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Chapter 1

Knowledge base overview

This document provides detailed summary of the most important features for supported univariate and
multivariate distributions. After the symbol definitions we list for each distribution its

e type

support definition

parameters

defining functions (with R code)

quantities such as mean, median, mode and variance

relationships and re-parameterisations

e (for univariate distributions only) PDF/PMF and CDF plots based on the R code stored in the KB.

1.1 Symbols

Some of the symbols used in definitions of the functions and quantities listed in the subsequent sections are
collected here with references

e Beta function, B(x,y)

B(z,y) =
mathworld.wolfram.com/BetaFunction.html
en.wikipedia.org/wiki/Beta_function

e Regularized incomplete Beta function, I,(a,b), I1_,(a,b)

_ B(x;a,b)
Iw(a7b) - B(a,b)
with

B(z;a,b) :/ t2 (1 — )b dt
0

then incomplete beta function.
mathworld.wolfram.com/RegularizedBetaFunction.html
en.wikipedia.org/wiki/Beta_function#Incomplete_beta_function

e Error function, erf

mathworld.wolfram.com/Erf.html
en.wikipedia.org/wiki/Error_function


mathworld.wolfram.com/BetaFunction.html
en.wikipedia.org/wiki/Beta_function
mathworld.wolfram.com/RegularizedBetaFunction.html
en.wikipedia.org/wiki/Beta_function#Incomplete_beta_function
mathworld.wolfram.com/Erf.html
en.wikipedia.org/wiki/Error_function
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Euler constant, vg
n
1 > /1 1
= lim (—lo n f):/ (——7>d:c
mathworld.wolfram.com/Euler-MascheroniConstant.html

en.wikipedia.org/wiki/Euler/,E2780%93Mascheroni_constant

Floor function, |x]

floor(xz) = |x| is the largest integer not greater than x

mathworld.wolfram.com/FloorFunction.html
en.wikipedia.org/wiki/Floor_and_ceiling_functions

Gamma function, I’

I'(n) = (n —1)!, for n — positive integer

mathworld.wolfram.com/GammaFunction.html
en.wikipedia.org/wiki/Gamma_function

Lower incomplete gamma function, y(s, z)

(s, ) = / t5 et dt
0

mathworld.wolfram.com/IncompleteGammaFunction.html

https://en.wikipedia.org/wiki/Incomplete_gamma_function#Lower_incomplete_Gamma_function

https://cran.r-project.org/web/packages/zipfR/zipfR.pdf
Multivariate Gamma function, I,

Tp(a) = a?@ VAT T a+ (1~ 4)/2]

=1

en.wikipedia.org/wiki/Multivariate_gamma_function
Iverson bracket, [z = 1]

1 if P is true;
[P] = .
0 otherwise.

mathworld.wolfram.com/IversonBracket.html
en.wikipedia.org/wiki/Iverson_bracket

Pochhammer symbol, (),

@)p=z(xz—1)(z—=2)---(z—n+1).

http://mathworld.wolfram.com/PochhammerSymbol.html
https://en.wikipedia.org/wiki/Pochhammer_symbol

Generalized Hypergeometric function, ,F,

= (al)n...(a )n Al
qu(al’...7a‘p;b17..-’bq;2):ZWW
ne-(bg)n n!

en.wikipedia.org/wiki/Generalized_hypergeometric_function

n=0

Hypergeometric function, o F}

oF1(a,b;¢2) = Z ——

n=0 ’

mathworld.wolfram.com/HypergeometricFunction.html
en.wikipedia.org/wiki/Hypergeometric_function


mathworld.wolfram.com/Euler-MascheroniConstant.html
en.wikipedia.org/wiki/Euler%E2%80%93Mascheroni_constant
mathworld.wolfram.com/FloorFunction.html
en.wikipedia.org/wiki/Floor_and_ceiling_functions
mathworld.wolfram.com/GammaFunction.html
en.wikipedia.org/wiki/Gamma_function
mathworld.wolfram.com/IncompleteGammaFunction.html
https://en.wikipedia.org/wiki/Incomplete_gamma_function#Lower_incomplete_Gamma_function
https://cran.r-project.org/web/packages/zipfR/zipfR.pdf
en.wikipedia.org/wiki/Multivariate_gamma_function
mathworld.wolfram.com/IversonBracket.html
en.wikipedia.org/wiki/Iverson_bracket
http://mathworld.wolfram.com/PochhammerSymbol.html
https://en.wikipedia.org/wiki/Pochhammer_symbol
en.wikipedia.org/wiki/Generalized_hypergeometric_function
mathworld.wolfram.com/HypergeometricFunction.html
en.wikipedia.org/wiki/Hypergeometric_function
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1.2 Distributions — properties and relationships

Bernoullil
name Bernoulli 1 (ID: 0000000)
type discrete
variate k, scalar
support ke€{0,1}
o | o |
-/ q
@© | — p=lq @© ]
o o
© ] © |
Ll_O LLc>
= a
a O
< <
o o
o | N
o o
o | Q |
© T T © T T
1 0 1
k k
Figure 1.1: Bernoullil distribution plotted using the provided R code.
Model

A Bernoulli trial is a probabilistic experiment that can have one of two outcomes, success (x = 1) or failure (x = 0),
and in which the probability of success is p.

Parameter: probability

name probability of success
type scalar
symbol P
definition O<p<lpeR
Functions
PMF

g=(1-p) fork=0
P for k=1

PMF in R

g=(1-p) for k=0 \\

p for k=1
CDF
0 fork<O
q for0<k<1
1 fork>1
Characteristics
Mean
p
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Median

Mode

Variance

135 Relationships

0 ifg>p
0.5 ifg=p
1 ifg<p
0 ifg>p
0,1 ifg=p
1 ifg<p
p(1—p)

- Relationship pair: Bernoullil(p) — Binomiall(n,p)

- Relationship type: Transformation

- Relationship definition: ¥X (iid)

- Relationship pair: Binomiall(n,p) — Bernoullil(p)
1w - Relationship type: Special case

- Relationship definition: n =1

References

|[Leemis and Mcqueston, 2008]
https://en.wikipedia.org/wiki/Bernoulli_distribution

ws |[http://www.uncertml.org/distributions/bernoulli
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/BinomialBernoulli.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/BernoulliBinomial.pdf

Betal
name Beta 1 (ID: 0000057)
type continuous
variate x, scalar
support x € (0,1)
< - 2
—— alpha=0.5, beta=0.5
—— alpha=4, beta=1
—— alpha=1, beta=3 2 N
] alpha=2, beta=2
alpha=2, beta=5 ©
=
[T [T
oN =]
a )
<
3
alpha=0,3, beta=0.5
— 4 ~ , beta=1
(<3 =1, beta=3
pha=2, beta=2
o g B alpha=2, beta=5
T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

Figure 1.2: Betal distribution plotted using the provided R code.

10 Parameter: alpha

name
type
symbol
definition

shape
scalar
«

a>0


https://en.wikipedia.org/wiki/Bernoulli_distribution
http://www.uncertml.org/distributions/bernoulli
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/BinomialBernoulli.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/BernoulliBinomial.pdf
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Parameter: beta

name shape
type scalar
symbol 153
definition >0
Functions
PDF
o711 —2)f~ !
B(a, )
PDF in R

(x~ (alpha-1)*(1-x) ~(beta-1)) /beta(alpha,beta)

CDF
CDF in R
Rbeta(x, alpha, beta)
Characteristics
Mean
«
a+p
Median
1, 8)
2
Mode
a—1
a+p—2
Variance
af
@+ B+ B+
Relationships

- Relationship pair: Betal(alpha,beta) — Normall(p, o)
- Relationship type: Special case & Limiting
- Relationship definition: o = 3,8 — oo

- Relationship pair: Gammal(k,theta) — Betal(alpha, beta)
- Relationship type: Transformation

- Relationship definition: X1, X2 ~ Gammal(k,theta) and Y = X1/(X1+ X2) = Y ~ Betal(alpha, beta)

- Relationship pair: StandardUniform1(0,1) — Betal(alpha,beta)
- Relationship type: Transformation

- Relationship definition: a X1, X, ..., X, (iid) ~ StandardNormall = with o =7 and f =n—r+1, X,y ~

Beta(a, B)

References

[Leemis and Mcqueston, 2008]
http://en.wikipedia.org/wiki/Beta_distribution
http://www.uncertml.org/distributions/beta

http://www.
http://www.
http://www.

math.wm.edu/~leemis/chart/UDR/PDFs/GammaBeta.pdf
math.wm.edu/~leemis/chart/UDR/PDFs/BetaNormal . pdf
math.wm.edu/~leemis/chart/UDR/PDFs/StandarduniformBeta.pdf


http://en.wikipedia.org/wiki/Beta_distribution
http://www.uncertml.org/distributions/beta
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/GammaBeta.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/BetaNormal.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/StandarduniformBeta.pdf
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BetaBinomiall
name Beta-binomial 1 (ID: 0000090)
type discrete
variate k, scalar
support ke{0,...,n}
< e ] -,
o - 68
—— n=10, alpha=0.2, beta=0.25 o—2°
o —— n=10, alpha=0.7, beta=2 ® o -
o —— n=10, alpha=2, beta=2 3 o /o a
S ] n=10, alpha=600, beta=400 e ~
o o _-°
) © ] ;»’i/o
TR w® o—8
sN | o / o~ /
oace (S] O/Q [0}
AN S A Q.
& e o/ /
Ny —9—O—o—_
- _—8 o o
P o \.o\ o\\ o n=10, alpha=0.2, beta=0.25
~ o . o n=10, alpha=0.7, beta=2
° O\C—o—o—2>9<8/ \o /o/ n=10, alpha=2, beta=2
o TTo— o | o n=10, alpha=600, beta=400
o oS
T T T T T T T T T T
0 2 4 6 8 10 0 4 6 8 10
k k
Figure 1.3: BetaBinomiall distribution plotted using the provided R code.
Model

Beta-binomial distribution is a family of discrete probability distributions on a finite support of non-negative
integers arising when the probability of success in each of a fixed or known number of Bernoulli trials

is either unknown or random. The beta-binomial distribution is the binomial distribution in which the
probability of success at each trial is not fixed but random and follows the beta distribution.

Parameter: numberOfTrials

name
type
symbol
definition

number of trials
scalar

n

neN,n>0

Parameter: alpha

name
type
symbol
definition

left beta parameter
scalar

@

a>0

Parameter: beta

name

type
symbol
definition

Functions

PMF

PMF in R

right beta parameter
scalar

B
5>0

(g

choose(n,k) * beta(k+alpha,n-k+beta) / beta(alpha,beta)
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CDF

CDF in R

cumsum (PMF)

Characteristics

Mean

Variance

Relationships

S7 L f(i),z €{0,1,2,...} with f the PMF

no

a+p

nafa+8+n)

(a+B8)*(a+B+1)

- Relationship pair: BetaBinomiall(n,«, ) — UniformDiscrete2(n)
- Relationship type: Special case

- Relationship definition: a=1,5 =1

References

|[Leemis and Mcqueston, 2008]
https://en.wikipedia.org/wiki/Beta-binomial_distribution
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/BetabinomialRectangular.pdf

Binomiall
name Binomial 1 (ID: 0000117)
type discrete
variate k, scalar
support ke{0,...,n}
IS o
AN 4 = 5000000 ©00000000000000
o o o o o
% — p=0.5, n=20 b O/ o
A / — p=0.7, n=20 o o
0 | oo P \ — p=05,n=40| 2 - / c)/ J
1\ [/
0 1 0% © oo
Lo /I \ T o
S - 0...;..0 a / / /
oo / \ o, J q
o o e o 7 o /
° \ / / J
g / / \ /°\ 3 ° {
© o oo o g ! / /o /o —_— p=0_5, n=20
[ 7 &8 v\ o 4 o — p=0.7, n=20
o ° o o ° \o ‘o o/ Q/ oo — p=0.5, n=40
g 4 000080008000° ©0006000000008880000000000 g - o00o00e800e8000°
T T T T T T T T T T
0 10 2k0 30 40 0 10 2k0 30 40
Figure 1.4: Binomiall distribution plotted using the provided R code.
Model

Binomial distribution with parameters n and p is the probability distribution of the number of successes
in a sequence of n independent yes/no experiments (Bernoulli trial) each of which yields success with

probability p.

210

10


https://en.wikipedia.org/wiki/Beta-binomial_distribution
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/BetabinomialRectangular.pdf
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Parameter: numberOfTrials

name number of trials
type scalar

symbol n

definition neN,n>0

Parameter: probability

name success probability in each trial
type scalar
symbol P
definition p € [0,1]
Functions
PMF

ny k n—k
]_7
(k)p (1-p)
PMF in R

choose(n,k) * p~k*x(1-p)~(n-k)

CDF
Il_p(n — k, 1 + k‘)

CDF in R

Rbeta(1l-p, n-k, 1+k)

Characteristics

Mean

np
Median
[np] or [np]
Mode
[(n+1)p]or [(n+1)p] —1
Variance
np(1—p)

Relationships

- Relationship pair: Binomiall(n,p) — Bernoullil(p)
- Relationship type: Special case

- Relationship definition: n =1

- Relationship pair: Binomiall(n,p) — Poissonl(\)
- Relationship type: Reparameterisation & Limiting

- Relationship definition: A = np,n — oo

- Relationship pair: Binomiall(n,p) — Normall(u, o)
- Relationship type: Limiting

- Relationship definition: For X ~ Binomiall(n,p) as n — oo, X is approximately normally distributed

Normall(p, o) with p = np,o = np(1 — p).

- Relationship pair: ConwayM azwell Poissonl(\,v) — Binomiall(p)

- Relationship type: Transformation

- Relationship definition: For v = co the distribution of the sum is binomial with parameters

nand A\/(1+ A)
- Relationship pair: Hypergeometricl(N, K,n) — Binomiall(n,p)
- Relationship type: Reparameterisation & Limiting

11
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- Relationship definition: p = K/N,n =n, N — oo

- Relationship pair: Bernoullil(p) — Binomiall(n,p)

- Relationship type: Transformation

- Relationship definition: XX (iid)

- Relationship pair: GeneralizedNegative Binomiall(0, 8, m) — Binomiall(n,p)
- Relationship type: Special case & Reparameterisation

- Relationship definition: g =0 and set m =n,0 =p

References

|[Leemis and Mcqueston, 200§], [Consul and Famoye, 2006]
wikipedia.org/wiki/Binomial_distribution
uncertml.org/distributions/binomial

https://en.
http://www.
http://www.
http://www.
http://wuw.
http://www.
http://www.

math.wm

math.wn.
math.wm.

math.wm

math.wm.

.edu/~leemis/chart/UDR/PDFs/BinomialBernoulli.pdf
edu/~leemis/chart/UDR/PDFs/BinomialPoisson. pdf
edu/~leemis/chart/UDR/PDFs/HypergeometricBinomial . pdf
.edu/~leemis/chart/UDR/PDFs/BernoulliBinomial . pdf
edu/~leemis/chart/UDR/PDFs/BinomialNormal.pdf

BirnbaumSaunders1

name Birnbaum-Saunders 1 (ID: 0000177)
type continuous
variate x, scalar
support z € (0, 400)
© ] Q]
N -
— beta=0.5, gamma=0.5
— beta=1, gamma=3
g - — beta=2, gamma=0.2 g -
beta=2, gamma=0.5 /
0 ©
- o 7]
[T [T
fa a
o O
e g
- / o
— beta=0.5, gamma=0.5
S S —— beta=1, gamma=3
—— beta=2, gamma=0.2
beta=2, gamma=0.5
= = Qo |
o o
T T T T T T T T T T T T T T
0 1 2 3 4 5 6 0 1 2 3 4 5 6
X k
Figure 1.5: BirnbaumSaundersl distribution plotted using the provided R code.
Parameter: scale
name scale
type scalar
symbol 153
definition 8>0
Parameter: shape
name shape
type scalar
symbol ~
definition v>0

12


https://en.wikipedia.org/wiki/Binomial_distribution
http://www.uncertml.org/distributions/binomial
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/BinomialBernoulli.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/BinomialPoisson.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/HypergeometricBinomial.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/BernoulliBinomial.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/BinomialNormal.pdf
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»x0 Functions

oo 1 (JalB- ERP | [vaTB+ T
Vor P [ 22 } [ 2vzx ]
PDF in R

1/ (sqrt(2xpi))* exp( -(sqrt(x/beta) - sqrt(beta/x))"2 / (2*%gamma”2) ) *
( sqrt(x/beta) + sqrt(beta/x) ) / (2*gamma*x)

CDF )
/ f(x), with f the PDF
0

CDF in R

25 cumsum (PDF*rep(stepSize,length(PDF)))

References

[MathWorks, 2015]
https://en.wikipedia.org/wiki/Birnbaum/E27,80%93Saunders_distribution

CategoricalNonordered1

name Categorical Nonordered 1 (ID: 0000248)
type discrete
270 .
variate x, scalar
support ze{l,... k}
o
&
o o
Lo
=N
oo
o (o]
1 \
o
7 o
g 5
o T T T T T T
dogs  snakes cats turtules fish birds
X

Figure 1.6: CategoricalNonorderedl distribution plotted using the provided R code.

Parameter: categoryProb

name category probabilities
type vector
symbol Plye- Pk
definition 0<p;, <1,¥p; =1
Functions
PMF
plz =1i)=p;
CDF
unde fined

13
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

ProbOnto 1.0

Characteristics

Mean

E([z = i]) = p;, this is the mean of the Iverson bracket [x = i] and not the mean of =

Median - ‘
1 such that ij < 0.5 and ij > 0.5
=1 =1
Mode
i such that p; = max(p1,...,pk)
Variance
Var([z =i]) = pi(1 — p;)Cov([z = i], [z = j]) = —pip; (i # J)

References

http://en.wikipedia.org/wiki/Categorical_distribution

CategoricalOrdered1
name Categorical Ordered 1 (ID: 0000224)
type discrete
variate x, scalar
support ze{l,...,k}
o
g ) S ) 0/0_0/0/0
2 | 3 . o
o S /
o o
4 /
o ©
Lo o\ LLo i o
S ° o
oo o/ 9 Ug | /
o
=N \ s
0 N
S AN S o/
o o——o0
S | o o |
o T T T T T T T T T T © T T T T T T T T T T
0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9

Figure 1.7: CategoricalOrderedl distribution plotted using the provided R code.

Parameter: categoryProb

name category probabilities

type vector

symbol D1y -y Pk

definition 0<p;, <1,¥p; =1

Functions
PMF
plz=1) =p;

CDF
0 forx <1
djeipj forxeliit1)
1 for x > k

14
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS ProbOnto 1.0

Characteristics
Mean

E([x = i]) = p;, this is the mean of the Iverson bracket [x = i] and not the mean of x

Median . )
11— 1
¢ such that ij < 0.5 and ij > 0.5
j=1 j=1
Mode
i such that p; = max(p1,...,pk)
Variance

Var([z =1]) = pi(1 — pi)Cov([z = 1], [z = j]) = —pip; (i # J)
25 References

http://en.wikipedia.org/wiki/Categorical_distribution

Cauchyl
name Cauchy 1 (ID: 0000274)
type continuous
variate x, scalar
support x € (—00, +00)
~ o
e —— Xx0=0, lambda=05 | ™ e
© | —— x0=0, lambda=1
© — x0=0,lambda=2 | & -
0 | x0=-2, lambda=1
o
(e}
< > |
wo | w®
fa) a
2 °s |
o
N
o « — x0=0, lambda=0.5
- o 7] —— x0=0, lambda=1
o | —— x0=0, lambda=2
o o x0=-2, lambda=1
° T T T T T ° T T T T T
-4 -2 0 2 4 -4 -2 0 2 4
X X

Figure 1.8: Cauchyl distribution plotted using the provided R code.

