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1 Degree of approximation due to ignoring
truncation

It is possible to calculate the exact mean of the random effects conditional
on R; = 1 while explicitly accounting for the truncation. We start by trans-
forming b; into independent components, the first of which is a standardized

version of v/},b;, where both «;, and b; are ¢ x 1 column vectors. First define

Vit = ’Yz‘t/\/ Vit 2Vt

so that var(4};,b; | R = 1) = 1 and the truncation to keep the probabilities

less than or equal to 1 is given by

FYiabi < — it/ VY20V = —Hit- (1)

Next create ¢ X 1 column vectors 7.,k = 2,...,q, such that 7,35, =
Iij—yy and denote by T, the ¢ X ¢ matrix with rows equal to - Via this

construction, the conditional distribution of T'yb is given by
Lib | Ry =1~ N(TiZyy,, D). (2)

Only the first component is subject to truncation because the truncation is

defined by (1) and the remaining components are independent of the first.



Using the usual formula for the mean of a truncated normal we have

E[F1ibi | Rit = L, ¥bi < —ft] = A1 26V
—(—fli — '3’,1it2b'7it)/q)(_ﬁit - '~7’/1itzb'7it)~
(3)

Define py,, to have first entry equal to (3) and remaining entries equal to the

corresponding entries of f‘ith'yit. Then

E[fitbi | Rt = 177;tbi < —pi] = it (4)
and
.1
Elb; | Ry = 1,v;bi < —pir)] = Ty iy (5)

In cases where the second term in (3) is negligible we can ignore the effects of
truncation. This will be true when the value of ji;; is negative and the values
of ;¢ are small in relation to the absolute value of fi;;. This occurs under
the scenarios we consider where the probability of any single visit is small
(so that u; is negative, but large in absolute value) and the informativeness

is not overly strong (so that the values of 7;; are not large in absolute value).



2 Detailed simulation results

Details of the simulation methodology are given in the main paper. The
tables in this section give the estimated mean values of the parameters and
standard errors from the simulations and are more extensive than the graph-
ical results given in the main paper. They are organized first by the outcome
simulation process: linear mixed model or logistic mixed model. Within
the linear mixed model section they are next organized by the informative
visit process: conditional mean or random effects dependence. For the logit
link we report on only the conditional mean dependence. Individual tables
show the influence of varying the informativeness of the process as well as
the effect of the log versus the logit link for the informative visit process for
linear mixed models or the estimation method (maximum likelihood versus
generalized estimating equations) for the logistic outcome models.

The data were simulated using the following outcome process. Let Y}
represent the measurement at time ¢ (where ¢ runs from 1 to n;) on subject
i (where 4 runs from 1 to m). We assume that our outcome process follows

a generalized linear mixed model with normally distributed random effects,

bii
Yi[b; ~ independent fy i=1,....m;t=1,....n
g(E[Yalb]) = xi,B+ zyb; (6)
b, ~ iid N(0,3), (7)



In this model, x;; represents the covariates associated with subject ¢ at time
t, B is the vector of covariate effects, z;; is the model matrix for the random
effects, and ¢(+) is the link function (either linear or logit).

The simulations fit models only to the observed data, with R;; = 1, where
R;; is the binary indicator with R;; = 1 indicating that Y;; is observed and is 0
otherwise. We assume that, conditional on the random effects, Y;; and R;; are
independent (and independent from one another) and that the probability

that R; = 1 is dependent on the random effects via a log link or a logit link:

P(Yj; is observed | b;) = P(R;=1]|by)
= exp{p +v;bi} or

= 1/(1+ exp{—[pit + ¥;;bi}]). (8)

In this model, =,, governs the strength and directionality of the association

between the random effects and whether or not data are observed.

2.1 Linear mixed model for the outcome

2.1.1 Conditional mean informative visit process



Table 1:

Outcome model: linear mixed model

Informative visit model:

log(P(R; = 1)) or logit(P(R;: = 1)) = =5+ dE[Y]b],
Fitting method: maximum likelihood

