case : 8, =3, = (,{ =2

B.1 Steady states and stability
B.1.1 Homogeneous solution (z1 = z2 = y1 = y2)

Equating all variables of eqs. (4) gives straightforwardly :

T1s = T2s = Yls = Y25 = 0.5 (Bl)
corresponding to the case where the individuals of each subgroup equally select both patches, signaling a
situation of dispersion
B.1.2 Aggregation (z1 = 1)

Setting 1 = y1 = x and x93 = 1 — x, y» = 1 — y; and eliminating the homogeneous solution = = 1/2
already found we are left with

22— 246 =0 where 0§ _k:—25
L P B+ 1)2(s - 2)

This equation has two solutions :

Tl,s = Yl,s =

(1+Vi=45) (B.2)

1
2

which exist as long as §; < 1/4, or

52812<—312m+2> (B.3)

B.1.3 Segregation (z1 = y2).

Setting this time 1 = yo = x and xo =1 — x, y; = 1 — = we have

k2—|—ﬂ2
2_ 09 = h 0g = ————
x r+ 02 =0 where 9 (G172

This equation has two solutions :

T1,s = Y2,s =

(1+VT—15) (B.4)

1
2

which exist as long as dy < 1/4, or

B> VT8 — (B.5)
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B.1.4 Inhomogeneous solutions(z; # x2 # y1 # y2).
Adding and subtracting the first and third equations of eqs. (4) at the steady state we have

(—z1 -y +1) <525 (2z1y1 — 1 — Y1) + B2 (96% — 6a1y1 + 221 + Yl + 2y1) +
Bs (dzyyy — 221 = 2y1) + B (207 — darys + 4wy — 207 + 4y ) +

S (2/@2 + 233% —2r1y1 —x1 + Qy% — yl) — 3;1:% + 22191 + 221 — 3y% + 2y1> =0

(z1— 1) (BQS (2x1y1 — 1 —y1 — 1) + B2 (9:? — T+ Yyt -y + 2) + Bs (—4x1y1 + 2z + 251 — 2) +
15} (2.%'% + 8x1y1 — 621 + Qy% — 6y1 + 4) + s (—2k2 — 21‘% —2z1y1 + 371 — 2y% + 3y — 1) +
322 + 41y — bxy + 3y7 — Sy + 2+ 2k2> =0 (B.6)

We notice that

e We can factor out the solutions 1 =1 — y; = y9 and x7 = y; found earlier.

e Upon the change of variables, 1 + y1 = u, T1y1 = v, equation reduces to

1a1u2 + aou — 2k?
2 a3
0 = W?—2ut+ay —us=1+vVI—y (B.7)

Vs =

where
a; = —03%+28—2s+3, a2=(,6’+1)2(3—2), ag=(f—1)(Bs—48+3s—4)

(s —2) <ﬂ2(5—4)+ﬁ(4s—8)+4k2$—4k2+3s—4>

= (B—2s43) (38 —2s+3)

Therefore, switching back to the original variables x1 and y; we have

1 aqu? + agu — 2k?

T1,sY1,s = 9 s
Tistyrs = lxvVl—ay (B.8)

which can be straightforwardly solved.
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Now that we have analytical expressions of the different types of solutions, we need to evaluate their
stability. As stated earlier, the model possesses four variables but because there is conservation, we are
left with two equations for e.g. x1 and y;. Evaluation of the elements of the Jacobian matrix leads to the
characteristic equation :

Mitaglt+ea=0 (B.9)
where
2A1 A5 ( Ao ) Aq 2A5A¢ ( Ag )
= —————(-=+1)+ - =41+
) (A2+42)° \ s s(A5+k2)  (AZ+k2)°\ s
AQ 2A31’1 ( 1 ) 2A4y1 ( 1 )
- 1—=(=A4g+2)) - —L _(1-=(=40+2)) +
1 1 1 1
(1= = (=Ag+2) )+ —5—— (1= = (—Ag+ 2
A§+k2< 5 (Aot ))+A§+k2< 5 (Aot )>+
st St 21 y
5 32 T o2 T 572 2 | 1.2
A+ k AZ+ k2 s(A3+k2)  s(A7+K2)
2A1A A A 2A 1
€= - 15)52(_0+1)_ 21 2 363312(1_(_1404‘2))—
(A2 4 k2) s s (A5 + k%) (A +42) 5
I 2A2A66 (_140 i 1) _ L n
s (A3 + k?) (A%—Fk?)Q s s (A2 + k?)
2A 1 2A1 A A
461/12<1(Ao+2)> Zyl . 1 52(0+1)
(A2 4+ k2) s s (A] + k?) (A2 + k2) s
Aq 2A3x1 ( 1 > 1 ( 1 )
+ 1—=(=Ag+2)) +—5— -1+ = (=49 +2)) —
s(AZ+K) (A2 +k2) s AT e 5 (Ao+2)
_% + 1 _ T 2A2A6 (_/10 ) . & +
AZ+E2 s (AF+HE?) | [ (A2 +K2)° s s (A§ +k?)
2A411 < 1 > 1 ( 1 >
2 (1 2 (—Ap+2) )+ ——— (14 (—40+2)) -
@i s AT e (T )
—hyr oy
A2+ k2 s(AT+K?)
and