Parameter: location

name location

type scalar
290

symbol o

definition o € R

Parameter: scale

name scale
type scalar
symbol ~
definition yER

15
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

ProbOnto 1.0

Functions
PDF )
Ty [1 + (%) ]
PDF in R

1 / (pi*gamma* (1l + ((x-x0)"2/gamma~2)))

CDF

CDF in R

1/pi * atan((x-x0)/gamma)+1/2

Characteristics
Mean
unde fined
Median
o
Mode
Zo
Variance
unde fined
Refereneces

http://en.wikipedia.org/wiki/Cauchy_distribution
http://www.uncertml.org/distributions/cauchy

ChiSquared1
name Chi-squared 1 (ID: 0000299)
type continuous
variate x, scalar
support x € [0, +00)
0 e ]
o —
— k=1
< — k2 | o
c ] — k=3 o ]
k=5
o | — k=7 o |
LLO LLO
8 a
a O
N <
S ] S k=1
k=2
= N k=3
o o k=5
k=7
= e
° T T T T T © T T
0 2 4 6 8 0 8

Figure 1.9: ChiSquared1 distribution plotted using the provided R code.
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

ProbOnto 1.0

Parameter: degreesOfFreedom

name degrees of freedom
type scalar
symbol k
definition ke N
Functions
PDF
1 xg_le_%
23T (&)
PDF in R

1/( 2°k/2 * gamma(k/2) ) * x"(k/2-1) * exp(-x/2)

57 (23)

CDF

CDF in R

1/gamma(k/2) * Igamma(k/2,x/2)

Characteristics
Mean
k
Median
2\3
~k(ll—-—
(-%)
Mode
max{k — 2,0}
Variance
2k
Relationships

- Relationship pair: ChiSquaredl(k) — Exponentiall()\)
- Relationship type: Special case

- Relationship definition: k =2 and A = 1/2

- Relationship pair: ChiSquaredl(n) — F1(ny,ns)

- Relationship type: Transformation

- Relationship definition: If Xy ~ ChiSquaredl(n,), X9 ~ ChiSquaredl(ng) are independent random variables

Xi1/n
= Xién; NFl(nl,nz)

- Relationship pair: GeneralizedGamma2(a,b, ¢, k) — ChiSquaredl(k)

- Relationship type: Special case & Reparameterisation

- Relationship definition: a = 0,b = 2, ¢ = kcnisquare1/2,k =1

- Relationship pair: StandardNormall(0,1) — ChiSquaredl(k)
- Relationship type: Transformation

- Relationship definition: £X?

- Relationship pair: TnverseGaussianl(\, u) — ChiSquaredl (k)
- Relationship type: Transformation

- Relationship definition: X ~ InverseGaussianl(\, pu) and Y = \N(X —p)?/(u?X) = Y ~ ChiSquaredl (k)

- Relationship pair: Normall(u,oc) — ChiSquaredl(n)
- Relationship type: Transformation

- Relationship definition: If X; ~ N(u,0),i =1,2,...,n are mutually independent and identically

distributed random variables and Y = > ((X; — pu)/0)? = Y ~ ChiSquaredl(n)

17
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

ProbOnto 1.0

- Relationship pair: Gammal(k, ) — ChiSquaredl(n)
- Relationship type: Special case

- Relationship definition: kchisquarea1 = 2k,0 =2

- Relationship pair: F1(ny,n2) — ChiSquaredl(n)

- Relationship type: Limiting

- Relationship definition: If X ~ F1(nq,ns), the limiting distribution of n; X as ny — oo is

the chi-square distribution with n; degrees of freedom

References

|[Leemis and Mcqueston, 2008]
http://en.wikipedia.org/wiki/Chi-squared_distribution
http://www.uncertml.org/distributions/chi-square

http://www.math.wm.edu/~leemis/chart/UDR/PDFs/StandardnormalChisquare.pdf

http://www.math.wm.edu/~leemis/chart/UDR/PDFs/ChisquareExponential.pdf

http://www.math.wm.edu/~leemis/chart/UDR/PDFs/InversegaussianChisquare.pdf
http://www.math.wm.edu/~1leemis/chart/UDR/PDFs/NormalChisquare.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/GammaChisquareT.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/ChisquareF.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/FChisquare.pdf

ConwayMaxwellPoisson1

name Conway-Maxwell-Poisson 1 (ID: 0000323)
type discrete
variate x, scalar
support xz€{0,1,2,3,...}
g - S — O,O—0“2:8:0-0-0-0‘0—0_0“0-0"2:3:8:9:9
—— lambda=1.00, nu=1.5 / o Lo~
< | o0-0 —— lambda=3.00, nu=1.1 © d
S —— lambda=5.00, nu=0.7 o
o
[sp] ©
o | S / o/
< O E o /
E o (@] o
N ¥ Jo / /
o o \ o / o
[} o /
o
pcg \ _o-0-0-0_ N s / —— lambda=1.00, nu=1.5
é °\o’° o, / ,°  —— lambda=3.00, nu=1.1
b 0o s, & o7° —— lambda=5.00, nu=0.7
g 1 0-0-07%%0-6-0-8:60-0-0-0-0-0-0-0-0-9:8:8 g - 0-0-0-°
T T T T T T T T T T
0 5 10 15 20 0 5 10 15 20

X

X

Figure 1.10: ConwayMaxwellPoissonl distribution plotted using the provided R code.

Parameter: rate

name Poisson intensity
type scalar

symbol A

definition AERA>0

Parameter: rateOfDecay

name rate of decay
type scalar
symbol v
definition v>0

18


http://en.wikipedia.org/wiki/Chi-squared_distribution
http://www.uncertml.org/distributions/chi-square
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/StandardnormalChisquare.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/ChisquareExponential.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/InversegaussianChisquare.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/NormalChisquare.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/GammaChisquareT.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/ChisquareF.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/FChisquare.pdf
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

ProbOnto 1.0

Functions
PMF
p: 1 © M\
——— with Z(\,v) = -
@ Zovn) M) = 2 G
PMF in R

lambda”x/(factorial(x)) “nu*1/Z(lambda,nu,n);
Z(lambda,nu,n): for(i in 0:n) { Z=Z+lambda"i/(factorial(i)) "nu }}

CDF
Y2, f(i),z€{0,1,2,...} with f the PMF
CDF in R
cumsum (PMF)
Characteristics
Mean
24 G 200 )
Median
No closed form
Variance - .
JoN 2
—————— — Mean
2 Gy Z07)
Relationships

- Relationship pair: ConwayM azwell Poissonl(\,v) — Poissonl(\)
- Relationship type: Transformation
- Relationship definition: For ¥ = 1 the sum has a Poisson distribution with parameter nA

- Relationship pair: ConwayM azwell Poissonl(\,v) — Binomiall(p)

- Relationship type: Transformation

- Relationship definition: For v = co the distribution of the sum is binomial with parameters
nand A\/(1+ A)

- Relationship pair: ConwayM azwell Poissonl(\,v) — Negative Binomiall(r,p)
- Relationship type: Transformation

- Relationship definition: For v =0 and A < 1 the sum of Conway-Maxwell-Poisson distributed variables
reduces to the sum of geometric variables, which follows a Negative Binomial distribution with parameters

nand 1 — A

References

[Shmueli et al., 2005]

https://en.wikipedia.org/wiki/Conway/%E2%80%93MaxwellE2%80%93Poisson_distribution

Dirichlet1

name Dirichlet 1 (ID: 0000345)

type continuous

variate x, vector

support x1, -+ ,xx where m; €[0,1] and Zfil z; =1

19
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

ProbOnto 1.0

Parameter: concentration
name concentration
type vector
symbol Qay, QK
definition Q1,0 >0
Functions
PDF «
1 a;—1 HIi F(O{z
—_— Hz ! where B(a)= =L where o= (a1,...,aK)
B(a) i=1 ' F(Zi:l @
Characteristics
Mean o
ElX,] = !
[ l] Zk oy
Mode
a; — 1 > 1
i 74 y Oy
Dim1 Qi —
Variance
oo — o) K ey
Var[X;] = 2" "Y  where ag = a;Cov[X;, X; =——"J  (j£j
[ 1] a%(ao—i—l) 0 ; i [ i J] a%(ao—i—l) ( ?éj)
References

http://en.wikipedia.org/wiki/Dirichlet_distribution
http://www.uncertml.org/distributions/dirichlet

DoublePoissonl

name
type
variate
support
]
o
<
o
@ |
LLO
b
o
N
o
o
Q|
o

Double Poisson 1 (ID: 0000370)
discrete

x, scalar

x€{1,2,3,...,n}

1.0

o - A 0/0—0—0;839=0—2:8:8=o—o—o—o
—— mu=1.00, phi=1.5 /0 o~
——  mu=3.00, phi=1.1 ® / o o
—— mu=5.00, phi=0.7 ol O/
mu=7.00, phi=0.3 /
Q | d
o o
5 /
o 3 o
TN |/
o .
o 0—°X o o mu=1.00, phi=1.5
o \o o o / ——  mu=3.00, phi=1.1
V4 AN © /° i ——  mu=5.00, phi=0.7
% o N oo /o mu=7.00, phi=0.3
No o O~ o | 87
—~0—0=0—-8=0=C=0—-8=0=0=0 S
T T T T T T T T
0 5 10 15 0 5 10 15
k k

Figure 1.11: DoublePoissonl distribution plotted using the provided R code.
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

ProbOnto 1.0

Parameter: rate

name Poisson intensity
type scalar

symbol I

definition nweR >0

Parameter: dispersion

name dispersion
type scalar
symbol 10}
definition p€eR
Functions
PMF

K (11, )$"/? exp(—op

PMF in R

B (Y

1
y! K(p, ¢)

1—
zlJrJ
12¢u

(1

s
ou

)

K(mu,phi) *phi~(1/2) * exp(-phi*mu) * (exp(-y)*y“y)/factorial(y) * (exp(1)#*mu/y)" (phi*y) \\
\text{ with } K(mu,phi) = 1 + (1-phi)/(12*mu*phi)*(1 + 1/(mu*phi))

CDF

S f(i),x € {0,1,2,...} with f the PMF

CDF in R

cumsum (PMF)

Characteristics
Mean

Variance

w/é

Relationships

- Relationship pair: DoublePoissonl(u, $) — Poissonl()\)
- Relationship type: Special case
- Relationship definition: ¢ =1

References

[Cameron and Trivedi, 2013]

http://support.sas.com/resources/papers/proceedings09/250-2009.pdf

Erlangl
name Erlang 1 (ID: 0000392)
type continuous
variate x, scalar
support x € [0,400) (Forbes), z € (0,400) (Leemis)

Parameter: scale

name scale
type scalar
symbol b
definition b>0

21
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS ProbOnto 1.0

0 o
o ] ~ ]
— b=2, c=1
< — b=2,c=2 ©
s — b=2,c=3 B
e b=1, c=5 °
— b=0.5,c=7
) ©
o ] o 7]
L L
[a] =]
o (@]
[\ <
o oS
— b=2, c=1
— b=2,c=2
S S — b=2,c=3
b=1, c=5
— b=0.5, c=7
o o |
[S)

o
T T T T T T T T

0 5 10 15 0 5 10
X

X
Figure 1.12: Erlangl distribution plotted using the provided R code.

e
(6]

Parameter: shape

name shape
type scalar
symbol c
definition c>0
Functions
PDF
(2/b)°" ! exp(—z/b)
b(c —1)!
PDF in R

((x/b)~(c-1) *exp(-x/b)) / (b * factorial(c-1))

CDF

CDF in R

R function

Characteristics
Mean
be
Mode
blc—1),c>1
Variance
b
Relationships

- Relationship pair: Erlangl(b,c) — Exponential2()
- Relationship type: Special case

- Relationship definition: ¢ =1,b=

- Relationship pair: Gammal(k,0) — Erlangl(b,c)

- Relationship type: Special case

- Relationship definition: k € N,k =c¢,0 =b

22
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS ProbOnto 1.0

References

[Forbes et al., 2011], [Leemis and Mcqueston, 2008§]
http://wwuw.math.wn.edu/~leemis/chart/UDR/PDFs/GammaErlang. pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/Erlang.pdf

Exponentiall
name Exponential 1 (ID: 0000418)
type continuous
variate x, scalar
support z € [0,+00)
w0 A S
— lambda=1
— lambda=2
< 4 — lambda=3 @
lambda=4 ©
— lambda=5
™ - <
L L
a a
a O
o~ s
— lambda=1
- o~ — lambda=2
7 o 7] — lambda=3
lambda=4
° — lambda=5
o =
T T T T T T © T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

Figure 1.13: Exponentiall distribution plotted using the provided R code.

Parameter: rate

name rate or inverse scale
type scalar

symbol A

definition A>0

Functions

PDF
>\6fo

PDF in R
lambda*exp (-lambda*x)

CDF
1 —exp(—Az)
CDF in R

1 - exp(-lambda*x)

Characteristics

Mean
Median
Mode

Variance


http://www.math.wm.edu/~leemis/chart/UDR/PDFs/GammaErlang.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/Erlang.pdf
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

ProbOnto 1.0

Relationships

- Relationship pair: Exponentiall(\) — Exponential2(p)

- Relationship type: Reparameterisation

- Relationship definition: 8 =1/\

- Relationship pair: Paretol(x,,,«) — Exponentiall(X)

- Relationship type: Transformation

- Relationship definition: X ~ Paretol,Y =log(X/\) =Y ~ Exponentiall

- Relationship pair: GeneralizedGamma2(a,b, ¢, k) — Exponentiall(X)
- Relationship type: Special case & Reparameterisation

- Relationship definition: k =c=1,a =0,b=1/X

- Relationship pair: Gammal(k,0) — Exponentiall()\)

- Relationship type: Special case & Reparameterisation

- Relationship definition: £k = 1,0 = 1/A

- Relationship pair: Weibulll(\, k) — Exponentiall(Agzponetial)
- Relationship type: Special case & Reparameterisation

- Relationship definition: k =1, Agzponetiar = 1/A

- Relationship pair: ChiSquaredl(k) — Exponentiall(\)

- Relationship type: Special case

- Relationship definition: k¥ =2 and A = 1/2

- Relationship pair: StandardUniform1(0,1) — Exponentiall(\)
- Relationship type: Transformation
- Relationship definition: —1 log(X)

- Relationship pair: Exponential2() — Exponentiall(\)
- Relationship type: Reparameterisation
- Relationship definition: A =1/8

References

[Leemis and Mcqueston, 2008], [Forbes et al., 2011]
http://en.wikipedia.org/wiki/Exponential_distribution

http://www.
http://www.
http://www.
http://www.

uncertml.org/distributions/exponential
math.wm.edu/~leemis/chart/UDR/PDFs/ChisquareExponential . pdf
math.wm.edu/~leemis/chart/UDR/PDFs/StandarduniformExponentialB.pdf
math.wm.edu/~leemis/chart/UDR/PDFs/ParetoExponential . pdf

Exponential2
name Exponential 2 (ID: 0000443)
type continuous
variate x, scalar
support x € [0,400)
Parameter: mean
name scale
type scalar
symbol 8
definition 8>0
Functions
PDF
1/ Be /B
PDF in R

1/betaxexp(-1/betaxx)
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS ProbOnto 1.0

0 - 2
—— beta=1
B —— beta=0.5 o |
¥ —— beta=0.33 ©
beta=0.25
™ - beta=0.2 g
L [T
o) a
o o,
N oS beta=1
—— beta=0.5
i o —— beta=0.33
T S beta=0.25
—— beta=0.2
o =
T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X
Figure 1.14: Exponential2 distribution plotted using the provided R code.
CDF
1 —exp(—z/p)
CDF in R
1 - exp(-x/beta)
w5  Characteristics
Mean
B
Median
A tn(2)
Mode
0
Variance
2
B
Relationships

- Relationship pair: Exponential2() — Exponentiall()\)
- Relationship type: Reparameterisation
- Relationship definition: A = 1/8

w0 - Relationship pair: Exzponential2(1l) — F1(ny,ns)
- Relationship type: Transformation
- Relationship definition: If X5, X5 ~ Fxzponential2(1) mutually independent and identically distributed
random variables = X; /X5 has the F'1 distribution
- Relationship pair: Exponentiall(\) — Exponential2(f)
ws - Relationship type: Reparameterisation
- Relationship definition: g =1/\
- Relationship pair: Erlangl(b,c) — Exponential2(/)
- Relationship type: Special case
- Relationship definition: ¢ =1,b= 3

s0o References

[Forbes et al., 2011], [Leemis and Mcqueston, 2008]
http://www.itl.nist.gov/div898/handbook/eda/section3/eda3667.htm
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/Exponential.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/ExponentialF.pdf
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS ProbOnto 1.0

505 F 1

name F 1 (ID: 0000492)
type continuous
variate x, scalar
support x € [0,+00)
o |
— ni=1, n2=1
o — n1=2, n2=1
—— n1=5,n2=2 ©
n1=10, n2=1 o 7|
n1=60, n2=60
O i /
= o
w w
[a] [=]
o (6]
<
o
v
e — ni=1, n2=1
g - — ni=2, n2=1
—— n1=5,n2=2
n1=10, n2=1
—— n1=60, n2=60
o = o |
o o
T T T T T T T T T T
0 1 2 3 4 0 1 2 3 4

Figure 1.15: F1 distribution plotted using the provided R code.

Parameter: numerator

name degree of freedom
type scalar

symbol ny

definition ny >0

Parameter: denominator

name degree of freedom
type scalar
510
symbol N9
definition ng >0
Functions
PDF ) )
F(nlgng)(%)nl/ :L’nl/ —1
DT () (e + 1]

PDF in R

gamma((nl + n2)/2)*(n1/n2) " (n1/2)*x" (n1/2-1)/(gamma(nl/2) *gamma(n2/2) * (n1/n2*x+1) ~ ((n1+n2)/2))

CDF

CDF in R

515 Rbeta(nl*x / (anl*x + n2), nl/2, n2/2)
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS ProbOnto 1.0

Characteristics
Mean
’/lQ/(TLQ — 2),712 > 2
Mode )
7,’12(”1 _ )7’)’Ll > 2
nl(ng + 2)
Variance )
2 -2
nl(ng — 2) (TLQ — 4)
Relationships

- Relationship pair: F1(ni,n2) — ChiSquaredl(n)

- Relationship type: Limiting

- Relationship definition: If X ~ F'1(nq,ns), the limiting distribution of n; X as ng — oo is
the chi-square distribution with n; degrees of freedom

- Relationship pair: ChiSquaredl(n) — F1(ny,ng)
- Relationship type: Transformation
- Relationship definition: If Xy ~ ChiSquaredl(n), Xo ~ ChiSquaredl(ns) are independent random variables

Xi/n
= 7)(;?,7; ~ F1(n1,n2)

- Relationship pair: Exponential2(1) — F1(ny,ng)

- Relationship type: Transformation

- Relationship definition: If X, X5 ~ Exponential2(1) mutually independent and identically distributed
random variables = X /X5 has the F'1 distribution

- Relationship pair: StudentT1(v) — F1(ny,ns)
- Relationship type: Transformation
- Relationship definition: If X ~ StudentT1(v) =Y = X? ~ F(1,v)

References

|[Leemis and Mcqueston, 2008], [Forbes et al., 2011]
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/F.pdf
http://www.uncertml.org/distributions/f
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/ChisquareF.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/FChisquare.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/ExponentialF.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/TF.pdf

Gammal

name Gamma 1 (ID: 0000571)
type continuous

variate x, scalar

support x € (0,400)

Parameter: shape

name shape
type scalar
symbol k

definition k>0

Parameter: scale

name scale
type scalar
symbol 0
definition 0>0
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Figure 1.16: Gammal distribution plotted using the provided R code.
Functions
PDF )
k—1 —=2
T e
INOAL
PDF in R

1 / (gamma(k) * theta’k) * x~(k-1) * exp(-x/theta)

CDF 1 .
OR )

550 CDF in R

1/gamma (k) * Igamma(k,x/theta)

Characteristics
Mean
ko
Median
No simple closed form
Mode
(k —1)ffor k >1
Variance
k6>
Relationships

- Relationship pair: Gammal(k,0) — Exponentiall(\)
sss - Relationship type:
- Relationship definition: k= 1,0 = 1/A
- Relationship pair: Gammal(«, 8) — InverseGammal(c, 3)

- Relationship type: Transformation
- Relationship definition: If X ~ Gammal(a,3) then X ! ~ InverseGammal(a, 371)

s0 - Relationship pair: Gammal(k,theta) — Gamma2(r, mu)
- Relationship type: Reparameterisation
- Relationship definition: r =k, u =1/6
- Relationship pair: Gammal(k,theta) — Betal(alpha,beta)
- Relationship type: Transformation
ss - Relationship definition: X1, X2 ~ Gammal(k,theta) and Y = X1/(X1+ X2) = Y ~ Betal(alpha, beta)
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

ProbOnto 1.0

- Relationship pair: Gammal(k,theta) = Normall(p, o)
- Relationship type: Special case & Limiting

- Relationship definition: = k6, 0° = k20,0 — oo

- Relationship pair: Gammal(k,0) — Erlangl(b,c)

- Relationship type: Special case

- Relationship definition: £k € N,k =c¢,0 =b

- Relationship pair: Gammal(k,8) — ChiSquaredl(n)

- Relationship type: Special case

- Relationship definition: kchisquarea1 = 2k,0 = 2

- Relationship pair: GeneralizedGamma2(a,b, ¢, k) — Gammal(k,0)
- Relationship type: Transformation
- Relationship definition: £ = 1,a = 0 and renaming parameters: ¢ = k,b =6

- Relationship pair: GeneralizedGammal(a,d,p) = Gammal(k,0)
- Relationship type: Special case

- Relationship definition: p =1,k =d,0 =a

- Relationship pair: Gamma2(r, mu) — Gammal(k,theta)

- Relationship type: Reparameterisation

- Relationship definition: k =1r,0 = 1/u

References

[Leemis and Mcqueston, 2008], [Forbes et al., 2011]
http://en.wikipedia.org/wiki/Gamma_distribution

http://www.uncertml.org/distributions/gamma
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/GammaBeta.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/GammaNormall . pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/GammaErlang. pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/GammaChisquareT.pdf
Gamma2
name Gamma 2 (ID: 0000597)
type continuous
variate x, scalar
support z € (0,+00)
© ] e ]
o —— k=1, mu=0.5 -
— k=2, mu=1
< | — k=8, mu=0.33 o |
e k=7.5, mu=1 e
— k=9, mu=2
o | © |
L.I_c> LLO
fa) a
o O
o <
o o
— k=1, mu=0.5
- o — k=2, mu=1
S S | —— k=3, mu=0.33
\ k=7.5, mu=1
e o | — k=9, mu=2
© T T T T T e T T T T T
0 5 10 15 20 0 5 10 15 20
X X
Figure 1.17: Gamma2 distribution plotted using the provided R code.
Parameter: shape
name shape
type scalar
symbol r
definition >0
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

ProbOnto 1.0

Parameter: rate

name rate
type scalar
symbol I
definition w>0

Functions

PDF

PDF in R
(mu"r * x"(r-1) * exp(-muxx)) / gamma(r)

CDF

CDF in R

1/gamma(r) * Igamma(r,mu*x,lower=T)

Characteristics

Mean
/1

Variance

v/’

Relationships

- Relationship pair: Gamma2(r, mu) — Gammal(k,theta)
- Relationship type: Reparameterisation
- Relationship definition: k =7,0 = 1/pu

- Relationship pair: Gammal(k,theta) = Gamma2(r, mu)
- Relationship type: Reparameterisation
- Relationship definition: r =k, u=1/6

References

[Spiegelhalter et al., 2003]

GeneralizedGammal

name Generalized Gamma 1 (ID: 0000621)
type continuous

variate x, scalar

support x € (0,400)

Parameter: scale

name scale
type scalar
symbol a
definition a>0
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Figure 1.18: GeneralizedGammal distribution plotted using the provided R code.