Random effects: corr(by;, b1;)=0

Informative Simulated mean parameter estimates
Visit Process (SEs as subscripts)
o Bo (true=0) fF; (true=1) [y (true=2) [ (true=3) 27 coeff.
log link
0 0.001¢.004 0.985¢.010 1.995¢.003 3.0040.010 —0.0319035
0.25 0.235¢.004 0.985¢.010 1.9970.003 3.009¢.010 0.2274.031
0.50 0.442¢ 004 0.987¢.012 1.9530.004 2.9750.012 0.529¢.026
0.75 0.595¢.004 0.934¢.012 1.862¢.004 2.9430.013 0.663¢.017
logit link
0 0.000¢.004 0.9840.010 1.995¢ 003 3.0030.010 —0.0270.035
0.25 0.235¢.004 0.982¢.010 1.996¢.003 3.0080.010 0.222¢ 031
0.50 0.440¢.004 0.9780.012 1.9500.004 2.965¢.012 0.493¢.027
0.75 0.6000.004 0.9120.012 1.8590_004 2.9290.013 0-5430.018



Table 2:

Outcome model: linear mixed model

Informative visit model:

log(P(R; = 1)) or logit(P(R;: = 1)) = =5+ dE[Y]b],
Fitting method: GEE (independence working correlation)
Random effects: corr(by;, b1;)=0

Informative Simulated mean parameter estimates
Visit Process (SEs as subscripts)
o Bo (true=0) fF; (true=1) [y (true=2) [ (true=3) 27 coeff.
log link
0 0.0000.004 0.982¢.010 1.994 003 3.0060.010 —0.022¢ 035
0.25 0.2510.004 0.9860.010 2.0040_003 3.0140.010 0.2340.032
0.50 0.4990.004 0.999¢.012 1.996¢.004 2.9900.012 0.564¢.028
0.75 0.7560.004 0.978¢.013 1.998¢.004 3.0000.013 0.619¢.017
logit link
0 0.0000.004 0.981¢.010 1.994 003 3.0050.010 —0.020¢.035
0.25 0.249.004 0.9830.010 2.003¢.003 3.001¢.011 0.2300.032
0.50 0.494¢ 004 0.981¢.012 1.9890.004 2.9730.012 0.5080.029
0.75 0.7400.004 0.8990.013 1.9690_004 2.9370.013 0.4310.020



Table 3:

Outcome model: linear mixed model

Informative visit model:

log(P(R; = 1)) or logit(P(R;: = 1)) = =5+ dE[Y]b],
Fitting method: maximum likelihood

Random effects: corr(by;, by;)=0.5

Informative Simulated mean parameter estimates
Visit Process (SEs as subscripts)
o Bo (true=0) fF; (true=1) [y (true=2) [ (true=3) 27 coeff.
log link
0 0.006¢.004 0.9970.010 1.999¢ 003 2.9999.010 —0.0500¢.037
0.25 0.235¢.004 1.2214.010 1.993¢.003 3.019¢.011 0.213¢.032
0.50 0.4440'004 1.4090.011 1.9500.004 2.9440.012 0'4450,026
0.75 0.597¢.004 1.498¢.013 1.844¢ 004 2.8030.013 0.472¢.017
logit link
0 0.006¢.004 0.9970.010 1.999¢ 003 2.996¢ 010 _0-0570.038
0.25 0.2330.004 1.216¢.010 1.9930.003 3.022¢.011 0.2130.033
0.50 0.442¢ 004 1.3950.011 1.9474 004 2.9310.012 0.404¢.026
0.75 0.6010.004 1.4700.013 1.8430_004 2.7880.013 0.3680.018



Table 4:

Outcome model: linear mixed model

Informative visit model:

log(P(R; = 1)) or logit(P(R;: = 1)) = =5+ dE[Y]b],
Fitting method: GEE (independence working correlation)
Random effects: corr(by;, by;)=0.5

Informative Simulated mean parameter estimates
Visit Process (SEs as subscripts)
o Bo (true=0) fF; (true=1) [y (true=2) [ (true=3) 27 coeff.
log link
0 0.006¢.004 0.99404010 2.0000.003 2.9970.010 —0.055¢9 037
0.25 0.2490.004 1.236¢.010 2.001¢.003 3.0320.011 0.2330.033
0.50 0.502¢.004 1.492¢ 011 2.0000.004 3.0080.012 0.510¢.028
0.75 0.7790.005 1.7019.013 1.9924 004 2.989¢.014 0.344¢.020
logit link
0 0.006¢.004 0.995¢.010 2.0000.003 2.9970.010 —0.056¢.037
0.25 0.2470.004 1.234¢.010 2.0000.003 3.0300.011 0.2200.033
0.50 0.4980.005 1.4600.011 1.9910'004 2.9820.012 0.4280.029
0.75 0.7570.005 1.5860.013 1.9580_004 2.8870.014 0.1780.021
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2.1.2 Random effects informative visit process

Table 5:

Outcome model: linear mixed model

Informative visit model:

log(P(R;; = 1)) or logit(P(R; = 1))