A0:$1+y1, A1:1—5L‘1, A2:1—$2,
Az = Pyr +z1, As=pr1+y,
A5:ﬁ(1—y1)—x1—|—1 Aﬁzﬁ(l—xl)—yl—i—l
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Replacing then the stationary solutions x;,v;s (i = 1,2) into equation , we are able to assess
the stability of the solutions of different nature found. In particular, the homogeneous state is analytically
accessible because of its explicit expression. In that case, the associated eigenvalues read

8(s—1) (382 +28+4k* - 1)
s (62 + 26 + 4k2 + 1)
N — 8(ﬁ2s—2,6’2:—253—4ﬂ2—4k2§+s—2) (B.10)
s(B2+28+4k? +1)

A= -

The condition for the homogeneous state to be stable is that the real parts of the two eigenvalues
are negative. We notice that the common denominator is always positive. We then have the following
conditions

MR EERVEER)
(B+1)?(s=2)

R (B.11)

C Asymmetrical case : §, = and 3, =0,{ = 2

This situation is not fully accessible analytically, but by combining the first and third equations of the
model (4) we are nevertheless able to cast the problem to the following ninth degree algebraic equation
and the following relation between x; and y;

2
(—2K>sy1 + ks + K*y1 — 25y} + 3syf — sy1 + 347 — 5¢F + 2y1)
k2 —yi +mn

1
(yl - ) (sy? + xryT + xoy? + +xoy] + +xapi ++xa0} + +xeui ++Hxam +x0) =0

(C.1)

xrT =
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where

xs = (—s+2)(B—2s+3)(B+2s—3)

X7 = (45—8)(B—25+3)(B+25—23)

X6 = B (=3k%s +3k% — 65 +12) + 5 (8K + 24k%s — 18k%) +
12k%s3 — 48k%s? + 60k%s — 22k* + 255° — 12552 + 2065 — 112

xs = p2 (9k2s — Ok + 4s — 8) +B (24k2s2 — 72k2s + 5413) -
36k%s3 + 144k%s* — 180k*s + 66k* — 195> + 955% — 1565 + 84

xa = B2 (k4s — 4k — 10k%s + 11k% — s + 2) + B( — 16k*s? + 32k*s — 12k* —
26k%s% + T8k%s — 58k2> + 12k%s% — 36k*s? + 30k*s — 6k + 39k%s® — 156k%s% +

195k%s — 72k 4+ 753 — 3552 4+ 57s — 30
s = [ (—2/#5 1 8k* 4 5k2s — 7k2> 8 (32/#52 — 64kYs + 24k* + 12k25% — 36k2s + 26k2) -
24k*s3 + T2k*s? — 60k*s + 12k* — 18k%s3 + 72k%s% — 90k?s + 34k> — s3 + 5s® — 85+ 4

Yo = k2 <,82 (3k4s — kY K25 — 62 — s+ 2) + 5( — 8k4s% + 8kts — 2k — 20k%s2 + 40k%s —
16k? — 25% 4 65 — 4) + 4k*s3 — 8k1s? + 4kts — 2k 4 15k s> — 45k2s? +
38k%s — 8k* + 35> — 125 + 155 — 6)

yi = —k* (52 <3k23 = 2) + B(—8k252 + 8k2s — 2k? — 45% + 8s — 4) +
4k?s% — 8k?s® 4 4k*s — 2k* + 35% — 95% + 85 — 2)

Xo = Kos(B+B(-25+2) + k> +s2—25+1) (C.2)

Apart from the homogeneous solution which is directly accessible, equations (C.1]) and (C.2|) can only
be solved numerically.
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