Parameter: shapel

name shape
type scalar
symbol d

definition d>0

Parameter: shape2

name shape
type scalar
620
symbol P
definition p>0
Functions
PDF .
p/a® 44 —(x/a)?
I'(d/p)
PDF in R

p/a~d/gamma(d/p) * x~(d-1) * exp(-(x/a)"p)

CDF
v(d/p, (x/a)?)
I'(d/p)

CDF in R

es Igamma(d/p, (x/a)”p, lower=T) / gamma(d/p)

Characteristics

Mean

T+ 1)/p)
I'(d/p)

Mode )

—1\7»
a (d> , ford >1

p

Variance

2 (Td+2)/p) (r<<d+ 1>/p>>2
I'(d/p) I'(d/p)
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

ProbOnto 1.0

Relationships

- Relationship pair: GeneralizedGammal(a,d,p) = Gammal(k,0)
- Relationship type: Special case
- Relationship definition: p=1,k =d,0 =a

- Relationship pair: GeneralizedGammal(a,d,p) — GeneralizedGamma3(r, u, 3)
- Relationship type: Reparameterisation
- Relationship definition: r =d/p, 8 =p,u=1/a

- Relationship pair: GeneralizedGamma3(r, u, 8) — GeneralizedGammal(a, d, p)
- Relationship type: Reparameterisation

- Relationship definition: a = 1/p,d = r,p =3

- Relationship pair: GeneralizedGamma2(a,b,c) — GeneralizedGammal(a,d, p)
- Relationship type: Reparameterisation

- Relationship definition: a = 0, kc = d, and rename k = p,b =a

References

[Stacy, 1962]

http://en.wikipedia.org/wiki/Generalized_gamma_distribution

GeneralizedGamma?2

name
type
variate
support

1.0

0.8

PDF
04 06
Il

0.2
|

0.0
L

Parameter:

name
type
symbol
definition

Parameter:

name
type
symbol
definition

Generalized Gamma 2 (ID: 0000644)
continuous

x, scalar

O<a<zx

Q]
,b=0.5,¢=0.5,k=1|
, b=7, ¢=0.75, k=1
, b=1, c=5, k=1 @ |
, b=0.5, c=1.5, k=1 i
©
@
[T
a
)
<
pa
o — a=2, b=0.5, ¢=0.5, k=1
o | — a=1, b=7, ¢=0.75, k=1
o | -_/ a=5, b=0.5, c=1.5, k=1
T T T T ° T T T T
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X X
Figure 1.19: GeneralizedGamma2 distribution plotted using the provided R code.

location

location
scalar

a

a>0

scale

scale
scalar
b
b>0
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS ProbOnto 1.0

Parameter: shapel

name shapel

type scalar
650

symbol c

definition c>0

Parameter: shape2

name shape2
type scalar
symbol k
definition k>0
Functions
PDF
k(z —a)ke! . [_ (x - a)k}
Bel(c) b
PDF in R

o5 (kx(x-a) " (kxc-1)) / (b~ (k*xc)*gamma(c)) * exp( -((x-a)/b)"k )

CDF
(e (55)%)
I'(e)

CDF in R

Igamma(c, ((x-a)/b)"k, lower=T) / gamma(c)

Characteristics

Mean

a+bl'(c+1/k)/I'(c)
Mode
a+blc—1/k)Y* c>1/k
Variance
VT (c+2/k)/T(c) — [[(c+ 1/k)/T(c)]*}

Relationships

so - Relationship pair: GeneralizedGamma2(a,b,c, k) — Gammal(k, )
- Relationship type: Transformation
- Relationship definition: £ = 1,a = 0 and renaming parameters: ¢ = k,b =6
- Relationship pair: GeneralizedGamma2(a,b, c, k) — Exponentiall(X)
- Relationship type: Special case & Reparameterisation
o5 - Relationship definition: kK =c=1,a =0,b=1/A
- Relationship pair: GeneralizedGamma2(a,b, c, k) — Weibulll(\, k)
- Relationship type: Special case & Reparameterisation
- Relationship definition: ¢ =1,a =0,b= A
- Relationship pair: GeneralizedGamma2(a,b, ¢, k) — ChiSquaredl(k)
e - Relationship type: Special case & Reparameterisation
- Relationship definition: a = 0,b = 2, ¢ = kcnisquare1/2,k =1
- Relationship pair: GeneralizedGamma2(a,b,c) — GeneralizedGammal(a,d, p)
- Relationship type: Reparameterisation
- Relationship definition: a = 0, k¢ = d, and rename k = p,b=a
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s References

[Forbes et al., 2011]
http://wwuw.mathwave.com/help/easyfit/html/analyses/distributions/gen_gamma.html

GeneralizedGamma3

name Generalized Gamma 3 (ID: 0000670)
type continuous
variate x, scalar
support x € (0,+00)
© ] o
© — r=1, mu=0.5, beta=1 -
— r=4, mu=1, beta=1
< | —— r=8, mu=0.5, beta=2 © |
o o
@ ©
<3 o
L [T
fa) a
a O
[a\) <
o 7] o ]
~— (oY}
S o 7]
o o
ol ol
T T T T T T T T T T T T
0 2 4 6 8 10 0 2 4 6 8 10

X k
Figure 1.20: GeneralizedGammag3 distribution plotted using the provided R code.

0 Parameter: scale

name scale
type scalar
symbol r
definition r>0

Parameter: shapel

name shape
type scalar
symbol I

definition w>0

Parameter: shape2

name shape
type scalar
**  symbol 8
definition 8>0
Functions
PDF
Fg)uﬁ%ﬁ’"‘l oxp|—(uz)”]

PDF in R

beta / gamma(r) * mu”(beta*r) * x”(beta*r -1) * exp(-(mux*x) beta)
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Relationships

o0 - Relationship pair: GeneralizedGamma3(r, i, 8) — GeneralizedGammal(a,d, p)
- Relationship type: Reparameterisation
- Relationship definition: a =1/p,d = fr,p =
- Relationship pair: GeneralizedGammal(a,d,p) — GeneralizedGamma3(r, y, 3)
- Relationship type: Reparameterisation

s - Relationship definition: r =d/p, 8 =p,u=1/a

References

[Spiegelhalter et al., 2003]

GeneralizedNegativeBinomiall

name Generalized Negative Binomial 1 (ID: 0000690)
type discrete
variate x, scalar
support x€{0,1,2,3,...}
o
, = o~0‘°°°°°°2.88899‘”’2‘8‘899
o |o —— theta=0.65, beta=0.8, m=10 b o°° o
37\ — ‘theta=0.45, beta=1.2, m=6 o | b o o°
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i ; !
o © | /o o/
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= o o / / /
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o s1l 7/ J
,O_ | o7© 0\0 ] o /
S /\ o 00 o | / —°—  theta=0.65, beta=0.8
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Figure 1.21: GeneralizedNegativeBinomiall distribution plotted using the provided R code.

w0 Parameter: theta

name scale
type scalar
symbol 0
definition 0<d<1

Parameter: beta

name shapel

type scalar

symbol 15}

definition B=0orl1<pB<o!

Parameter: m

name shape2

type scalar
705

symbol m

definition m >0
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

ProbOnto 1.0

Functions
PMF 8
m m —+ px
60%(1 — 6 m+pBr—x
m + Bz ( x > ( )
PMF in R

m/ (m+beta*x) * choose(m+beta*x,x)*theta™x * (1-theta)  (m+beta*x-x)
CDF
X7, f(0),x €{0,1,2,...} with f the PMF
CDF in R

cumsum (PMF)

Characteristics

Mean
mo(1l — 96)_1

Variance

ml(1 —0)(1—6p3)3

Relationships

- Relationship pair: GeneralizedNegative Binomiall(8, 8, m) — Binomiall(n,p)
- Relationship type: Special case & Reparameterisation
- Relationship definition: § =0 and set m =n,0 =p

- Relationship pair: GeneralizedNegative Binomiall(0, 8, m) — Negative Binomiald(r,p)
- Relationship type: Special case & Reparameterisation
- Relationship definition: § =1 and set m =r,0 = p

- Relationship pair: GeneralizedNegative Binomiall(8, 8, m) — InverseBinomiall(k,p)
- Relationship type: Special case & Reparameterisation
- Relationship definition: § =2,0=1—7p

References

[Consul and Famoye, 2006], [Yanagimoto, 1989]

GeneralizedPoissonl

name Generalized Poisson 1 (ID: 0000712)
type discrete

variate k, scalar

support ke{0,1,2,3,...}

Parameter: rate

name Poisson intensity
type scalar

symbol 0

definition 0>0

Parameter: dispersion

name dispersion

type scalar

symbol 1)

definition max(—1,—0/m) < 6 < 1 with m(> 4) the largest positive integer for which 6 +md > 0 when § < 0
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS ProbOnto 1.0
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Figure 1.22: GeneralizedPoissonl distribution plotted using the provided R code.
Functions
PMF
0(0 + 6k)F—1 x e~ 00k
k!
PMF in R

(thetax (thetatk*delta) “(k-1) * exp(-theta-k*delta)) / factorial (k)
CDF
X2, f(0),x €{0,1,2,...} with f the PMF
CDF in R

cumsum (PMF)

Characteristics

Mean

Variance

Relationships

- Relationship pair: GeneralizedPoissonl(6,0) — Poissonl(\)

- Relationship type: Special case

- Relationship definition: 6 = 0,0 =

- Relationship pair: GeneralizedPoissonl(8,0) — GeneralizedPoisson2(u, o)
- Relationship type: Reparameterisation

- Relationship definition: p = 6/(1 — d)

- Relationship pair: GeneralizedPoisson2(u,d) — GeneralizedPoisson1(6,6)
- Relationship type: Reparameterisation

- Relationship definition: § = p(1 — 9)

References

[Yang et al., 2007], [Consul and Famoye, 2006]
http://finzi.psych.upenn.edu/library/VGAM/html/genpoisson.html
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GeneralizedPoisson3

name Generalized Poisson 3 (ID: 0000758)
type discrete
750 .
variate y, scalar
support y€{0,1,2,3,...}
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Figure 1.23: GeneralizedPoisson3 distribution plotted using the provided R code.

Parameter: mean

name mean
type scalar
symbol w

definition w>0

Parameter: dispersion

name dispersion
type scalar
symbol «

definition a>—-1l,aeR

= Functions

PMF

( 1 )y(l +ay)y ! exp [—N(l +ay)}
1+au y! 1+au
PMF in R

(mu/ (1+alpha*mu) )"y *(l+alphaxy)~(y-1)/factorial (y)*exp(-mu*(l+alphax*y)/(1l+alpha*mu))

CDF
SF_ f(i),x €{0,1,2,...} with f the PMF

CDF in R

cumsum (PMF)

w0 Characteristics

Mean

Variance
pu(l+ap)?
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS ProbOnto 1.0

Relationships

- Relationship pair: GeneralizedPoisson3(u, ) — Poissonl(\)

- Relationship type: Special case

- Relationship definition: o = 0, A = p

- Relationship pair: ZerolnflatedGeneralizedPoissonl(p, o, p0) — GeneralizedPoisson3(u, o)

- Relationship type: Special case
- Relationship definition: p0 =0

References

[Hilbe, 2011], [Famoye and Singh, 20006], [[smail and Zamani, 2013]

GeneralizedPoisson?2

name GeneralizedPoisson2 (ID: 0000735)
type discrete
variate k, scalar
support ke{0,1,2,3,...}
gﬁ 3‘ 5:00000000088686000000
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Figure 1.24: GeneralizedPoisson2 distribution plotted using the provided R code.

Parameter: mean

name mean
type scalar
symbol u

definition w>0

Parameter: dispersion

name dispersion
type scalar
symbol 1)
definition max(—1,—p/m) < 6 < 1 with m(> 4) the largest positive integer for which 4+ md > 0.

Functions
PMF -
p(1 = 6)[p(1 —0) + 6k]"~ o ln(1—8)+0k]
k!
PMF in R

- (mux(1-delta)* (mu*x(1-delta)+deltaxk)~(k-1)) / factorial(k) * exp(-(mux(1-delta)+deltaxk))
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

ProbOnto 1.0

CDF
S7 L f(i),z €{0,1,2,...} with f the PMF

CDF in R

cumsum (PMF)

Characteristics

Mean

Variance

(1—90)?
Relationships

- Relationship pair: GeneralizedPoisson2(u,d) — Poissonl(\)

- Relationship type: Special case

- Relationship definition: § =0, A = p

- Relationship pair: GeneralizedPoisson2(u,d) — GeneralizedPoisson1(6, )
- Relationship type: Reparameterisation

- Relationship definition: 6 = pu(1 — ¢)

- Relationship pair: GeneralizedPoissonl(0,0) — GeneralizedPoisson2(u, o)

- Relationship type: Reparameterisation
- Relationship definition: p = 60/(1 — 9)

References

[Plan, 2014], [Yang et al., 2007]

Geometricl
name Geometric 1 (ID: 0000782)
type discrete
variate k, scalar
support k€ {0,1,2,3,...}, number of failures
o 2 e
— p=02 o 0o—"0
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Figure 1.25: Geometricl distribution plotted using the provided R code.

Model

The geometric distribution is the probability distribution of the number Y = X —1 of failures before the first

success, supported on the set {0,1,2,3,...}.
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

Parameter: probability

name success probability
type scalar

symbol P

definition O<p<1

Functions

PMF
(1-p)*p
PMF in R
p*x(1-p) "k

CDF
1— (1 _ p)k+1

CDF in R

1-(1 - p)~(k+1)

Characteristics

Mean

Median )

{Ing(l —D
Mode

Variance

Relationships

- Relationship pair: Geometricl(p) — Negative Binomiall(r,p)
- Relationship type: Transformation

- Relationship definition: XX (iid)

- Relationship pair: Negative Binomiall(r,p) — Geometricl(p)
- Relationship type: Special case

- Relationship definition: n =1

References

|[Leemis and Mcqueston, 2008]
http://en.wikipedia.org/wiki/Geometric_distribution
http://www.uncertml.org/distributions/geometric
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/PascalGeometric.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/GeometricPascal.pdf

Gompertzl

name Gompertz 1 (ID: 0000008)
type continuous

variate x, scalar

support x € (—00, +00)
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Figure 1.26: Gompertzl distribution plotted using the provided R code.

Parameter: shape

name shape
type scalar
symbol n

definition n>0

Parameter: scale

name scale
type scalar
*  symbol b
definition b>0
Functions
PDF
bne’e exp (—nebz)
PDF in R

bxetaxexp (b*x) *exp (eta) *exp (-eta*exp (b*x))

CDF
1—exp (—77 (ebz — 1))
CDF in R

a0 1-exp(-etax(exp(b*x)-1))

Characteristics
Median
(1/b)log [(—1/n)log (1/2) +1]

Rerefences

https://en.wikipedia.org/wiki/Gompertz_distribution

Gumbell
name Gumbel 1 (ID: 0000032)
type continuous
835 .
variate x, scalar
support x € (—00, +00)
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& o |
O‘ ~—
—— mu=0.5, beta=2
—— mu=3, beta=2 ©
2] —— mu=1.5, beta=3 S ]
(=) mu=3, beta=4
©
©
Lo W
av =]
oo (@]
<
3 A
8 | —— mu=0.5, beta=2
o N —— mu=3, beta=2
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Figure 1.27: Gumbell distribution plotted using the provided R code.

Parameter: location

name location
type scalar
symbol I
definition weER

Parameter: scale

name scale

type scalar
symbol 154
definition 8>0,0€eR

s0 Functions

PDF

PDF in R
(exp(-exp(-(x-mu) /beta)) * exp(-(x-mu)/beta))/beta

CDF

e_e*(w*u)/ﬂ
CDF in R

exp (-exp (- (x-mu) /beta))

ss Characteristics

Mean
i+ Byg; with is Euler constant vg
Median
1= B In(In(2))
Mode
1

Variance )

T 52

G B
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References

https://en.wikipedia.org/wiki/Gumbel_distribution

HalfNormall
name Half-normal 1 (ID: 0000068)
type continuous
variate x, scalar
support x € [0,400)
o o
S ~
—— theta=0.5
—— theta=2 @ |
0 | —— theta=1 ©
- theta=3
© |
[T LLO
a2 - \ Q
ar O
<
o
o | T theta=0.5
S o~ —— theta=2
1\ © —— theta=1
theta=3
o | - — e |
o o
T T T T T T T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5

X

X
Figure 1.28: HalfNormall distribution plotted using the provided R code.