Fitting method: maximum likelihood
Random effects: corr(by;, b1;)=0

Info Visit Process

=5+ Yobo + 7101,

Simulated mean parameter estimates (SEs as subscripts)

Yo Y Bo (true=0) f; (true=1) [y (true=2) Ps (true=3)
log link
0 0 0.010¢.005 0.986¢.009 1.985¢ 007 3.010¢.012
0.5 0 0.435¢ 005 0.9570.008 2.006¢.006 2.9970.011
1 0 0.824¢ 005 0.9019. 008 1.989¢ 006 3.0080.011
0 0.5 —0.0530.005 1.526¢ gog 2.000¢.007 3.000¢.012
0.5 0.5 0.360¢.005 1.4930 008 1.998¢ 007 3.002¢.012
1 0.5 0.7340 005 1.4180 008 1.9970 007 3.001¢.011
0.5 1 0.2670.005 1.9780.009 2.001¢.007 2.999¢ 003
1 1 0.6380.005 1.884¢ 008 1.995¢ 007 3.006¢.011
logit link
0 0 0.010¢.005 0.986¢.009 1.985¢ 007 3.011¢.012
0.5 0 0.4280 005 0.9590.008 2.006¢.006 2.9950.011
1 0 0.810¢.005 0.909¢ 008 1.989¢ 006 3.0090.011
0 05  —0052005 1515000 20010007 2.999 015
0.5 0.5 0.3580.005 1.4799 008 1.998¢ 007 3.003¢.012
1 0.5 0.7270.005 1-4070.008 1.9950.007 3.0060.011
0.5 1 0.2730_005 1.9480_()09 2.000¢.007 2.9970.011
1 1 0.6379.005 1.861¢ 008 1.995¢ 007 3.0040.011
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Table 6:

Outcome model: linear mixed model

Informative visit model:

log(P(Rir = 1)) or logit(P(Ri = 1)) = —5 + Yobo + 7101,
Fitting method: GEE (independence working correlation)
Random effects: corr(bo;, b1;)=0

Info Visit Process Simulated mean parameter estimates (SEs as subscripts)
Yo o Bo (true=0) f; (true=1) [y (true=2) Ps (true=3)
log link

0 0 0.0130.005 0.981¢.009 1.9830.007 3.014¢.012

0.5 0 0.4990.005 0.998.009 2.006¢.007 2.9980.013

1 0 1.0040.005 0.9970,009 1.9860,007 3.0160.012

0 0.5 0.0030.005 1.496¢.009 2.001¢.007 2.9979.012

0.5 0.5 0.4990.005 1.4980.009 1.9980.007 3.0080.013

1 0.5 0.9910.005 1.504¢ 009 1.9960.00s 3.0050.012

0 1 0.0080.005 1.986¢.009 1.996¢.007 3.0170.012

0.5 1 0.4980_005 2.0080_010 2~0020.008 2.9940_013

1 1 0.9840.006 1.9730.00s 1.9910.00s 3.0220 012

logit link

0 0 0.012¢.005 0.982¢.009 1.9830.007 3.015¢.012

0.5 0 0.4880.005 0.9960.009 2.006¢.007 2.9970.013

1 0 0.9620.005 0.999¢.009 1.9850.007 3.0170.012

0 0.5 0.0030.005 1.485¢.009 2.001¢.007 2.996¢.013

0.5 0.5 0.4870.005 1.4800.009 1.9970.007 3.0090.013

1 0.5 0.9440.005 1.4770.009 1.994¢ 00s 3.0100.012

0 1 0.0080.005 1.945¢ 009 1.9970.007 3.016¢.013

0.5 1 0.4740_005 1.9570_010 20000.008 2.9980_013

1 1 0.9200.005 1.914¢ 009 1.9910.00s 3.0190.013
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Table 7:

Outcome model: linear mixed model

Informative visit model:

log(P(R;; = 1)) or logit(P(R;: = 1))

Fitting method: maximum likelihood
Random effects: corr(by;, by;)=0.5

Info Visit Process

=5+ Yobo + 7101,

Simulated mean parameter estimates (SEs as subscripts)