0  Parameter: inverseScale

name inverse scale
type scalar
symbol 0
definition 0>0

Functions

PDF 99
6—9212/7r

PDF in R
2xtheta/pi * exp(-theta™2 * x"2 / pi)

CDF
erf(0x/\/)
855 CDF in R

erf (theta * x / sqrt(pi))

Characteristics

Mean
1/60

Variance
T—2

202
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Relationships

- Relationship pair: TruncatedNormall(u,o,a,b) — Hal f Normall(8)

- Relationship type: Special case
- Relationship definition: g =0,a =0,b =00

References

[Forbes et al., 2011]
http://reference.wolfram.com/language/ref/HalfNormalDistribution.html

http://mathworld.wolfram.com/Half-NormalDistribution.html

Hypergeometricl
name Hypergeometric 1 (ID: 0000126)
type discrete
variate k, scalar
support k € {max(0,n+ K — N), ..., min(n, K)}
© o
. 7 [} ‘_. -
e o\ —— N=500, K=50, n=100 o
/° —— N=500, K=60, n=200 © ! J .
o \ —— N=500, K=70, n=300 = / d J
2 9 7S & 1 ! /
S | \ 9 o Y © / /o P
/ 4 S o /
% o ! o \o o/ \o E / /o /°
- / / \ / \ Oq- o ° o
0 ? ° s q o ] / /
o o Vo \ / \ / o o
IS / \ ) o /° °\ 7 / o/
L [ o o / I N=500/ K=50, n=100
o / \ S] o o 4
/ \Q.f L o o o/ e N=509, K=60, n=200
o o % 0.2 % S o N=500, K=70, n=300
S O&MW% 860 L e e o
S T T T T T T T ° T T T T T T T
0 10 20 3k0 40 50 60 0 10 20 3k0 40 50 60
Figure 1.29: Hypergeometricl distribution plotted using the provided R code.
Model

Hypergeometric distribution is a discrete probability distribution that describes the probability of k successes
in n draws, without replacement, from a finite population of size N that contains exactly K successes, wherein

870
each draw is either a success or a failure. In contrast, the binomial distribution describes the probability of k

successes in n draws with replacement.

Parameter: populationSize

name
type
symbol
definition

875
name
type
symbol
definition

Parameter:

population size
scalar

N
Ne{0,1,2,...}

numberOfSuccesses

number of successes

scalar
K
K €{0,1,2,...,N}
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Parameter: numberOfTrials

name number of trials
type scalar
symbol n
definition ne{0,1,2,...,N}
Functions
PMF Nk
() i)
N
(n)
PMF in R

choose (K, k)*choose(M-K,n-k) /choose(M,n)

CDF N
n —n
kw p| LEFI-K k+l-n
B 3 k42, N+4k+2—-K—-n"
CDF in R
cumsum (PMF)
Characteristics
Mean
K
N
Mode
(et (K +1)
N+2
Variance
E (N—-K)N-n
"NTN N-1
Relationships

- Relationship pair: Hypergeometricl(N, K,n) — Binomiall(n, p)
- Relationship type:

- Relationship definition: p = K/N,n =n, N — o0

- Relationship pair: Hypergeometricl(N, K,n) — Poissonl(\)

- Relationship type: Limiting

- Relationship definition: X ~ Hypergeometricl(N, K,n) =Y ~ Poissonl()) as K, N and n tend to infinity for

K/N small and nK/N — A

- Relationship pair: Hypergeometricl(N, K,n) — Normall(u, o)
- Relationship type: Limiting

- Relationship definition: X ~ Hypergeometricl(N, K,n) =Y ~ Normall(u, o) for large n, but K/N not too small

References

[Forbes et al., 2011], [Leemis and Mcqueston, 2008§]
http://en.wikipedia.org/wiki/Hypergeometric_distribution
http://www.uncertml.org/distributions/hypergeometric

http://www.math.wm.edu/~leemis/chart/UDR/PDFs/HypergeometricBinomial.pdf
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Figure 1.30: InverseBinomiall distribution plotted using the provided R code.

InverseBinomiall
name Inverse Binomial 1 (ID: 0000154)
type discrete
variate x, scalar
support xz€{0,1,2,3,...}

Parameter: index

name index parameter
type scalar

symbol k

definition ke{0,1,2,...}

Parameter: probability

name probability
type scalar
symbol P
definition 1/2<p<1
Functions
PMF
kT (2z+ k) k(] _ p)e
N+ T(zx+k+1)
PMF in R

(k * gamma(2*x+k)) / (gamma(x+1) * gamma(x+k+1)) * p~(x+k) * (1-p)~x

Characteristics
Mean
k(1—p)/(2p—1)
Variance
kp(1—p)/(2p — 1)
Relationships

- Relationship pair: GeneralizedNegative Binomiall(0, 8, m) — InverseBinomiall(k,p)
- Relationship type:
- Relationship definition: § =2,0=1—1p
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as References

[Yanagimoto, 1989]
https://cran.r-project.org/web/packages/VGAM/VGAM. pdf

InverseGammal
name Inverse-Gamma 1 (ID: 0000182)
type continuous
variate x, scalar
support x € (0,+00)
0 - 2
—— alpha=1, beta=1
——— alpha=3, beta=1
< ——alpha=2, beta=1 2 4
alpha=3, beta=0.5
™ - e
[T [T
a a
o o
e s
o alpha=1, beta=1
~ S —— alpha=3, beta=1
—— alpha=2, beta=1
o alpha=3, beta=0.5
o 3
T T T T T T T T T T T T T T
0.0 0.5 1.0 1.5 2.0 25 3.0 0.0 0.5 1.0 1.5 2.0 25 3.0

X X
Figure 1.31: InverseGammal distribution plotted using the provided R code.

o0 Parameter: shape

name shape

type scalar
symbol «
definition a>0,aeR

Parameter: scale

name scale

type scalar

symbol 153

definition 8>00€R
Functions

PDF

5—&3370‘71 exp ( _5>
I'«) x

beta”alpha/gamma(alpha) * x~(-alpha-1) * exp(-beta/x)

925 PDF in R

CDF
[(a, B/x)

(o)
CDF in R

Igamma(alpha, beta/x, lower=F) / gamma(alpha)
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Characteristics
Mean
B
fora>1
a—1
Mode
B
a—+1
Variance
52
— 2
(0471)2(0472) or o >

o Relationships

- Relationship pair: Gammal(a, ) — InverseGammal(c, )
- Relationship type: Transformation
- Relationship definition: If X ~ Gammal(a, 8) then X ~! ~ InverseGammal(a, 371)

References

o35 http://en.wikipedia.org/wiki/Inverse-gamma_distribution
http://www.uncertml.org/distributions/inverse-gamma

InverseGaussianl
name Inverse Gaussian 1 (ID: 0000212)
type continuous
variate x, scalar
support x € (0,400)
| Q|
. —— mu=1, lambda=1 T
—— mu=1, lambda=10 ©
—— mu=2, lambda=5 o ]
e |
- ©
Q
[T [T
a a
o o
<
7o) o
9
N —— mu=1, lambda=1
e —— mu=1, lambda=10
—— mu=2, lambda=5
o | o |
° T T T T T T ° T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5
X X

Figure 1.32: InverseGaussianl distribution plotted using the provided R code.

Parameter: shape

name shape

type scalar
. symbol A

definition A>0

Parameter: mean

name mean
type scalar
symbol I

definition w>0
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Functions

PDF

A A 5
omad P ( B 2/121'(36 — )
PDF in R

sqrt (lambda/ (2*pi*x~3) ) * exp(-lambda/(2*mu”2 x) * (x-mu)"2)

CDF

CDF in R

pnorm(sqrt(lambda/x) * (x/mu-1)) + exp(2xlambda/mu) * pnorm(-sqrt(lambda/x) * (x/mu+1))

Relationships

- Relationship pair: TnverseGaussianl(A, u) — StandardNormall(0,1)
- Relationship type: Limiting

- Relationship definition: A — oo

- Relationship pair: TnverseGaussianl(A, u) — ChiSquaredl(k)

- Relationship type: Transformation

- Relationship definition: X ~ InverseGaussianl(\, pu) and Y = \N(X —pu)?/(u?>X) = Y ~ ChiSquaredl(k)

References

|[Leemis and Mcqueston, 2008]
https://en.wikipedia.org/wiki/Inverse_Gaussian_distribution
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/InversegaussianStandardnormal. pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/InversegaussianChisquare.pdf

InverseWishart1l
name Inverse-Wishart 1 (ID: 0000232)
type continuous
variate X, matrix
support X (p x p) — positive-definite matrix

Parameter: scaleMatrix

name scale matrix

type matrix

symbol v

definition ¥ > 0, positive-definite matrix

Parameter: degreesOfFreedom

name degrees of freedom
type scalar
symbol v
definition v>p—1lveR
Functions
PDF
Ll\If| 2 ; |X|_% e—%tr(\I/X’l)
22T5(5)
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Characteristics
Mean
—— forv>p+1
v—p—1
Mode
g
v+p+1
References

oo https://en.wikipedia.org/wiki/Inverse-Wishart_distribution

Laplacel
name Laplace 1 (ID: 0000256)
type continuous
variate x, scalar
support x € (—00,400)
n Q]
o —
< | @
o o
™ | © |
LLO LLO
a a
o 3]
N <
o o
- | N
o o
o | o |
e T T T T T ° T T T T T
-10 -5 0 5 10 -10 -5 0 5 10
X X

Figure 1.33: Laplacel distribution plotted using the provided R code.

Parameter: location

name location
type scalar
symbol "
definition uweER

os  Parameter: scale

name scale

type scalar

symbol b

definition b>0,beR

Functions

PDF
Lo (EH
2b b

PDF in R

1/(2*b) * exp(- abs(x-mu)/b )
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CDF
%exp(%) ifex<p
1—texp(—%2) ifz>p

980 CDF in R

1/2 * exp( (x-mu)/b ) # for x < mu
1- 1/2 * exp( -(x-mu)/b ) # x >= mu

Characteristics
Mean
I
Median
1
Mode
1
Variance
202
Relationships

s - Relationship pair: Laplacel(u,b) — Laplace2(p, T)
- Relationship type: Reparameterisation
- Relationship definition: 7 =1/b
- Relationship pair: Laplace2(u, 7) — Laplacel(u,b)
- Relationship type: Reparameterisation

wo - Relationship definition: b= 1/7

References

https://en.wikipedia.org/wiki/Laplace_distribution
http://www.uncertml.org/distributions/laplace

Laplace2
name Laplace 2 (ID: 0000283)
type continuous
995 .
variate x, scalar
support x € (—00, +00)
n o
o ] - P —
mu=0, tau=1
mu=0, tau=0.5
< «©
(<3 mu=0, tau=0.25 o |
mu=-5, tau=0.25
@ ©
o S
[T [T
a a
a @)
9V} <
S S
mu=0, tau=1
- N ——  mu=0, tau=0.5
o o
— mu=0, tau=0.25
Z ; mu=-5, tau=0.25
Qo | —~——= Qo |
o o
T T T T T T T T T T

-10 -5 0 5 10 -10 -5 0 5 10

Figure 1.34: Laplace2 distribution plotted using the provided R code.
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Parameter: location

name location
type scalar
symbol I
definition LeER

Parameter: tau

name precision
type scalar
symbol T
definition T>0,T€ER
Functions
PDF
-
= exp (—rle — )
PDF in R

tau/2 * exp(-tau * abs(x-mu))

CDF
Texp (T(z — p)) ifoe<up
1—jexp(—7(x—p) ifz>p

CDF in R

1/2 * exp( tau*(x-mu) ) # for x < mu
1- 1/2 * exp( -tau*(x-mu) ) # x >= mu

Characteristics
Mean
I
Variance
2/72
Relationships

- Relationship pair: Laplace2(u, 7) — Laplacel(,b)
- Relationship type: Reparameterisation
- Relationship definition: b= 1/7

- Relationship pair: Laplacel(u,b) — Laplace2(p, T)
- Relationship type: Reparameterisation
- Relationship definition: 7 =1/b

References

[Spiegelhalter et al., 2003|, [Lunn, 2012]

LogLogisticl
name Log-Logistic 1 (ID: 0000377)
type continuous
variate x, scalar
support z € [0,+00)
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Figure 1.35: LogLogisticl distribution plotted using the provided R code.

Parameter: scale

name scale
type scalar
symbol «
definition a>0

w0 Parameter: shape

name shape
type scalar
symbol 8
definition 8>0
Functions
PDF
(B/a)(z/a)!
(1+ (z/a)?)?
PDF in R

(beta/alpha) * (x/alpha) "~ (beta-1) / (1+(x/alpha) “beta) "2

CDF
1

1+ (x/a)=F
1025 CDF in R

1 / (1+(x/alpha)~(-beta))

Characteristics
Mean
ﬂ if 8> 1, else undefined
sin(w/f)
Median
«
Mode
(’B_l)w if 8> 1,0 otherwi
al =—— i , 0 otherwise
6+1
Variance

(2B B
(sin(27r/ﬁ) sinz(ﬂ'/ﬁ))vf f>2
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Relationships

- Relationship pair: LogLogisticl(a, ) — Logisticl(u, s)
w0 - Relationship type: Transformation
- Relationship definition: If X ~ LogLogisticl(a, ) = Y = log(X) ~ Logisticl(u, s) with u = log(a), s =
1/8)
- Relationship pair: LogLogisticl(a, 8) — LogLogistic2(\, k)
- Relationship type: Reparameterisation
055 - Relationship definition: A =1/«
- Relationship pair: LogLogistic2(\, k) — LogLogisticl(a, 3)
- Relationship type: Reparameterisation
- Relationship definition: oo = 1/A

References

1040 http://en.wikipedia.org/wiki/Logistic_distribution
http://www.uncertml.org/distributions/logistic

LogLogistic2
name Log-Logistic 2 (ID: 0000402)
type continuous
variate x, scalar
support x € (0,400)
o e ]
[aV] ~—
—— lambda=1, kappa=0.5
—— lambda=1, kappa=1 ©
0 —— lambda=1, kappa=2 S
~ lambda=1, kappa=4
—— lambda=1, kappa=8 ©
L Ll.d i
ac - Q
o o
g
© —— lambda=1, kappa=0.5
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o Qo |
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Figure 1.36: LogLogistic2 distribution plotted using the provided R code.

Parameter: scale

name scale

type scalar
" symbol A

definition A>0

Parameter: shape

name shape
type scalar
symbol K

definition k>0
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Functions
PDF
Ar(Az)r—1
(14 (Az)=)?
PDF in R

ws0  (lambda*kappa* (lambdaxx) ~ (kappa-1)) / (1+(lambda*x) “kappa) "2

CDF
(Az)"
14+ (Ax)<
CDF in R
(lambda*x) “kappa / (1+(lambda*x) “kappa)
Characteristics
Mean
Y
KAsin(m/kK)
Median
1/A
Variance
m(2k[1 — cos(E)? } + 7sin (ﬂ(';”)))
sin (7T (r+2) ) (cos?(Z) — 1)(Ak)?
Relationships

wss - Relationship pair: LogLogistic2(\, k) — LogLogisticl(a, 8)
- Relationship type: Reparameterisation
- Relationship definition: oo = 1/A
- Relationship pair: StandardUniforml — LogLogistic2(\, k)
- Relationship type: Transformation

1/k
weo - Relationship definition: If X ~ StandardUniforml and Y = %(%) =Y ~ LogLogistic2(\, k)
- Relationship pair: LogLogisticl(a, ) — LogLogistic2(\, k)
- Relationship type: Reparameterisation
- Relationship definition: A =1/«

References

s |Leemis and Mcqueston, 2008]
http://www.math.wm.edu/~1leemis/chart/UDR/PDFs/Loglogistic.pdf

LogNormall
name Log-Normal 1 (ID: 0000428)
type continuous
variate x, scalar
support z € (0, +00)

Parameter: meanLog

name mean of log(x)
type scalar
1070
symbol I
definition nweRrR
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o
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Figure 1.37: LogNormall distribution plotted using the provided R code.

Parameter: stdevLog

name shape
type scalar
symbol o
definition oc>0
Functions
PDF
1 _ (ogw—y)?
e 202
ro/ 2w
PDF in R

wrs 1/ (x*sigma*xsqrt (2*pi)) * exp((-(log(x)-mu)~2)/(2*sigma”2))

CDF
log x — ,u}

+ 1 erf{i
2 V20

1
2
CDF in R

1/2 + 1/2 *erf( (log(x)-mu)/(sqrt(2)*sigma) )

Characteristics

Mean

ehto’/2
Median
e
Mode
e
Variance
(e” 1)62#+62

Relationships

s - Relationship pair: LogNormall(u, o) — Normall(u, o)
- Relationship type: Transformation
- Relationship definition: log(X)

- Relationship pair: LogNormall(p, o) — LogNormal2(u,v)
- Relationship type: Reparameterisation
wss - Relationship definition: p = p,v = o2
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ProbOnto 1.0

- Relationship pair: LogNormall(u, o) — LogN ormal6(m, og)
- Relationship type: Reparameterisation

- Relationship definition: m = exp(u), 0, = exp(o)

- Relationship pair: LogNormall(p, o) — LogNormal3(m, o)
- Relationship type: Reparameterisation

- Relationship definition: m = exp(u),o0 =0

- Relationship pair: LogNormall(u,o) — LogNormald(m, cv)
- Relationship type: Reparameterisation

- Relationship definition: m = exp(u), cv = \/exp(c?) — 1

- Relationship pair: LogNormall(u, o) — LogNormal5(u, )
- Relationship type: Reparameterisation

- Relationship definition: p = p, 7 =1/0?

- Relationship pair: Normall(u, o) — LogNormall(u, o)

- Relationship type: Transformation

- Relationship definition: exp(X)

- Relationship pair: LogNormal2(p,v) — LogNormall(u, o)

- Relationship type: Reparameterisation

- Relationship definition: fir0gNormai1 = K, OLogNormall = V/U
- Relationship pair: LogNormal6(m,o,) — LogNormall(u, o)
- Relationship type: Reparameterisation

- Relationship definition: p = log(m), o = log(oy)

- Relationship pair: LogNormal3(m, o) — LogNormall(u, o)
- Relationship type: Reparameterisation

- Relationship definition: p = log(m),oc =0o

- Relationship pair: LogNormald(m,cv) — LogNormall(u, o)
- Relationship type: Reparameterisation

- Relationship definition: p = log(m),o = /log(cv? 4+ 1)

- Relationship pair: LogNormal5(p, 7) — LogNormall(u, o)
- Relationship type: Reparameterisation

- Relationship definition: p = p,0 =1//7

References

[Leemis and Mcqueston, 2008]
http://en.wikipedia.org/wiki/Log-normal_distribution
http://www.uncertml.org/distributions/log-normal
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/NormalLognormal. pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/NormalLognormal . pdf

LogNormal2
name Log-Normal 2 (ID: 0000453)
type continuous
variate x, scalar
support x € (0,400)

Parameter: meanLog

name mean of log(x)
type scalar
symbol I

definition nweRrR

Parameter: varLog

name shape
type scalar
symbol v

definition v >0
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Figure 1.38: LogNormal2 distribution plotted using the provided R code.
Functions
PDF
1 _ (ogz—p)?
e ] 2v
T/ 2
PDF in R

1/ (x*sqrt (v)*sqrt (2*pi)) * exp(-(1ln(x)-mu) "2/ (2*v))

CDF . ) 1
L L rflET
2 2 2+ /var
CDF in R

1/2 + 1/2 * erf( (log(x)-mu) / (sqrt(2)*sqrt(var)) )

Characteristics
Mean
6p,+'u/2
Median
ek
Mode
eh—v
Variance
(e’ — 1)ty
Relationships

- Relationship pair: LogNormal2(u,v) — LogNormall(u, o)
- Relationship type: Reparameterisation

- Relationship definition: fir0gNormail = i, OLogNormall = VU
- Relationship pair: LogNormal2(u,v) = LogNormal6(m, o)
- Relationship type: Reparameterisation

- Relationship definition: m = exp(u), 0, = exp(y/v)

- Relationship pair: LogNormal2(u,v) — LogNormal3(m, o)
- Relationship type: Reparameterisation

- Relationship definition: m = exp(u),o0 = /v

- Relationship pair: LogNormal2(p,v) — LogNormald(m, cv)
- Relationship type: Reparameterisation

- Relationship definition: m = exp(u), cv = \/exp(v) — 1
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- Relationship pair: LogNormal2(u,v) — LogNormal5(u, )
- Relationship type: Reparameterisation
- Relationship definition: p = u,7=1/v
uso - Relationship pair: LogNormal5(u, 7) — LogNormal2(u,v)
- Relationship type: Reparameterisation
- Relationship definition: p = p,v =1/7
- Relationship pair: LogNormall(u, o) — LogNormal2(u, v)
- Relationship type: Reparameterisation
uss - Relationship definition: pu = p,v = o2
- Relationship pair: LogNormal6(m,o,) — LogNormal2(u,v)
- Relationship type: Reparameterisation
- Relationship definition: p = log(m),v = log(o7)
- Relationship pair: LogNormal3(m, o) — LogNormal2(u,v)
ueo - Relationship type: Reparameterisation
- Relationship definition: p = log(m),v = o>
- Relationship pair: LogNormal4(m, cv) — LogNormal2(u, v)
- Relationship type: Reparameterisation
- Relationship definition: pu = log(m),v = log(cv? + 1)

s References

http://en.wikipedia.org/wiki/Log-normal_distribution
http://wwuw.uncertml.org/distributions/log-normal

LogNormal3
name Log-Normal 3 (ID: 0000478)
type continuous
variate x, scalar
support z € (0, 400)
e ]
-
—— m=1, sigma=1.00
9 — m=1, sigma=0.50 o |
—— m=1, sigma=0.25 ©
= )
2o | 20 7
= =)
L L
[a)] oY |
o Oo
0 |
e Nl — m=1, sigma=1.00
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— m=1, sigma=0.25
= o |
© T T T T T T T © T T T T T T T
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Figure 1.39: LogNormal3 distribution plotted using the provided R code.

uro Parameter: median

name median / geometric mean
type scalar

symbol m

definition m >0
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ProbOnto 1.0

Parameter: stdevLog

name shape
type scalar
symbol o
definition >0
Functions
PDF
1 _ log(z/m)]?
e 202
ToV 2T
PDF in R

1/ (xxsigma*sqrt (2+pi)) * exp(-(log(x/m))"2 / (2*sigma”2))

CDF
logxz — logm

+ 1erf{
2 V20

1
2
CDF in R

1/2 + 1/2 * erf( (log(x)-log(m)) / (sqrt(2)*sigma) )

Characteristics
Mean
me3°
Median
m
Mode )
m/e’
Variance .
m2e” [e” — 1]
Relationships

- Relationship pair: LogNormal3(m, o) — LogNormald(m, cv)
- Relationship type: Reparameterisation

- Relationship definition: m = m,cv = \/exp(c?) — 1

- Relationship pair: LogNormal3(m, o) — LogNormal5(u, 7)
- Relationship type: Reparameterisation

- Relationship definition: pu = log(m), 7 = 1/0?

- Relationship pair: LogNormal3(m, o) — LogNormall(p, o)
- Relationship type: Reparameterisation

- Relationship definition: p = log(m),oc =o

- Relationship pair: LogNormal3(m, o) — LogNormal6(m, o)
- Relationship type: Reparameterisation

- Relationship definition: m = m, o, = exp(o)

- Relationship pair: LogNormal3(m, o) — LogNormal2(u,v)

- Relationship type: Reparameterisation

- Relationship definition: p = log(m),v = o>

- Relationship pair: LogNormal4(m,cv) — LogNormal3(m, o)
- Relationship type: Reparameterisation

- Relationship definition: m = m, o = /log(cv? 4+ 1)

- Relationship pair: LogNormal5(u,7) — LogNormal3(m, o)
- Relationship type: Reparameterisation

- Relationship definition: m = exp(u),o = 1//7
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- Relationship pair: LogNormall(p, o) — LogNormal3(m, o)
- Relationship type: Reparameterisation
- Relationship definition: m = exp(u),0 = o
s - Relationship pair: LogNormal6(m, o4) — LogNormal3(m,o)
- Relationship type: Reparameterisation
- Relationship definition: m = m, o = log(oy)
- Relationship pair: LogNormal2(u,v) — LogNormal3(m, o)
- Relationship type: Reparameterisation
o - Relationship definition: m = exp(u),0 = v

References

|[Leemis and Mcqueston, 2008]
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/Lognormal .pdf

LogNormal4
name Log-Normal 4 (ID: 0000500)
type continuous
1215 .
variate x, scalar
support x € (0,400)
o ]
-
0 — m=1,cv=131
- —— m=1, cv=0.53 g 4
m=1, cv=0.25
= —o
Zo | 2o ]
= =)
L LL
[a] oY |
o Oo
0
o 7 N m=1, cv=1.31
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o o |
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Figure 1.40: LogNormal4 distribution plotted using the provided R code.

Parameter: median

name median / geometric mean
type scalar

symbol m

definition m >0

Parameter: coefVar

name coefficient of variation
type scalar

symbol cv

definition cv >0

1220 Functions

PDF
1 _ Dlog(x/m))?

e 21n(cv241)
x/log(cv? + 1)v27

PDF in R

62


http://www.math.wm.edu/~leemis/chart/UDR/PDFs/Lognormal.pdf

1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS ProbOnto 1.0

1/ (x*sqrt (log(cv™2+1) ) *sqrt (2*pi)) * exp( -(log(x/m))~2 / (2xlog(cv”2+1)) )

CDF

log x — logm }

1
+ -erf
2 [\/i log(cv? +1)

1
2
CDF in R

1/2 + 1/2 * erf( (log(x)-log(m)) / (sqrt(2*log(cv-2+1))) )

1225 Characteristics

Mean

myvcv? + 1
Median

m

Mode

m/(cv® 4 1)
Variance

m?(cv? + 1)cv?
Relationships

- Relationship pair: LogNormald(m, cv) — LogNormal3(m, o)
- Relationship type: Reparameterisation
- Relationship definition: m = m, o = y/log(cv? 4 1)
v - Relationship pair: LogNormald(m, cv) — LogNormal5(u, )
- Relationship type: Reparameterisation
- Relationship definition: p = log(m), T = 1/log(cv? + 1)
- Relationship pair: LogNormald(m,cv) — LogNormall(u, o)
- Relationship type: Reparameterisation
v - Relationship definition: p = log(m), o = /log(cv? + 1)
- Relationship pair: LogNormald(m, cv) — LogNormal6(m, o)
- Relationship type: Reparameterisation
- Relationship definition: m =m, o, = exp( log(cv? + 1))
- Relationship pair: LogNormald(m, cv) — LogNormal2(pu,v)
120 - Relationship type: Reparameterisation
- Relationship definition: u = log(m),v = log(cv? + 1)
- Relationship pair: LogNormal3(m, o) — LogNormald(m, cv)
- Relationship type: Reparameterisation
- Relationship definition: m = m, cv = y/exp(0?) — 1
s - Relationship pair: LogNormal5(u, ) — LogNormal4d(m, cv)
- Relationship type: Reparameterisation
- Relationship definition: m = exp(u), cv = \/exp(1l/7) — 1
- Relationship pair: LogNormall(p, o) — LogNormald(m, cv)
- Relationship type: Reparameterisation
20 - Relationship definition: m = exp(u), cv = y/exp(o?) — 1
- Relationship pair: LogNormal6(m,c4) — LogNormal4(m, cv)
- Relationship type: Reparameterisation

- Relationship definition: m = m, cv = \/exp(logQ(og)) -1

- Relationship pair: LogNormal2(p,v) — LogNormald(m, cv)
12ss - Relationship type: Reparameterisation
- Relationship definition: m = exp(u), cv = \/exp(v) — 1
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LogNormal5
name Log-Normal 5 (ID: 0000526)
type continuous
variate x, scalar
support x € (0,+00)
o ]
-
— mu=0, tau=1
'-“_‘7. . — mu=0, tau=4 @ |
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—~ O
29 | 2o ]
= =)
L LL
[a) o |
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©
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o o
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X X

Figure 1.41: LogNormal5 distribution plotted using the provided R code.

Parameter: meanLog

name mean of log(x)
type scalar
1260
symbol I
definition nweER

Parameter: precision

name precision

type scalar

symbol T

definition 7>0

Functions

PDF
T L fega-wy?
21 x

PDF in R

wes  sqrt(tau / (2*%pi)) * (1/x) * exp(- (tau/2)*(log(x)-mu)"2 )

CDF
log x — ,u}

VA"

1 1
5 —+ ierf|:
CDF in R

1/2 + 1/2 * erf( (log(x)-mu) / sqrt(2/tau) )
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Characteristics
Mean
el
Median
eH
Mode
ehr
Variance
101
2T ler —1]
Relationships

- Relationship pair: LogNormal5(u, ) — LogNormal2(pu,v)
- Relationship type: Reparameterisation

- Relationship definition: p = p,v =1/7

- Relationship pair: LogNormal5(u, ) — LogNormal3(m, o)
- Relationship type: Reparameterisation

- Relationship definition: m = exp(u), 0 = 1//7

- Relationship pair: LogNormal5(u, ) — LogNormald(m, cv)
- Relationship type: Reparameterisation

- Relationship definition: m = exp(u),cv = \/exp(1l/7) — 1

- Relationship pair: LogNormal5(u, ) — LogNormall(u, o)
- Relationship type: Reparameterisation

- Relationship definition: p = p,0 =1/y/7

- Relationship pair: LogNormal5(u, 7) = LogNormal6(m, o)
- Relationship type: Reparameterisation

- Relationship definition: m = exp(u), o4 = exp(1/4/7)

- Relationship pair: LogNormal3(m, o) — LogNormal5(u, T)
- Relationship type: Reparameterisation

- Relationship definition: pu = log(m), 7 = 1/0?

- Relationship pair: LogNormald(m, cv) — LogNormal5(pu, )
- Relationship type: Reparameterisation

- Relationship definition: p = log(m), T = 1/log(cv? + 1)

- Relationship pair: LogNormall(u, o) — LogNormal5(u, )
- Relationship type: Reparameterisation

- Relationship definition: p = p, 7 =1/0?

- Relationship pair: LogNormal6(m, o) — LogNormal5(u, )
- Relationship type: Reparameterisation

- Relationship definition: u = log(m), ™ = 1/log*(a,)

- Relationship pair: LogNormal2(u,v) — LogNormal5(u, )

- Relationship type: Reparameterisation

- Relationship definition: p = p,7=1/v

References

[Spiegelhalter et al., 2003|, [Lunn, 2012, [Plummer, 2003]

LogNormal6
name Log-Normal 6 (ID: 0000553)
type continuous
variate x, scalar
support x € (0,400)
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Figure 1.42: LogNormal6 distribution plotted using the provided R code.

Parameter: median

name median / geometric mean
type scalar
1305
symbol m
definition m >0

Parameter: geomStdev

name shape
type scalar
symbol og
definition o4 >0
Functions
PDF ) )
1 _
exp [ Lo/
zlog(og)V2m 2log=(oy)
PDF in R

wo 1/ (x*log(sigma_g)*sqrt (2*pi))*exp(-(log(x/m)) "2/ (2xlog(sigma_g) ~2))

CDF L1 ) )
ogz —logm
4= erf[i
2 2 V2log(a,)
CDF in R

1/2 + 1/2 * erf( (log(x)-log(m)) / (sqrt(2)*log(sigma_g)) )

Characteristics

Mean )

m 6% log (‘79)
Median

m

Mode )

m/el’Dg (Ug)
Variance

m2elog2(o'g) [elog2 (0g) _ 1]
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Relationships

- Relationship pair: LogNormal6(m,cq) — LogNormall(u,o)
- Relationship type: Reparameterisation

- Relationship definition: p = log(m), o = log(oy)

- Relationship pair: LogNormal6(m,c4) — LogNormal2(u,v)
- Relationship type: Reparameterisation

- Relationship definition: p = log(m),v = log(c?)

- Relationship pair: LogNormal6(m,o,) — LogNormal3(m, o)
- Relationship type: Reparameterisation

- Relationship definition: m = m, o = log(oy)

- Relationship pair: LogNormal6(m,o,) — LogNormald(m, cv)
- Relationship type: Reparameterisation

- Relationship definition: m = m, cv = \/exp(logQ(Jg)) -1

- Relationship pair: LogNormal6(m,cy) — LogNormal5(u, T)
- Relationship type: Reparameterisation

- Relationship definition: p = log(m),™ = 1/log?(a,)

- Relationship pair: LogNormall(u, o) — LogNormal6(m, o)
- Relationship type: Reparameterisation

- Relationship definition: m = exp(u), o, = exp(o)

- Relationship pair: LogNormal2(u,v) — LogNormal6(m, o)
- Relationship type: Reparameterisation

- Relationship definition: m = exp(u), o4 = exp(y/v)

- Relationship pair: LogNormal3(m, o) — LogNormal6(m, o)
- Relationship type: Reparameterisation

- Relationship definition: m =m, o, = exp(0)

- Relationship pair: LogNormald(m, cv) — LogNormal6(m, o)
- Relationship type: Reparameterisation

- Relationship definition: m = m, o, = exp(y/log(cv? + 1))

- Relationship pair: LogNormal5(u, 7) — LogNormal6(m, o)
- Relationship type: Reparameterisation

- Relationship definition: m = exp(u), o4 = exp(1/4/7)

References

[Limpert et al., 2001]

LogUniform1
name Log-Uniform 1 (ID: 0000580)
type continuous
variate x, scalar
support x € (min, mazx)

Parameter: minimum

name minimum
type scalar
symbol min
definition main > 0

Parameter: maximum

name maximum
type scalar
symbol max
definition max > min
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Figure 1.43: LogUniform1 distribution plotted using the provided R code.
Functions
PDF
1
x(log(mazx) — log(min))
PDF in R

s 1/ (x*(log(max) - log(min)))

CDF
log(x) — log(min)

log(maz) — log(min)

CDF in R

(log(x) - log(min)) / (log(max) - log(min))

Characteristics

Mean )

max — min
log(mazx) — log(min)
Variance
maz? — min? ( max — min )2
2[log(maz) — log(min)) log(max) — log(min)

References

o |http://www.vosesoftware.com/ModelRiskHelp/index.htm#Distributions/Continuous_distributions/
LogUniform_distribution.htm

Logisticl
name Logistic 1 (ID: 0000307)
type continuous
variate x, scalar
support x € (—00,+00)

Parameter: location

name location

type scalar
1365

symbol I

definition nweRrR
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Figure 1.44: Logisticl distribution plotted using the provided R code.

Parameter: scale

name scale
type scalar
symbol S
definition s>0,s€R
Functions
PDF -
e =
T — 2
S (1 +e s )
PDF in R

wo  exp(-(x-mu)/s) / (s*x(l+exp(-(x-mu)/s))"2)

CDF
1
CDF in R
1/ (1+exp(-(x-mu)/s))
Characteristics
Mean
I
Median
1
Mode
I
Variance 2,2
3
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Relationships

ws - Relationship pair: Logisticl(u, s) — Logistic2(u, T)
- Relationship type: Reparameterisation
- Relationship definition: 7 =1/s
- Relationship pair: LogLogisticl(a, ) — Logisticl(u, s)
- Relationship type: Transformation
13 - Relationship definition: If X ~ LogLogisticl(a, ) = Y = log(X) ~ Logisticl(u,s) with p = log(a),s =
1/8)
- Relationship pair: Logistic2(u, 7) — Logisticl(p, s)
- Relationship type: Reparameterisation
- Relationship definition: s = 1/7

135 References

http://en.wikipedia.org/wiki/Logistic_distribution
http://www.uncertml.org/distributions/logistic

Logistic2
name Logistic 2 (ID: 0000331)
type continuous
variate x, scalar
support x € (—00,+00)
Q o |
O' ~—
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Figure 1.45: Logistic2 distribution plotted using the provided R code.

1o Parameter: location

name location
type scalar
symbol I
definition nweER

Parameter: inverseScale

name inverse scale
type scalar
symbol T
definition 7>0,T€R
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Functions
PDF
re—T(@—p)
(14 e—m(e=m)?
PDF in R

(tau * exp(-tau*(x-mu))) / (l+exp(-taux(x-mu))) 2

CDF
1
1+ e 7(@—n)
CDF in R
1/ (1+exp (-tauw* (x-mu)))
Characteristics
Mean
1
Median
I
Mode
1
Variance
L
3712
Relationships

- Relationship pair: Logistic2(u, 7) — Logisticl(u, s)
- Relationship type: Reparameterisation
- Relationship definition: s = 1/7

- Relationship pair: Logisticl(u, s) — Logistic2(u, T)
- Relationship type: Reparameterisation
- Relationship definition: 7 =1/s

References

[Spiegelhalter et al., 2003]

MixtureDistributionl

name Mixture Distribution 1 (ID: 0000630)
type continuous

variate — -

support —

Parameter: weight

name mixing coefficients
type vector

symbol My, Mg

definition SEm=10<m<1
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Figure 1.46: Example 1: PMF and CDF of the Mixture Poisson distribution plotted using the formula
for for various values as shown in the legend of the left plot. The PMF reads: (1—mi) A /k! exp(—\;) +
71 A5 /! exp(—A2). The CDF reads: (1 — ) D([k+ 1, A1)/ k]! + 71 D([k + 1, 22]) /K]

o o
—— mul=1, sigma1=0.4, pi1=0.35
— mu1=0, sigmal=1, pi1=0.75
2 4 — mul=-1, sigma1=0.5, pi1=0.55 g
© | ©
o o
[T (T8
[a) [a)
o o
< <
o o
P P mui=1, sigma1=0.4, pi1=0.35
mu1=0, sigmai=1, pi1=0.75
mu1=-1, sigma1=0.5, pi1=0.55
o o
o o

T T T T T T T T T T T T

-2 0 2 4 6 8 -2 0 2 4 6 8
X

X
Figure 1.47: Example 2: PDF and CDF of the Mixture Normal distribution plotted using the formula for for
various values as shown in the legend of the left plot. The PDF reads: (1—m) x 1/(01\/5) exp(—(z —
11)?2/(203)) + 11 x 1/(02vV21) exp(—(z — p2)?/(203)). The CDF reads: (1 —m1) x 1/2(1 + erf((z —
)/ (01v2))) +m1 x 1/2(1 +erf((z — p2)/(02v2))).

Functions
PDF
K
fla;m, 0) = Z 7; pi(z;6;) where p;(x;6;) the PDF of the i*" component with parameters 6;
i=1
References

|Forbes et al., 2011
https://en.wikipedia.org/wiki/Mixture_distribution
http://www.uncertml.org/distributions/mixture-model

Multinomiall
name Multinomial 1 (ID: 0000654)
type discrete
variate X, vector
support X;€{0,...,n}, XX, =n
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Model

For n independent trials each of which leads to a success for exactly one of k categories, with each category
having a given fixed success probability, the multinomial distribution gives the probability of any particular
combination of numbers of successes for the various categories.

s  Parameter: numberOfTrials

name number of trials
type scalar

symbol n

definition n>0neN

Parameter: probabilityOfSuccess

name event probabilities
type vector

symbol Pls-- Dk
definition PlysPr,2p; = 1

Functions

PMF

T T
4441444444444i271 . .Z)k
xq!-axy!

1430
Characteristics

Mean
B{X;} = np;

Variance
Var(X;) =npi(1 —pi); Cov(Xi, X;) = —npip; (i # j)

References

http://en.wikipedia.org/wiki/Multinomial_distribution
http://www.uncertml.org/distributions/multinomial

ws  MultivariateNormall

name Multivariate Normal 1 (ID: 0000719)
type continuous

variate x, vector

support —o <z <oo,i=1,..,k

Parameter: mean

name location
type vector
symbol I
definition e Rk

Parameter: covarianceMatrix

name covariance matrix
type matrix
1440
symbol ¥
definition Y € Rkxk
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Functions
PDF
(277)—%' \Z|_% e~ 3(@—p)'E" (@—p)
CDF
no analytic expression
Characteristics
Mean
7
Mode
1
Variance
b))
References

s [Forbes et al., 2011]
http://en.wikipedia.org/wiki/Multivariate_normal_distribution
http://www.uncertml.org/distributions/multivariate-normal

MultivariateNormal2

name Multivariate Normal 2 (ID: 0000742)
type continuous

variate x, vector

support r € RF

wso Parameter: mean

name location
type vector
symbol I
definition e Rk

Parameter: precisionMatrix

name precision matrix
type matrix
symbol T
definition inverse of the covariance matrix
Functions
PDF

(2m) (T} exp (3 (0 — )Tl — )

CDF
no analytic expression

1455
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Characteristics

Mean

1
Mode
1
Variance
T—l

References
[Spiegelhalter et al., 2003]
MultivariateStudentT1

name Multivariate (Student) T 1 (ID: 0000790)

type continuous

1460 .

variate x, vector

support T € RP
Parameter: mean

name location

type vector

symbol I

definition = lpy e i) €R
Parameter: scaleMatrix

name scale matrix

type matrix

symbol b

definition 3, positive-definite real p X p matrix

uss Parameter: degreesOfFreedom

name degrees of freedom

type scalar

symbol v

definition v>2
Functions

PDF

L'[(v+p)/2]

['(v/2)ve/2np/2 |E\1/2 [T+ 2z — p)T81(z — p)] (v+p)/2
CDF

no analytic expression
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Characteristics
Mean
n forv>1
{undefined else
Median
1
Mode
7
Variance
55 for v > 2
{undefined else

uo References

http://en.wikipedia.org/wiki/Multivariate_t-distribution
http://www.uncertml.org/distributions/multivariate-student-t

MultivariateStudentT?2

name Multivariate (Student) T 2 (ID: 0000016)
type continuous

variate x, vector

support reRLE>2

urs  Parameter: mean

name location

type vector

symbol I3

definition = [u1, - pa)t i €R

Parameter: precisionMatrix

name precision matrix

type matrix

symbol T

definition Inverse of the covariance matrix

Parameter: degreesOfFreedom

name degrees of freedom
type scalar
" symbol k

definition k>2

Functions

PDF T((k+d)/2) 1 (k+d)/2
W Hd2) el L e -]
F e T2 [+ o= w) T = p)

References

[Spiegelhalter et al., 2003]
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w  [Nakagamil

name Nakagami 1 (ID: 0000041)
type continuous
variate x, scalar
support x € (0,+00)
o o -
o —— m=0.5, Omega=1 T
—— m=1, Omega=2 ©
0 | —— m=2, Omega=1 o
- m=2, Omega=2
m=5, Omega=1 g i
G2 &
o~ O
g
(<) m=0.5, Omega=1
0 | —— m=1, Omega=2
© g J —— m=2, Omega=1
m=2, Omega=2
—— m=5, Omega=1
o | e |
° T T T T T T T ° T T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 15 2.0 2.5 3.0
X X

Figure 1.48: Nakagamil distribution plotted using the provided R code.

Parameter: shape

name shape
type scalar
symbol m

definition m >0

Parameter: spread

name spread
type scalar
1o symbol Q
definition Q>0
Functions
PDF oy
m 2m—1 _m o
T x exp( x®)
PDF in R

2xm"m / (gamma(m)*0Omega™m)*x"~ (2*m-1)*exp (-m/Omega*x"~2)

CDF

CDF in R

uos  Igamma(m,m/Omega*x”2,lower=T)/gamma (m)
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ProbOnto 1.0

Characteristics

Mean

Median

Mode

Variance

References

V2 7 (2m —1)Q
T

m

(- (e

)1/2

by’
o))

https://en.wikipedia.org/wiki/Nakagami_distribution

NegativeBinomiall

name
type
variate
support

Negative Binomial 1 (ID: 0000074)
discrete

k, scalar

k€{0,1,2,3,...} — number of failures

PDF
015 020 0.25
| | |

0.10
I

0.05
I

Model

Negative Binomial 1 distribution is a discrete probability distribution of the number of failures before the rth

0.00
I

o
h —— r=10, p=0.2
o\ — r=10, p=0.5 © /
5 — r=10, p=0.8 o 7] J
\ / o
el |
© o o
! W J g
o | O<r_ i 0/ o°
\ ° / o°
o o o
/ c,oo
& b L —— r=10,p=0.2
Do ° —— r=10,p=0.5
o° — r=10, p=0.8
o
= 06800000000000009%°
T T T T T T T T T T
10 30 40 50 0 10 20 30 40 50

X

Figure 1.49: NegativeBinomiall distribution plotted using the provided R code.

success in repeated mutually independent Bernoulli trials, each with probability of success p. (Compare
Negative Binomial 4.)

Parameter: numberOfSuccesses

name
type
symbol
definition

number of successes
scalar

r

r>0,reN

Parameter: probability

name
type
symbol
definition

success probability
scalar

p
pe(0,1)
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ProbOnto 1.0

Functions
PMF " )
+r—1\ ,
( L >p (1—p)*
PMF in R
choose (k+r-1,k) * p°r * (1-p)°k

CDF
1—1I_,(k+1,7)

CDF in R

1 - Rbeta(1l-p, k+1, r, lower = T)

Characteristics
Mean
r(1—p)
p
Mode
(1-p)(r—1)
I ]
p
Variance
r(1—p)
P2
Relationships

- Relationship pair: Negative Binomiall(r,p) — Negative Binomial5(a, 3)

- Relationship type: Reparameterisation
- Relationship definition: a =r,8 =p/(1 —p)

- Relationship pair: Negative Binomiall(r,p) — Negative Binomiald(r,p)

- Relationship type: Reparameterisation

- Relationship definition: p=1—7p

- Relationship pair: Negative Binomiall(r,p) — Geometricl(p)
- Relationship type: Special case

- Relationship definition: n =1

- Relationship pair: Negative Binomiall(r,p) — Normall(u, o)
- Relationship type:

- Relationship definition: p =n(1 —p),n — 0o

- Relationship pair: Negative Binomiall(r,p) — Poissonl(\)

- Relationship type:

- Relationship definition: pu = np,n — oo

- Relationship pair: Negative Binomiall(r,p) — Negative Binomial3(u, )

- Relationship type: Reparameterisation
- Relationship definition: ¢ =r,u=1r(1 —p)/p

- Relationship pair: Negative Binomiall(r,p) — Negative Binomial2(X, T)

- Relationship type: Reparameterisation
- Relationship definition: 7 =1/r, A =r(1 —p)/p

- Relationship pair: Negative Binomial5(«, ) — NegativeBinomiall(r,p)

- Relationship type: Reparameterisation
- Relationship definition: » = a,p = 8/(1 + B)

- Relationship pair: Negative Binomial4(r,p) — Negative Binomiall(r,p)

- Relationship type: Reparameterisation
- Relationship definition: p=1—p
- Relationship pair: Geometricl(p) — NegativeBinomiall(r,p)
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- Relationship type: Transformation

- Relationship definition: XX (iid)

- Relationship pair: Negative Binomial3(u, ¢) — Negative Binomiall(r,p)

- Relationship type: Reparameterisation

- Relationship definition: r = ¢,p = /(1 +r)

- Relationship pair: Negative Binomial2(\,7) — Negative Binomiall(r,p)

- Relationship type: Reparameterisation

- Relationship definition: » =1/7,p =1/(1 + 7A)

- Relationship pair: ConwayM azwell Poissonl(\,v) — Negative Binomiall(r,p)
- Relationship type: Transformation

- Relationship definition: For v =0 and A < 1 the sum of Conway-Maxwell-Poisson distributed variables

reduces to the sum of geometric variables, which follows a Negative Binomial distribution with parameters
nand 1 — A\

References

[Shmueli et al., 2005, [Leemis and Mcqueston, 2008]
http://wwuw.math.wm.edu/~leemis/chart/UDR/PDFs/PascalGeometric.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/GeometricPascal.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/PascalNormal.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/PascalPoisson.pdf

NegativeBinomial2
name Negative Binomial 2 (ID: 0000105)
type discrete
variate k, scalar
support ke{0,1,2,3,...}
8 o e 89000 8
¥ . gee
o L _ _ — 0000388888 oo°°°°
\ — et
o | o — lambda=10, tau=0.6 | * - 0% 0 0° o
o , . o o
= \ lambda=15, tau=0.4 o 0 o 0
S — lambda=20; tau=0.1 J 0 o°
° s o ,
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LEL,O_ | o \o\o |_D|_ g o/ ,ol ,0/
oo O / L o
< / °© o o
\o o o/ & o
00 o‘° o /7 O/
3 | /0' \028 o, 0009900, / b o lambda=4, tau=1
o o CAE ST %o N o S o — lambda=6, tau=0.8
©..88 %oy °o°° © o o° — lambda=10, tau=0.6
0000022002000000 04 °/o 00 lambda=15, tau=0.4
8 {60000 °°088888858888888 | S | G800000°° — lambda=20, tau=0.1
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X
Figure 1.50: NegativeBinomial2 distribution plotted using the provided R code.
Parameter: rate
name Poisson intensity
type scalar
symbol A
definition AERA>0
Parameter: overdispersion
name overdispersion
type scalar
symbol T
definition TER
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ProbOnto 1.0

Functions
PMF
KID(L) \14707 ALl
PMF in R

gamma(k + 1/tau)/(factorial(k) * gamma(l/tau)) * 1/(l+tauxlambda)”(1/tau) *
(lambda/(1/tau + lambda)) "k

CDF
S f(i),x € {0,1,2,...} with f the PMF

CDF in R

cumsum (PMF)

Characteristics

Mean

Variance
A1+ 7XN)

Relationships

- Relationship pair: Negative Binomial2(\,7) — NegativeBinomial5(c, 3)
- Relationship type: Reparameterisation

- Relationship definition: a = 1/7,8 =1/(7A)

- Relationship pair: Negative Binomial2(\,7) — Negative Binomiald(r, p)
- Relationship type: Reparameterisation

- Relationship definition: r = 1/7,p = %

- Relationship pair: Negative Binomial2(\,7) — NegativeBinomial3(u, ¢)
- Relationship type: Reparameterisation

- Relationship definition: =X, ¢ =1/7

- Relationship pair: Negative Binomial2(\,7) — Negative Binomiall(r, p)
- Relationship type: Reparameterisation

- Relationship definition: r =1/7,p =1/(1 +7A)

- Relationship pair: Negative Binomial5(a, ) — Negative Binomial2(\, 1)
- Relationship type: Reparameterisation

- Relationship definition: A = /8,7 = 1/«

- Relationship pair: ZerolIn flatedNegative Binomiall(\, T,p0) — Negative Binomial2(\, T)
- Relationship type: Special case

- Relationship definition: p0 = 0

- Relationship pair: Negative Binomial4(r,p) — Negative Binomial2(\, T)
- Relationship type: Reparameterisation

- Relationship definition: 7 =1/r, A = %

- Relationship pair: Negative Binomial3(u, ¢) — Negative Binomial2(\, T)
- Relationship type: Reparameterisation
- Relationship definition: A = u,7=1/¢

- Relationship pair: Negative Binomiall(r,p) — Negative Binomial2(X, T)
- Relationship type: Reparameterisation
- Relationship definition: 7 =1/r, A =r(1 —p)/p

References

[Trocdniz et al., 2009], [Cameron and Trivedi, 2013|, [Hilbe, 2011]

81



1610

1615

1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS
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NegativeBinomial3
name Negative Binomial 3 (ID: 0000135)
type discrete
variate k, scalar
support ke{0,1,2,3,...}
R 1o o o
o B — mu:4’phi:]_ -~ ooooggg88889§gggggog
\ —— mu=6, phi=1.25 0° ,0° 000°° 580
o b —— mu=10, phi=1.67 © o o° ° 00° o°
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o o B K
pu o/ o © -
Lo |© o‘o\ uw® / 7/ ° o
S \0 [a) o P / 0
oo o /P o
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o oig‘ © o o/ /o/ o
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o o — —
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o T T T T T T T T T T T T T T
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Figure 1.51: NegativeBinomial3 distribution plotted using the provided R code.
Parameter: mean
name mean
type scalar
symbol I
definition neER >0
Parameter: dispersion
name index parameter
type scalar
symbol 10}
definition peR, >0
Functions
PMF
)G )
k pt+o/ \p+o
PMF in R

choose (k+phi-1,k) * (phi / (mu + phi))“phi * (mu / (mu + phi))~k

CDF
Characteristics
Mean
1
Variance
A+ ¢
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ProbOnto 1.0

Relationships

- Relationship pair: Negative Binomial3(u, ¢) — Negative Binomial5(a, 5)
- Relationship type: Reparameterisation

- Relationship definition: o = ¢, 8 = ¢/

- Relationship pair: Negative Binomial3(u, ¢) — Negative Binomial4(r, p)
- Relationship type: Reparameterisation

- Relationship definition: 7 = ¢,p = /(¢ + )

- Relationship pair: Negative Binomial3(u, ¢) — Negative Binomiall(r,p)
- Relationship type: Reparameterisation

- Relationship definition: r = ¢, p =7/(n + 1)

- Relationship pair: Negative Binomial3(u, ¢) — Negative Binomial2(\, T)
- Relationship type: Reparameterisation

- Relationship definition: A = u,7=1/¢

- Relationship pair: Negative Binomial5(«, ) — Negative Binomial3(j, ¢)
- Relationship type: Reparameterisation

- Relationship definition: p = a/f8,¢ = «

- Relationship pair: Negative Binomial4(r,p) — Negative Binomial3(u, ¢)
- Relationship type: Reparameterisation

- Relationship definition: ¢ =7, u = rp/(1 — p)

- Relationship pair: Negative Binomiall(r,p) — Negative Binomial3(u, ¢)
- Relationship type: Reparameterisation

- Relationship definition: ¢ =r,u=r(1—p)/p

- Relationship pair: Negative Binomial2(\,7) — NegativeBinomial3(pu, ¢)
- Relationship type: Reparameterisation

- Relationship definition: u =X\ ¢ =1/7

References

[STAN Development Team, 2015]
cran.r-project.org/web/packages/VGAM/VGAM. pdf

NegativeBinomial4
name Negative Binomial 4 (ID: 0000161)
type discrete
variate k, scalar
support k€ {0,1,2,3,...} — number of successes
] o |
sl o -
/ — =10, p=0.2
o o\ — r=10, p=0.5
s e —— =10, p=0.8 g4 |/
o
2 \ © | / d
o o o o
ES o ES C! c;;o
0_9 40 O‘t _ o/ o°
S ° / o°
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8 | 8 / e ° —— =10, p=0.2
°© b — r=10, p=0.5
? o o° —— =10, p=0.8
8. B Q ooSoooooooooOO‘”dea
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Figure 1.52: NegativeBinomial4 distribution plotted using the provided R code.
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Model

Negative Binomial 4 distribution is a discrete probability distribution of the number of successes in a sequence
of independent and identically distributed Bernoulli trials before a specified (non-random) number of failures
wso 1T occurs. (Compare Negative Binomial 1.)

Parameter: numberOfFailures

name number of failures
type scalar

symbol r

definition r>0,reN

Parameter: probability

name success probability
type scalar

symbol P

definition pe€(0,1)

155 Functions

PMF " )
+7r— .
( ' >O—p)ﬁ
PMF in R

choose(k+r-1,k) * (1-p)°r * p°k

CDF
1-I,(k+1,r)
CDF in R
1 - Rbeta(p, k+1, r,lower = T)
weo Characteristics
Mean
pr
1-p
Mode
Lp(f:pl)J forr>1
0 forr<1
Variance
pr
(1-p)?
Relationships

- Relationship pair: Negative Binomial4(r,p) — Negative Binomial2(\, T)
- Relationship type: Reparameterisation

- Relationship definition: 7 =1/r, A = T_pp

s - Relationship pair: NegativeBinomiald(r,p) — Negative Binomiall(r,p)
- Relationship type: Reparameterisation
- Relationship definition: p=1—7p

1

- Relationship pair: Negative Binomiald(r,p) — Negative Binomial5(a, 3)
- Relationship type: Reparameterisation

o - Relationship definition: oo =17, = (1 —p)/p
- Relationship pair: Negative Binomial4(r,p) — Negative Binomial3(u, ¢)
- Relationship type: Reparameterisation

84



1675

1680

1685

1690

1695

1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS ProbOnto 1.0

- Relationship definition: ¢ =r,u=rp/(1 —p)

- Relationship pair: Negative Binomial2(\,7) — Negative Binomiald(r, p)
- Relationship type: Reparameterisation

- Relationship definition: r = 1/7,p = 1;;\\

- Relationship pair: Negative Binomiall(r,p) — Negative Binomial4(r, p)
- Relationship type: Reparameterisation

- Relationship definition: p=1—7p

- Relationship pair: GeneralizedNegative Binomiall(8, 8, m) — Negative Binomial4(r, p)
- Relationship type:

- Relationship definition: S =1 and set m =7,0 =p

- Relationship pair: NegativeBinomial5(«, ) — Negative Binomiald(r, p)
- Relationship type: Reparameterisation

- Relationship definition: r = a,p =1/(1 4 3)

- Relationship pair: Negative Binomial3(u, ¢) — Negative Binomiald(r,p)
- Relationship type: Reparameterisation

- Relationship definition: 7 = ¢,p = /(¢ + p)

References

[Cameron and Trivedi, 2013], [Consul and Famoye, 2006]
https://en.wikipedia.org/wiki/Binomial_distribution
http://www.uncertml.org/distributions/negative-binomial

NegativeBinomial5
name Negative Binomial 5 (ID: 0000190)
type discrete
variate k, scalar
support ke{0,1,2,3,...}
Q o | .
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X

Figure 1.53: NegativeBinomial5 distribution plotted using the provided R code.

Parameter: shape

name shape
type scalar
symbol «
definition a€RT

Parameter: inverseScale

name inverse scale
type scalar
symbol I}
definition BeRt

85


https://en.wikipedia.org/wiki/Binomial_distribution
http://www.uncertml.org/distributions/negative-binomial

1700

1705

1710

1715

1720

1725

1730

1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

ProbOnto 1.0

Functions
PME k+a-—1 8\« 1 \*
()G G
PMF in R

choose (k+alpha-1,alpha-1) * (beta / (beta + 1)) alpha * (1 / (beta + 1))°k

CDF
SF f(i),x €{0,1,2,...} with f the PMF

CDF in R

cumsum (PMF)

Characteristics

Mean
a/B

Variance

a/B*(B+1)

Relationships

- Relationship pair: Negative Binomial5(«, ) — Negative Binomial2(\, T)
- Relationship type: Reparameterisation

- Relationship definition: A = /8,7 =1/«

- Relationship pair: Negative Binomial5(«, ) — Negative Binomial3(i, ¢)
- Relationship type: Reparameterisation

- Relationship definition: p = a/f8,¢ = «

- Relationship pair: Negative Binomial5(«, ) — NegativeBinomiall(r,p)
- Relationship type: Reparameterisation

- Relationship definition: » = a,p = /(1 + B)

- Relationship pair: NegativeBinomial5(«, ) — NegativeBinomiald(r,p)
- Relationship type: Reparameterisation

- Relationship definition: r = a,p =1/(1 4 3)

- Relationship pair: Negative Binomial2(\,7) — Negative Binomial5(c, 3)
- Relationship type: Reparameterisation

- Relationship definition: o = 1/7,8 =1/(7A)

- Relationship pair: Negative Binomial3(u, ¢) — Negative Binomial5(a, 5)
- Relationship type: Reparameterisation

- Relationship definition: o = ¢, 8 = ¢/

- Relationship pair: Negative Binomiall(r,p) — Negative Binomial5(«, )
- Relationship type: Reparameterisation

- Relationship definition: a =r, 8 =p/(1 — p)

- Relationship pair: Negative Binomiald(r,p) — Negative Binomial5(«, )
- Relationship type: Reparameterisation

- Relationship definition: a =r,8=(1—p)/p

References

|Gelman et al., 2014]
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© ©
o o ]
T L
[a) [a)
o O
< <
o ] <l
— mu=0, sigma=0.447
N N — mu=0, sigma=2.236
© e — mu=0, sigma=1
mu=-2, sigma=0.707
o | — o | /
° T T T T T ° T T T T T
-4 -2 0 2 4 -4 -2 0 2 4
X X

Figure 1.54: Normall distribution plotted using the provided R code.

Normall
name Normal 1 (ID: 0000239)
type continuous
variate x, scalar
support r€R

Parameter: mean

name mean
type scalar
1735
symbol I
definition LeER

Parameter: stdev

name standard deviation
type scalar
symbol o
definition >0
Functions
PDF
1 _(=—pw?
e 202
oV 2T
PDF in R

wo 1/ (sigma*sqrt(2xpi))*exp(-(x-mu) "2/ (2*sigma~2))

e (5

1/2 x (1 + erf((x-mu)/(sigma*sqrt(2))))

CDF

N | =

CDF in R

Characteristics
Mean
7
Median
1
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

ProbOnto 1.0

Mode

Variance

Relationships

- Relationship pair: Normall(u,o) — LogNormall(u, o)

- Relationship type: Transformation
- Relationship definition: exp(X)

- Relationship pair: Normall(u,o) — StandardNormall(0,1)

- Relationship type: Special case
- Relationship definition: 4 =0,0 =1

- Relationship pair: Normall(u,c) = Normal2(p,v

- Relationship type: Reparameterisation
- Relationship definition: p = y,v = o2

)

- Relationship pair: Normall(u,c) — Normal3(p, )

- Relationship type: Reparameterisation
- Relationship definition: p = u,7 = 1/0?

- Relationship pair: Normall(p, o) — StandardNormall(0,1)

- Relationship type: Transformation

- Relationship definition: X ~ Normall(p,0);Y = (X — u)/o;Y ~ StandardNormall
- Relationship pair: Normall(u,o) — ChiSquaredl(n)

- Relationship type: Transformation

- Relationship definition: If X; ~ N(u,0),i =1,2,...,n are mutually independent and identically

distributed random variables and Y = > ((X; — pu)/0)? = Y ~ ChiSquaredl(n)

- Relationship pair: Poissonl(\) — Normall(u,o)
- Relationship type: Transformation & Limiting
- Relationship definition: 02 = A\, u = A\, A = 00

- Relationship pair: LogNormall(u, o) — Normall(u, o)

- Relationship type: Transformation
- Relationship definition: log(X)

- Relationship pair: Normal2(u,v) — Normall(p, o

- Relationship type: Reparameterisation
- Relationship definition: p = p, o0 = /v

- Relationship pair: TruncatedNormall(p,o,a,b) — Normall(u, o)

- Relationship type: Special case
- Relationship definition: a = —00,b = o0

)

- Relationship pair: Normal3(u, ) = Normall(u, o)

- Relationship type: Reparameterisation
- Relationship definition: p = p,0 =1/4/7

- Relationship pair: Binomiall(n,p) — Normall(u, o)

- Relationship type: Limiting

- Relationship definition: For X ~ Binomiall(n,p) as n — oo, X is approximately normally distributed

Normall(p, o) with g = np, o0 = np(1l — p).

- Relationship pair: StandardNormall(0,1) — Normall(u, o)

- Relationship type: Transformation

- Relationship definition: X ~ StandardNormall and Y = y+0X =Y ~ Normall
- Relationship pair: Negative Binomiall(r,p) — Normall(u,o)

- Relationship type:
- Relationship definition: p =n(1 —p),n — 0o

- Relationship pair: Gammal(k, theta) — Normall(u, o)

- Relationship type: Special case & Limiting
- Relationship definition: u = k6,02 = k20,0 — oo

- Relationship pair: Betal(alpha,beta) — Normall(p, o)

- Relationship type: Special case & Limiting
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS ProbOnto 1.0

- Relationship definition: o = 3,8 — oo

wes - Relationship pair: Hypergeometricl(N, K,n) — Normall(u,o)
- Relationship type: Limiting
- Relationship definition: X ~ Hypergeometricl(N, K,n) =Y ~ Normall(u, o) for large n, but K/N not too small

References

[Leemis and Mcqueston, 2008], [Forbes et al., 2011]

100 |http://en.wikipedia.org/wiki/Normal_distribution
http://www.uncertml.org/distributions/normal
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/PoissonNormal.pdf
http://www.math.wm.edu/~1leemis/chart/UDR/PDFs/NormalLognormal.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/NormalChisquare.pdf

1805 http://www.math.wm.edu/~leemis/chart/UDR/PDFs/LognormalNormal .pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/NormalStandardnormalT.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/StandardnormalNormal.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/NormalStandardnormalT.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/GammaNormall.pdf

110 |http://www.math.wm.edu/~leemis/chart/UDR/PDFs/BetaNormal.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/PascalNormal .pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/BinomialNormal.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/NormalChisquare.pdf

Normal2
name Normal 2 (ID: 0000265)
type continuous
1815 .
variate x, scalar
support r€R
o e ]
— mu=0, var=0.2
© — mu=0, var=5 ©
<3 — mu=0, var=1 o ]
mu=-2, var=0.5
© ©
oS S
[T [T
a a
o @)
< <
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© © — mu=0, var=1
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X
Figure 1.55: Normal2 distribution plotted using the provided R code.

Parameter: mean

name mean
type scalar
symbol w

definition nweR

Parameter: var

name variance
type scalar
symbol v
definition v >0
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

ProbOnto 1.0

Functions
PDF
1 _@—w?
e 2v
Vo2
PDF in R

1/ (sqrt(var) *sqrt (2*pi)) *exp (- (x-mu) "2/ (2*var))

CDF

|~

()
CDF in R

1/2 * (1 + erf((x-mu)/(sqrt(var)*sqrt(2))))

Characteristics
Mean
1
Median
I
Mode
1
Variance
v
Relationships

- Relationship pair: Normal2(u,v) — Normall(u,o)
- Relationship type: Reparameterisation

- Relationship definition: p = u,o0 = /v

- Relationship pair: Normal2(u,v) — Normal3(u, )
- Relationship type: Reparameterisation

- Relationship definition: p = u,7=1/v

- Relationship pair: Normall(u,o) — Normal2(u,v)
- Relationship type: Reparameterisation

- Relationship definition: p = p,v = o2

- Relationship pair: Normal3(u, ) — Normal2(u,v)
- Relationship type: Reparameterisation

- Relationship definition: p = p,v =1/7

References

http://en.wikipedia.org/wiki/Normal_distribution
http://www.uncertml.org/distributions/normal

Normal3
name Normal 3 (ID: 0000290)
type continuous
variate x, scalar
support reR

90


http://en.wikipedia.org/wiki/Normal_distribution
http://www.uncertml.org/distributions/normal
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Figure 1.56: Normal3 distribution plotted using the provided R code.

Parameter: mean

name mean
type scalar
1845
symbol I
definition weER

Parameter: precision

name precision
type scalar
symbol T
definition T>0
Functions
PDF
T T 2
Lo 5(@—p)
27Te
PDF in R

180 sqrt(tau/ (2*pi))*exp(-tau/2* (x-mu) ~2)

CDF

N | =

z—p
1 _% e]?f (:l\//i_/ﬂTn\/?z:) ]
CDF in R

1/2x (1+erf ((x-mu)/(sqrt (1/tau) *sqrt(2))))

Characteristics

Mean

I
Median

I
Mode

I
Variance

1/
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS

ProbOnto 1.0

Relationsh

ips

- Relationship pair: Normal3(u, ) = Normall(u, o)

- Relationship type: Reparameterisation
- Relationship definition: p = p,0 =1//7

- Relationship pair: Normal3(u, ) — Normal2(u,v)

- Relationship type: Reparameterisation
- Relationship definition: p = p,v =1/7

- Relationship pair: Normall(u,c) — Normal3(p, )

- Relationship type: Reparameterisation
- Relationship definition: p = u,7 = 1/0?

- Relationship pair: Normal2(u,v) — Normal3(u, )

- Relationship type: Reparameterisation
- Relationship definition: p = pu,7=1/v

References

[Spiegelhalter et al., 2003]

NormallnverseGammal

name
type
variate
support

Normal-inverse-gamma 1 (ID:

continuous
x, scalar

a € (—00,+00),0% € (0, +00)

PDF

0.4

0.3

0.1

0.0

0000316)

mu=1, lambda=1, alpha=1, beta=1
mu=2, lambda=2, alpha=1, beta=1
mu=3, lambda=3, alpha=1, beta=1

Figure 1.57: NormallnverseGammal distribution plotted using the provided R code.

Parameter:

name
type
symbol
definition

Parameter

name
type
symbol
definition

mean

location
scalar

1
nweR

: lambda

lambda
scalar

A

A>0,A €ER
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS ProbOnto 1.0

s Parameter: alpha

name shape

type scalar
symbol «
definition a>0,a€eR

Parameter: beta

name scale

type scalar

symbol 8

definition 8>0,0€eR
Functions

PDF

2

VA B ( 1 >a+1 _zﬂ+x(xz—u)2
e 20
ov2r T'(a)

g

1880 PDF in R

sqrt (lambda) / (sigma*sqrt (2*pi)) * beta”alpha/gamma(alpha) * (1/sigma”2)”(alpha + 1) *
exp(- (2*¥beta+lambda*(x-mu)"2)/(2*sigma~2))

References

http://en.wikipedia.org/wiki/Normal-inverse-gamma_distribution
185 http://www.uncertml.org/distributions/normal-inverse-gamma

Paretol
name Pareto 1 (ID: 0000361)
type continuous
variate x, scalar
support z € [T, +00)
< e
— x_m=1, alpha=1
—— x_m=1, alpha=2 ©
o — x_m=1, alpha=3 S
\ x_m=1, alpha=50
©
@ ]
L [T
O a
a \ 8]
<
o
=1, alpha=1
-7 \ [V —— x_m=1, alpha=2
e — x_m=1, alpha=3
x_m=1, alpha=50
o 2 A
T T T T T T T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5

X

X
Figure 1.58: Paretol distribution plotted using the provided R code.

Parameter: scale

name scale

type scalar

symbol T

definition Tm > 0,2, € R
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ProbOnto 1.0

Parameter: shape

name shape
type scalar
symbol «
definition a>0,a€eR
Functions
PDF N
ax
- _:I for x > z,,
PDF in R

(alpha * x_m~alpha) / x~(alpha+1)

CDF

CDF in R

1-(x_m/x) ~alpha

Characteristics
Mean
{oo fora <1
% fora>1
Median
Tm %/5
Mode
T
Variance
{oo for a € (1, 2]
meLO‘
(a::ijjzzzijjj ﬁar a > 2
Relationships

- Relationship pair: Paretol(z.,,a) — Exponentiall(X)
- Relationship type: Transformation

- Relationship definition: X ~ Paretol,Y =log(X/\) = Y ~ Ezxponentiall

- Relationship pair: StandardUniform1(0,1) — Paretol(x,, «)
- Relationship type: Transformation
- Relationship definition: z,, X~/

References

http://en.wikipedia.org/wiki/Pareto_distribution
http://www.uncertml.org/distributions/pareto

Poissonl

name Poisson 1 (ID: 0000410)
type discrete

variate k, scalar

support ke {0,1,2,3,...}
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Figure 1.59: Poissonl distribution plotted using the provided R code.

w0 Parameter: rate

name Poisson intensity
type scalar
symbol A
definition xezt
Functions
PMF .
X
k!
PMF in R
lambda“k/factorial(k) * exp(-lambda)
CDF
(lk+1],0)

k]!
1915 CDF in R

Igamma(floor(k+1), lambda, lower=F) / factorial(floor(k))

Characteristics
Mean
A
Median
~ [ A+1/3—-0.02/\]
Mode
[A] =1, [A)
Variance
A
Relationships

- Relationship pair: Poissonl(\) — Normall(u,o)
120 - Relationship type: Transformation & Limiting
- Relationship definition: 02 = A\, u = A\, A = 00
- Relationship pair: GeneralizedPoissonl(6,0) — Poissonl(\)
- Relationship type: Special case
- Relationship definition: 6 = 0,0 =
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1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS ProbOnto 1.0

- Relationship pair: ConwayM azwell Poissonl(\,v) — Poissonl()\)
- Relationship type: Transformation
- Relationship definition: For v = 1 the sum has a Poisson distribution with parameter nA

- Relationship pair: Binomiall(n,p) — Poissonl()\)
- Relationship type: Transformation & Limiting
- Relationship definition: A = np,n — oo

- Relationship pair: GeneralizedPoisson2(u,d) — Poissonl(\)
- Relationship type: Special case

- Relationship definition: 6 = 0,A = p

- Relationship pair: GeneralizedPoisson3(u,a) — Poissonl(\)
- Relationship type: Special case

- Relationship definition: a« =0, A = p

- Relationship pair: DoublePoissonl(u, $) — Poissonl()\)
- Relationship type: Special case
- Relationship definition: ¢ =1

- Relationship pair: ZerolnflatedPoissonl(\,m) — Poissonl(\)
- Relationship type: Special case
- Relationship definition: = =0

- Relationship pair: ZerolnflatedNegative Binomiall(\, 7,p0) — Poissonl(\)
- Relationship type: Limiting
- Relationship definition: p0 = 0,7 — 0

- Relationship pair: Negative Binomiall(r,p) — Poissonl())
- Relationship type: Reparameterisation & Limiting
- Relationship definition: u = np,n — oo

- Relationship pair: ZerolnflatedGeneralizedPoissonl(p, a, p0) — Poissonl(\)
- Relationship type: Special case & Reparameterisation
- Relationship definition: p0 =0, =0,A=pu

- Relationship pair: Hypergeometricl(N, K,n) — Poissonl())

- Relationship type: Limiting

- Relationship definition: X ~ Hypergeometricl(N, K,n) =Y ~ Poissonl()) as K, N and n tend to infinity for
K/N small and nK/N — A

References

|[Leemis and Mcqueston, 2008], [Yang et al., 2007], [Plan, 2014], [Hilbe, 2011], [Famoye and Singh, 2006]
[Cameron and Trivedi, 2013], [Trocéniz et al., 2009], [Forbes et al., 2011], [Shmueli et al., 2005)
http://en.wikipedia.org/wiki/Poisson_distribution

http://www.
http://www.
http://www.
http://www.

uncertml.org/distributions/poisson
math.wm.edu/~leemis/chart/UDR/PDFs/BinomialPoisson.pdf
math.wm.edu/~leemis/chart/UDR/PDFs/PoissonNormal.pdf
math.wm.edu/~leemis/chart/UDR/PDFs/PascalPoisson.pdf

Rayleighl

name
type
variate
support

Parameter:

name
type
symbol
definition

Rayleigh 1 (ID: 0000462)
continuous

x, scalar

x € [0, 4+00)

scale

scale
scalar
o
>0
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ProbOnto 1.0
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Figure 1.60: Rayleighl distribution plotted using the provided R code.
Functions
PDF
L p—a?/(20%)
o2
PDF in R

x/sigma”2 * exp(-x"2/(2*sigma”2))

CDF
1 — —2/(20?)

CDF in R

1 - exp(-x~2/(2*sigma”2))

Characteristics
Mean
T
ou] =
2
Median
o/log(4)
Mode
o
Variance
4—m 4
—0
2
Relationships

- Relationship pair: Weibulll(A, k) — Rayleighl(o)
- Relationship type:
- Relationship definition: k = 2,\ = 20

References

https://en.wikipedia.org/wiki/Rayleigh_distribution
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Figure 1.61: StandardNormall distribution plotted using the provided R code.

1980 StandardNormal 1

name Standard Normal 1 (ID: 0000562)
type continuous

variate x, scalar

support r€R

Parameter: mean

name mean
type scalar
symbol I

definition n=20

Parameter: stdev

name standard deviation
type scalar
1985
symbol o
definition c=1
Functions

PDF )
e~ 3"
V2T

PDF in R

1/ (sqrt (2*pi))*exp(-x~2/2)

CDF

CDF in R

wo 1/2 * (1 + erf(x/(sqrt(2))))

Characteristics
Mean
0
Median
0
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Mode
0
Variance
1
Relationships

- Relationship pair: StandardNormall(0,1) — ChiSquaredl(k)
- Relationship type: Transformation
wes - Relationship definition: X2

- Relationship pair: StandardNormall(0,1) — Normall(p, o)
- Relationship type: Transformation
- Relationship definition: X ~ StandardNormall and Y = pu+ 00X =Y ~ Normall

- Relationship pair: StudentT1(v) — StandardNormall(0,1)

200 - Relationship type: Limiting
- Relationship definition: X ~ StudentT1(v) = StandardNormall(0,1) as v tends to infinity.
The approximation is reasonable for v > 30

- Relationship pair: Normall(u,o) — StandardNormall(0,1)
- Relationship type: Special case
205 - Relationship definition: p = 0,0 =1
- Relationship pair: TnverseGaussianl(\, u) — StandardNormall(0,1)
- Relationship type: Limiting
- Relationship definition: A — oo
- Relationship pair: Normall(u, o) — StandardNormall(0,1)
20 - Relationship type: Transformation
- Relationship definition: X ~ Normall(p,0);Y = (X — p)/o;Y ~ StandardNormall

References

[Forbes et al., 2011], [Leemis and Mcqueston, 2008§]
https://en.wikipedia.org/wiki/Normal_distribution#Standard normal_distribution
215 http://www.math.wm.edu/~leemis/chart/UDR/PDFs/NormalStandardnormalT.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/StandardnormalChisquare.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/StandardnormalNormal.pdf
http://www.math.wm.edu/~1leemis/chart/UDR/PDFs/NormalStandardnormalT.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/InversegaussianStandardnormal.pdf

w0 StandardUniform1

name Standard Uniform 1 (ID: 0000587)
type continuous

variate x, scalar

support x €[0,1)

Parameter: minimum

name minimum
type scalar
symbol a
definition a=0

Parameter: maximum

name maximum
type scalar

e symbol b
definition b=1
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https://en.wikipedia.org/wiki/Normal_distribution#Standard_normal_distribution
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/NormalStandardnormalT.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/StandardnormalChisquare.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/StandardnormalNormal.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/NormalStandardnormalT.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/InversegaussianStandardnormal.pdf
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Figure 1.62: StandardUniform1 distribution plotted using the provided R code.
Functions
PDF
1
PDF in R
1
CDF
x
CDF in R
2030 X
Characteristics
Mean
0.5
Median
0.5
Mode
any value in [0, 1]
Relationships

- Relationship pair: StandardUniform1(0,1) — Exponentiall(X)
- Relationship type: Transformation
x5 - Relationship definition: — 4 log(X)

- Relationship pair: StandardUniform1(0,1) — Betal(alpha,beta)
- Relationship type: Transformation
- Relationship definition: a X1, X, ..., X, (iid) ~ StandardNormall = with o =7 and f =n—r+1, X,y ~
Beta(a, B)
2s0 - Relationship pair: StandardUniform1(0,1) — Uniforml(a,b)
- Relationship type: Transformation
- Relationship definition: X ~ StandardNormall and Y =a+ (b —a)X =Y ~ Uniforml

- Relationship pair: StandardUniforml — LogLogistic2(\, k)
- Relationship type: Transformation

1/k
25 - Relationship definition: If X ~ StandardUniforml and Y = 1 (%) =Y ~ LogLogistic2(\, k)

p)
- Relationship pair: Uniforml(a,b) — StandardUniform1(0,1)
- Relationship type: Special case
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- Relationship definition: a = 0,b =1
- Relationship pair: StandardUniform1(0,1) — Paretol(x,,, «)

ws0 - Relationship type: Transformation
- Relationship definition: z,, X~/

References

[Leemis and Mcqueston, 2008]
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/Standarduniform.pdf

2055 http://www.math.wm.edu/~leemis/chart/UDR/PDFs/StandarduniformExponentialB.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/StandarduniformPareto.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/StandarduniformBeta.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/StandarduniformUniform.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/UniformStandarduniform.pdf

w0 StudentT1

name Student’s t-distribution 1 (ID: 0000613)
type continuous
variate x, scalar
support x € (—00, +00)
< o
S =] —
— nu=1
— nu=5 ©
o | — nu=2 o ]
S nu=100
© |
L ILO
N —
£o ®
o
o
S /, \! — nu=1
(<) N — nu=5
e — nu=2
nu=100
o o
ol ol
T T T T T T T T T T
-4 -2 0 2 4 -4 -2 0 2 4
X X

Figure 1.63: StudentT1 distribution plotted using the provided R code.

Parameter: degreesOfFreedom

name degrees of freedom
type scalar
symbol v
definition v>0,veR
Functions
PDF

2065 PDF in R

gamma ( (nu+1) /2) / (sqrt (nu*pi) *gamma (nu/2) ) * (1+x~2/nu) ~ (- (nu+1) /2)

CDF ,
o (y+1> L2 (342 5-2)
2 2 Vv T (5)
CDF in R
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http://www.math.wm.edu/~leemis/chart/UDR/PDFs/StandarduniformPareto.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/StandarduniformBeta.pdf
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1/2+x*gamma ( (nu+1) /2) *hypergeo(1/2, (nu+1)/2,3/2,-x"2/nu) /( sqrt(pi*nu) *gamma(nu/2))

Characteristics
Mean
0 forv>1
undefined else
Median
0
Mode
0
Variance
5 for v > 2
00 forl<v <2

undefined else

20 Relationships

- Relationship pair: StudentT1(v) — StandardNormall(0,1)
- Relationship type: Limiting
- Relationship definition: X ~ StudentT1(v) = StandardNormall(0,1) as v tends to infinity.
The approximation is reasonable for v > 30
a5 - Relationship pair: StudentT1(v) — F1(ny, no)
- Relationship type: Transformation
- Relationship definition: If X ~ StudentT1(v) =Y = X2 ~ F(1,v)

- Relationship pair: StudentT2(p, 1, k) — StudentT'1(v)
- Relationship type: Reparameterisation
2080 - Relationship definition: p=0,7=1

References

[Forbes et al., 2011], [Leemis and Mcqueston, 2008]
http://en.wikipedia.org/wiki/Student’s_t-distribution
http://www.uncertml.org/distributions/student-t

2085 http://www.math.wm.edu/~leemis/chart/UDR/PDFs/TF.pdf

StudentT?2

name Student’s t-distribution 2 (ID: 0000635)
type continuous

variate x, scalar

support x € (—00, +00)

Parameter: mean

name mean
type scalar
symbol I

definition wnRk

00 Parameter: scale

name scale
type scalar
symbol T
definition T>0

102


http://en.wikipedia.org/wiki/Student's_t-distribution
http://www.uncertml.org/distributions/student-t
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/TF.pdf

1.2. DISTRIBUTIONS - PROPERTIES AND RELATIONSHIPS ProbOnto 1.0
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Figure 1.64: StudentT2 distribution plotted using the provided R code.

Parameter: degreesOfFreedom

name degrees of freedom
type scalar
symbol k
definition k>2
Functions
PDF

2095 PDF in R

gamma ( (k+1) /2) /gamma (k/2) *sqrt (tau/ (k*pi) ) * (1+tau/k* (x-mu) “2) ~ (- (k+1)/2)

Characteristics
Mean
L
Mode
wfor k> 1
Variance )
- for k > 2
Tk—2 or k>
Relationships

- Relationship pair: StudentT2(u, T, k) — StudentT1(v)
200 - Relationship type: Reparameterisation

- Relationship definition: p =0,7 =1

References

https://en.wikipedia.org/wiki/Student’27s_t-distribution#Non-standardized_Student.27s_t-distribution

Triangularl
name Triangular 1 (ID: 0000661)
type continuous
2105 .
variate x, scalar
support a<x<b
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ProbOnto 1.0
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Figure 1.65: Triangularl distribution plotted using the provided R code.
Parameter: lowerLimit
name lower limit
type scalar
symbol a
definition a€R
Parameter: upperLimit
name upper limit
type scalar
symbol b
definition beR,a<b
Parameter: shape
name shape (mode)
type scalar
symbol c
definition ceR
Functions
PDF
2(x —a)/[(b—a)(c—a)] fora<z<c
2b—x)/[(b—a)(b—c)] forc<z<b
PDF in R

2% (x-a) / ((b-a)*(c-a)) for a <=
2x(b-x) / ((b-a)*(b-c)) for c <=

{

CDF

CDF in R

(z = a)?/[(b—a)(c - a)]
1= (b—=2)?/[(b—a)(b-c)]

(x-a)"2 / ((b-a)*(c-a)) for a <= x <= c \\
1 - (b-x)"2 / ((b-a)*(b-c)) for c <= x <= b

104
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ProbOnto 1.0

Characteristics

Mean

(a+b+c)/3
Mode
c
Variance
(a® + b + % —ab—ac —bc)/18

References

[Forbes et al., 2011]

TruncatedNormall

name Truncated Normal 1 (ID: 0000681)

type continuous

variate x, scalar

support x € [a,b]
2 °
° —— mu=-8 stdev=2 T
. —— mu=0, stdev=2
S — mu=9, stdev=10 | & -
o

mu=0, stdev=10

PDF
0.15
|

0.10
I
CDF

0.4

0.05
| |
0.0 0.2
| |

0.00

—— mu=-8 stdev=2
— mu=0, stdev=2
— mu=9, stdev=10
mu=0, stdev=10

T T T T T T T T T
-10 -5 0 5 10 -10 -5 0 5

Figure 1.66: TruncatedNormall distribution plotted using the provided R code.

Parameter: mean

name mean
type scalar
symbol u

definition nweER

Parameter: stdev

name standard deviation
type scalar

symbol o

definition oc>0

Parameter: lowerBound

name lower bound
type scalar
symbol a
definition a€R
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ProbOnto 1.0

Parameter: upperBound

name

type
symbol
definition

Functions

PDF

PDF in R

( 1/sigma * phi((x-mu)/sigma) ) / ( Phi((b-mu)/sigma)-Phi((a-mu)/sigma) )

phi
Phi
erf

CDF

CDF in R

upper bound
scalar

b

be R,b>a

function(x) { 1/(sqrt(2*pi))*exp(-x~2/2) }
function(x) { 1/2 * (1 + erf(x/(sqrt(2)))) }
function(x) { 2 * pnorm(x * sqrt(2)) - 1 }

( Phi((x-mu)/sigma)-Phi((a-mu)/sigma) ) / ( Phi((b-mu)/sigma)-Phi((a-mu)/sigma) )

Phi = function(x) { 1/2 * (1 + erf(x/(sqrt(2)))) }

erf

Characteristics

Mean

Variance

Relationships

- Relationship pair: TruncatedNormall(p,o,a,b) — Normall(u, o)

function(x) { 2 * pnorm(x * sqrt(2)) - 1}

o(12H) — (")
" () (k)
oy, Bhe(SH) - HEg(E) o p(H
g [1+ (I)(bTT#)_(b(a;#) ((b(bau

- Relationship type: Special case
- Relationship definition: a = —00,b = oo

- Relationship pair: TruncatedNormall(u,o,a,b) — Hal f Normall(6)

- Relationship type: Special case
- Relationship definition: g =0,a = 0,b = o0

References

[Forbes et al., 2011], [Forbes et al., 2011]

https://en.wikipedia.org/wiki/Truncated_normal_distribution
http://reference.wolfram.com/language/ref/HalfNormalDistribution.html

Uniform1
name Uniform 1 (ID: 0000703)
type continuous
variate x, scalar
support x € [a,b]
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Figure 1.67: Uniform1 distribution plotted using the provided R code.

Parameter: minimum

name minimum
type scalar
symbol a
definition a€R

260 Parameter: maximum

name maximum
type scalar
symbol b
definition be R,a<b
Functions
PDF
7 for z € [a, ]
0 otherwise
PDF in R
1/ (b-a)
CDF
0 for x < a
== for x € [a,b)
1 forxz >0
2165 CDF il’l R
(x-a)/(b-a)
Characteristics
Mean
%(a +b)
Median
%(a +0b)
Mode
any value in [a, b]
Variance

le(b—a)2

107
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Relationships

- Relationship pair: Uniforml(a,b) — StandardUniform1(0,1)
a0 - Relationship type: Special case

- Relationship definition: a = 0,b =1

- Relationship pair: StandardUniform1(0,1) — Uniforml(a,b)

- Relationship type: Transformation
- Relationship definition: X ~ StandardNormall and Y =a+ (b —a)X =Y ~ Uniforml

a5 References

[Leemis and Mcqueston, 2008]
http://en.wikipedia.org/wiki/Uniform_distribution_(continuous)
http://www.uncertml.org/distributions/uniform
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/StandarduniformUniform.pdf
290 http://www.math.wm.edu/~leemis/chart/UDR/PDFs/UniformStandarduniform.pdf

UniformDiscretel
name Uniform Discrete 1 (ID: 0000727)
type discrete
variate k, scalar
support ke{a,a+1,..,b—1,b}
©
=
— a=2,b= o |
1/(b-a+1)=0.11 a=2,b=10 - i
(-]
© o 06 o 0o o o o o @© _|
9 B o (-]
S (-]
©
< 52 7 o
a O
0 < °
o o
o o
o o
o
° —— a=2,b=10
8 o |
d T T T T T T T © T T T T T T T
0 2 4 6 8 10 12 0 2 4 6 8 10 12
a=2 k b=10 a=2 k b=10

Figure 1.68: UniformDiscretel distribution plotted using the provided R code.

Parameter: minimum

name minimum

type scalar

symbol a

definition ac{...,—2,-1,0,1,2,3,...}

285 Parameter: maximum

name maximum
type scalar
symbol b
definition be{..,—2,-1,0,1,2,3,...},b>a
Functions
PMF
1/(b—a+1)
PMF in R
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http://en.wikipedia.org/wiki/Uniform_distribution_(continuous)
http://www.uncertml.org/distributions/uniform
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/StandarduniformUniform.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/UniformStandarduniform.pdf
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1/ (b-a+1)

CDF
(k—a+1)/(b—a+1)

2190 CDF in R

(k-a+1)/(b-a+1)

Characteristics
Mean
(a+b)/2
Median
(a+1b)/2
Variance
(b—a+1)?-1
12
Relationships

- Relationship pair: UniformDiscretel(a,b) — UniformDiscrete2(n)
25 - Relationship type: Special case

- Relationship definition: a = 0,0 =n

References

[Leemis and Mecqueston, 2008], [Marichev and Trott, 2013]
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/DiscreteuniformRectangular.pdf

20 UniformDiscrete2

name Uniform Discrete 2 (ID: 0000750)
type discrete
variate k, scalar
support ke{0,1,2,...,n}
8 | — n=15 2 o—|
o 1/(n+1)=0.0625 . °
@ | °
Q| ©6000000000000000 © °
o o
© (-]
L ne
el o
Eé’ o ) o
[S) < o
o ] °
g 0"
S P °
(-]
— n=15
8 ol °
© T T T T e T T T T
0 5 10 15 0 5 10 15
k n=15 k n=15

Figure 1.69: UniformDiscrete2 distribution plotted using the provided R code.

Parameter: numberOfValues

name number of values
type scalar

symbol n

definition neN
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ProbOnto 1.0

Functions
PMF
1/(n+1)
PMF in R
1/ (n+1)
CDF
k+1
n+1
CDF in R
(k+1)/(n+1)
Characteristics
Mean
n
2
Variance
n(n+2)
12
Relationships

- Relationship pair: UniformDiscretel(a,b) — UniformDiscrete2(n)
- Relationship type: Special case

- Relationship definition: a = 0,0 =n

- Relationship pair: BetaBinomiall(n,«, ) — UniformDiscrete2(n)
- Relationship type: Special case

- Relationship definition: a=1,5 =1

References

|[Leemis and Mcqueston, 2008], [Forbes et al., 2011]
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/Rectangular.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/DiscreteuniformRectangular.pdf
http://www.math.wm.edu/~leemis/chart/UDR/PDFs/BetabinomialRectangular.pdf

Weibulll
name Weibull 1 (ID: 0000800)
type continuous
variate x, scalar
support x € [0,400)

Parameter: scale

name scale

type scalar
symbol A
definition A€ (0,+00)

Parameter: shape

name shape

type scalar
symbol k
definition k€ (0,400)
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Figure 1.70: Weibulll distribution plotted using the provided R code.
Functions
PDF .
k (E) (/3"
A\
PDF in R

20 k/lambda * (x/lambda)”(k-1) * exp(-(x/lambda) k)

CDF
1 — exp(—(z/N)")
CDF in R

1- exp(-(x/lambda) “k)

Characteristics
Mean
AT(1+1/k)
Median
A(log(2))"/*
Mode .
A k>
0 k=1
Variance
) 2 1\\?
AMIT{1+—-)— (T {1+ T
Relationships

23 - Relationship pair: Weibulll(\, k) — Weibull2(X,v)
- Relationship type: Reparameterisation
- Relationship definition: k = v, A = 1/\¥

- Relationship pair: Weibulll(\, k) — Exponentiall(Agzponetial)
- Relationship type:
200 - Relationship definition: k = 1, Aggponetial = 1/A
- Relationship pair: Weibulll(\, k) — Rayleighl(o)
- Relationship type:
- Relationship definition: k& =2, \ = 20
- Relationship pair: GeneralizedGamma2(a,b, c, k) — Weibulll(\, k)
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ProbOnto 1.0

- Relationship type: Special case & Reparameterisation
- Relationship definition: ¢ =1,a =0,b= A

- Relationship pair: Weibull2(A,v) — Weibulll(\, k)
- Relationship type: Reparameterisation
- Relationship definition: v = k, A\ = A~1/?

References

[Forbes et al., 2011
http://en.wikipedia.org/wiki/Weibull_distribution
http://www.uncertml.org/distributions/weibull

Weibull2

name Weibull 2 (ID: 0000022)
type continuous
variate x, scalar
support x>0
v Q]
T —— v=0.5, lambda=0.707 T
—— v=1, lambda=0.500
—— v=1.5, lambda=0.354 2
v=5, lambda=0.031
Q|
- ©
Q
[T [T
a a
o O
<
0 | o
o
—— v=0.5, lambda=0.707
= \ g 4 —— v=1, lambda=0.500
§ —— v=1.5, lambda=0.354
° & . v=>5, lambda=0.031
[=} oS
T T T T T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5

X

X

Figure 1.71: Weibull2 distribution plotted using the provided R code.

Parameter: lambda

name lambda
type scalar
symbol A
definition —

Parameter: shape

name shape
type scalar
symbol v
definition -

Functions

PDF

. _ v
oA x? 18 Az

PDF in R

vxlambda * x"(v-1) * exp(-lambda * x"v)
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2275

2280
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ProbOnto 1.0

CDF
1 —exp(—z"A)

CDF in R

1- exp(-x"v * lambda)

Relationships

- Relationship pair: Weibull2(\,v) — Weibulll(\, k)
- Relationship type: Reparameterisation

- Relationship definition: v = k, A = A~1/?

- Relationship pair: Weibulll(\, k) — Weibull2(\, v)
- Relationship type: Reparameterisation

- Relationship definition: k = v, A = 1/AF

References

[Spiegelhalter et al., 2003]

Wishart1
name Wishart 1 (ID: 0000082)
type continuous
variate X, matrix
support X (p x p) — positive definite matrix

Parameter: scaleMatrix

name scale matrix

type matrix

symbol \%4

definition V > 0,p X p — positive definite matrix

Parameter: degreesOfFreedom

name degrees of freedom
type scalar

symbol n

definition n>p—1

Functions

PDF
(v lx)
2

X"
27 |V|ET,(2)

Characteristics

Mean
nV

Mode
(n—p—1)Viorn<p+1

Variance
V(Z’I"(Xij) =n (Uizj + ’Uj,ﬂ}jj)
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ProbOnto 1.0

References

http://en.wikipedia.org/wiki/Wishart_distribution
http://www.uncertml.org/distributions/wishart

Wishart2

name Wishart 2 (ID: 0000112)

type continuous

variate X, matrix

support X (p x p) — symmetric, positive definite matrix

Parameter: inverseScaleMatrix

name inverse scale matrix

type matrix

symbol R

definition p X p — symmetric, positive definite matrix

Parameter: degreesOfFreedom

name degrees of freedom
type scalar

symbol k

definition —

Functions

PDF
|R|k/2|x‘(k—p—1)/2€—% tr(Rx)

References

[Spiegelhalter et al., 2003]

ZeroInflatedGeneralizedPoisson1

name Zero-Inflated Generalized Poisson 1 (ID: 0000169)
type discrete

variate 1y, scalar

support y€{0,1,2,3,...}

Parameter: mean

name mean
type scalar
symbol I

definition w>0

Parameter: dispersion

name dispersion
type scalar
symbol «

definition a>—-1l,aeR
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Figure 1.72: ZerolnflatedGeneralizedPoisson1 distribution plotted using the provided R code.

Parameter: probabilityOfZero

name probability of zero

type scalar

symbol p0

definition 0<p0<1,p0 € R

Functions
PMF
pO—i—(l—pO)eXp[l;’;#} fory=0
) ay)? 1 — a

(1 —pO)(lfaﬂ) (a+ yy!) exp [ ul(izuy)} for y >0

2305 PMF in R

PMF1=p0 + (1-p0) * exp(-mu/(1+ alpha*mu)) # for y = 0
PMF2=(1-p0)*( mu/(1+alpha*mu)) “y*((1+alphax*y)~(y-1))/factorial (y)*
exp ((-mu* (1+alpha*y))/(1+alpha*mu)) # for y > 0

CDF
S f(i),x € {0,1,2,...} with f the PMF

CDF in R

210 ¢ (PMF1, cumsum (PMF2)+PMF1)

Characteristics
Mean
(1 —p0)u
Variance
(1= pO)[p? + (1 + ap)?] — (1 — p0)*p?
Relationships

- Relationship pair: Zeroln flatedGeneralized Poissonl(u, o, p0) — GeneralizedPoisson3(u, «)

- Relationship type: Special case
ans - Relationship definition: p0 = 0

- Relationship pair: ZerolnflatedGeneralized Poisson1(p, a, p0) — Poissonl())

- Relationship type: Special case & Reparameterisation

- Relationship definition: p0 =0, =0, A= pu

- Relationship pair: Zeroln flatedGeneralizedPoissonl(u, o, p0) — Zeroln flatedPoissonl(A, )
am0 - Relationship type: Special case & Reparameterisation

- Relationship definition: o =0, A = p
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References

[Famoye and Singh, 2006], [Trocdniz et al., 2009]

ZerolnflatedNegativeBinomiall

name Zero-Inflated Negative Binomial 1 (ID: 0000142)
type discrete
2325 .
variate k, scalar
support ke{0,1,2,3,...}
S = o,o‘0‘°‘°‘°‘°‘g;8:8=9’°’°'°:g
© — lambda=8, tau=0.8, p0=0.08 o 070 .0-0:0°070°
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(S} ° — lambda=10, tau=0.05, p0=0.07 g - c)/ 08’
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Figure 1.73: ZerolnflatedNegativeBinomiall distribution plotted using the provided R code.

Parameter: rate

name mean
type scalar
symbol A

definition A>0

Parameter: overdispersion

name overdispersion
type scalar
symbol T

definition —

20 Parameter: probabilityOfZero

name probability of zero
type scalar

symbol p0

definition 0<p0<1,p0 € R

Functions
PMF
1/7
p0+(17p0)(1+%> fory=0

/T y
D(y+1/7) A
(1—])0) y[?]J_“(l/T) <1+1T)\) (1/T+)\) fOI'y>O
PMF in R
PMF1=p0 + (1-p0) * (1/ (1 + tau * lambda))”(1/tau) # for y=0

235 PMF2=(1-p0) * gamma(y+1/tau) / (factorial(y) *gamma(l/tau)) * (1/(1 + tauxlambda))”(1/tau) *
(lambda/(1/tau + lambda))”y # for y>0
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CDF
S7 L f(i),z €{0,1,2,...} with f the PMF

CDF in R

c(PMF1, cumsum (PMF2)+PMF1)

Characteristics

Mean

Relationships

- Relationship pair: ZerolnflatedNegative Binomiall(\, T,p0) — Negative Binomial2(\, 1)

- Relationship type: Special case

- Relationship definition: p0 =0

- Relationship pair: ZerolnflatedNegative Binomiall(\, 7,p0) — ZerolnflatedPoissonl(\, )
- Relationship type: Limiting

- Relationship definition: 7 — 0

- Relationship pair: Zeroln flatedNegative Binomiall(\, T,p0) — Poissonl(\)

- Relationship type: Limiting

- Relationship definition: p0 = 0,7 — 0

References

[Famoye and Singh, 2006], [Trocdniz et al., 2009]

ZerolInflatedPoissonl

name Zero-inflated Poisson 1 (ID: 0000197)
type discrete
variate k, scalar
support ke{0,1,2,3,...}
e ] -0-0-0-0-8=9=0-0-0-0-0-0-8:9=0=0-0
<« |® — lambda=1, pi=0.1 - o’ o7 e
S — lambda=4, pi=0.1 / / °
— lambda=10, pi=0.2 X o s
° © ° / o
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Figure 1.74: ZerolnflatedPoissonl distribution plotted using the provided R code.

Parameter: rate

name Poisson intensity
type scalar

symbol A

definition AERA>O0
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Parameter: probabilityOfZero

name probability of extra zeros
type scalar
symbol T
definition O<m<l,meR
Functions
PMF

(1- W)e’A& for k>0

74+ (1—m)e > for k=0
2

PMF in R

260 PMF1=pi + (1-pi)*exp(-lambda) # if k=0
PMF2=(1-pi)*exp(-lambda) * lambda"k/factorial(k) # if k>0

CDF
SE f(i),x €{0,1,2,...} with f the PMF

CDF in R

c(PMF1, cumsum (PMF2) +PMF1)

Characteristics

Mean
(1—=m)A

Variance
A1 —m)(1+ M)

265 Relationships

- Relationship pair: ZeroInflatedPoissonl(\,m) — Poissonl(\)

- Relationship type: Special case

- Relationship definition: 7 =0

- Relationship pair: ZerolnflatedNegative Binomiall(\, T,p0) — ZerolnflatedPoissonl(\, )
a0 - Relationship type: Limiting

- Relationship definition: 7 — 0

- Relationship pair: Zeroln flatedGeneralizedPoissonl(p, o, p0) — Zeroln flatedPoissonl(\, )

- Relationship type: Special case & Reparameterisation

- Relationship definition: o = 0, A = p

s References

[Famoye and Singh, 20006], [Trocdniz et al., 2009], [Plan, 2014]
http://en.wikipedia.org/wiki/Zero-inflated_model#Zero-inflated_Poisson
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