Yo o Bo (true=0) f; (true=1) [y (true=2) Ps (true=3)
log link
0 0 0.004¢.005 0.997¢.009 1.999¢ 007 3.0000.013
0.5 0 0.408¢.005 1.202¢.009 2.000¢.007 3.0070.012
1 0 0‘7720.005 1.3480'008 2~0020.006 2‘9810.011
0 0.5 0.1580_005 1.4900_009 2.0040.007 3.0110_012
0.5 0.5 0.9399.005 1.661¢.00s 1.995¢ 006 3.0099.012
1 0.5 0.8630.005 1.7799.008 2.004¢ 006 3.000¢.011
0 1 0.281¢.005 1.9630 009 1.9970.007 2.9970_012
0.5 1 0.622¢.005 2.087¢.009 1.993¢ 007 3.001¢.011
1 1 0.9350.005 2.160¢.008 2.001q.007 3.004¢ 912
logit link
0 0 0.0029.005 0.999¢.009 2.002¢.007 2.9950.013
0.5 0 0.403¢.005 1.1974.009 1.9970.007 3.0120. 012
1 0 0.761¢.005 1.347.008 2.002¢ 007 2.981.011
0 0.5 0.1560.005 1.4820_009 2.0020.007 3.0120_012
0.5 0.5 0.9330.005 1.6480 003 1.994 006 3.0120. 012
1 0.5 0.8530.005 1.7744.009 20060006 2.995¢ 012
0 1 0.2830.005 1.9410_009 1.9990.007 2.9940_012
0.5 1 0.622¢ 005 2.062¢.009 1.991¢ 007 3.004¢ 012
1 1 0.9340.005 2.1370'009 2.0020.007 3.0050.012

13



Table &:

Outcome model: linear mixed model

Informative visit model:

log(P(R;; = 1)) or logit(P(R;: = 1))

Info Visit Process

=5 + yobo + 11b1,
Fitting method: GEE (independence working correlation)
Random effects: corr(by;, by;)=0.5

Simulated mean parameter estimates (SEs as subscripts)

Yo o Bo (true=0) f; (true=1) [y (true=2) Ps (true=3)
log link
0 0 0.006¢.005 0.9930.000 1.999¢ 007 2.9980.014
0.5 0 0.4970.006 1.252¢.010 1.995¢ 007 3.0180.013
1 0 0.996¢.005 1.5080.009 2.0029.008 2.9719013
0 0.5 0.2480_005 1.4900_010 2.0050.007 3.0110_014
0.5 0.5 0.7560.005 1.745.009 1.995¢ 007 3.001¢.014
1 0.5 1.245¢ g0 1.9780.009 1.9974.00s 3.0009.013
0 1 0.506¢.006 1.9940_010 1'9970.008 2.9970_014
0.5 1 0.995¢.006 2.2310.010 1.9870.008 3.008¢.014
1 1 1.426¢ g0 2.43%.010 2.000¢.009 3.004¢ 014
logit link
0 0 0.005¢.005 0.995¢.009 2.000¢.007 2.9950.014
0.5 0 0.4870.006 1.2440_010 1~9940.008 3.0190_014
1 0 0.9570.005 1.4844.010 1.999¢ 007 2.976¢.013
0 0.5 0.2420.005 1.4780_010 2.0050.007 3.0110_014
0.5 0.5 0.729¢.005 1.7199.009 1.996¢ 007 3.001¢.014
1 0.5 1.168¢ go5 1.9224 010 2.000¢.008 2.9970.014
0 1 0.4870.006 1.9540_010 1.999¢ 008 2.9950.014
0.5 1 0.935¢.006 2.1599.010 1.9880.008 3.009¢.014
1 1 1.3279.006 2.319¢ 011 1.998¢ 008 3.0100.015

14



2.2 Logistic mixed model for the outcome

2.2.1 Conditional mean informative visit process

Table 9:
Outcome model: logistic mixed model
Informative visit model: logit(P(R;; = 1)) = —1 + dE[Y|}],
Fitting method:

maximum likelihood or GEE (independence working correlation)
Random effects: corr(by;, b1;)=0

Visit Simulated mean parameter estimates
Parameter (SEs as subscripts)
5 Bo (true=-1) [y (true=0.5) [y (true=1) [3 (true=0.5) 27 coeff.
ML
0 —1.0010.003 0.4990.006 1.005¢.002 0.5020.006 —0.002¢.017
0.25 —0.8500.003 0.4970.006 0.986¢.002 0.496¢.006 0.165¢.018
0.50 —0.694¢ 003 0.4780.006 0.943¢.002 0.485¢.007 0.359¢.018
0.75 —0.5290.003 0.461¢.007 0.887¢.002 0.461¢. 007 0.439¢.018
GEE
0 —0.8430.002 0.4040_004 0.8370.002 0.4020_004 0.081¢.014
0.25 —0.6760.002 0.3970.005 0.824¢.002 0.402¢.004 0.183¢.015
0.50 —0.514¢.002 0.3830.005 0.7940.002 0.3900.005 0.3030.015
0.75 —0.3550.003 0.3640.006 0.756¢.002 0.3680.005  0.3320.014
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Table 10:

Outcome model: logistic mixed model

Informative visit model: logit(P(R;; = 1)) = —1 + dE[Y|}],

Fitting method:

maximum likelihood or GEE (independence working correlation)
Random effects: corr(by;, by;)=0.5

Visit Simulated mean parameter estimates
Parameter (SEs as subscripts)
5 Bo (true=-1) B; (true=0.5) [y (true=1) f3 (true=0.5) a7 coeff.
ML
0 —1.003¢.003 0.511¢.006 1.0040‘002 0.4960.006 0.013¢.017
0.25 —0.851¢.003 0.6420_006 0.9800.002 04770.006 0.192¢.017
0.50 —0.6870.003 0.7830.007 0.9400.002 0.418p.006 0.2680.019
0.75 —0.5360.003 0.877¢.007 0.889¢.003 0.3440.007  0.3540.019
GEE
0 —0.8450.002 0.5270_004 0.8360.002 0.2909.004 0.006¢ 14
0.25 —0.678¢.002 0.6500.005 0.8170.002 0.2720.005 0.106¢.015
0.50 —0.5109.002 0.7560.005 0.792¢.002 0.2400.005 0.1300.016
0.75 —0.3580.003 0.8230.005 0.7560.002 0.1890.005 0.1590.015

16



3 Additional dependence on the covariates

The log link informative visit process allows arbitrary dependence on the
covariates since they can be incorporated in the p; portion of equation (3).
The theory in Section 3.2 shows that the marginal distribution is unaffected
by wi; and hence dependence on covariates does not influence the marginal
distribution. To check whether this result carries over to the logistic link
visit process, (30), we redid the simulation of Figure 1, but modified the
informative visit process to allow additional dependence on the covariates.
We simulated the realistic situation where the visit probability differs by the

group variable in (19), xo. Specifically, we considered a modification of (21):
logit P(Riu =11 b)) = p+0E[Yalb] + Aas. (9)

Figure 1 shows the results for the linear mixed model under the condi-
tional mean informative visit model with additional covariates, (9), using
maximum likelihood to fit the model. Each panel includes four curves, cor-
responding to values of A ranging from 0 to 0.75 in steps of 0.25. All of
the curves lie nearly on top of one another demonstrating there is, at most,
minor effect on the means values and that is restricted to those cases with
strongly informative visit processes (e.g., d and A greater than 0.25).

Figure 2 shows similar results when the linear mixed model is fit using
generalized estimating equations. Again, all of the curves lie nearly on top

of one another, demonstrating the minor effect of dependence of the visit

17



Figure 1: Simulated mean values of the maximum likelihood regression co-
efficient estimators. Simulated under a conditional mean informative visit
process with a logit link, i.e., logit(P(Ry; = 1)) = =5 + 0E[Y | b] + Axo,
and linear mixed outcome model with random intercepts and slopes. Curves
within each panel show the results as A ranges from 0 to 0.75.
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Figure 2: Simulated mean values of the generalized estimating equations
regression coefficient estimators. Simulated under a conditional mean infor-
mative visit process with a logit link, i.e., logit(P(R; = 1)) = —5 + 0E[Y |
b]+ Az, and linear mixed outcome model with random intercepts and slopes.
Curves within each panel show the results as A ranges from 0 to 0.75.
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process on the covariate, x,.

4 Theory for dependence on random inter-
cept or random slope only

In this section we consider an informative visit process where the probability

of observing Y depends only on the random intercept, by;:
P(Y; is observed | b;)) = P(R; =1|b;) =exp{p+v0boi},  (10)

so that 7} = (v 0). For the above model and using the results of Section 3
of the manuscript, the expected value of the linear predictor conditional on

being observed is equal to

xiﬁ + Zg;Eb%'t = Lo+ Bixiir + Boxoi + PBawsi + US’YO + 00170 T 14t

= (Bo+ U(Q)’Yo) + (81 4 00170)T1it + Poxe; + Baxsit.

This result indicates that fitting the usual model to observed data will result
in a biased estimate of the intercept, with bias equal to 27y and a biased
estimate of (5, with bias equal to 0g179. So, even though the informative
visit process depends only on the random intercept, estimators of 5, will be
biased if the random intercept and slope are correlated.

A similar result holds for the random slope when P(R; = 1 | b;) =

20



exp{p + 71b1;}. Estimators of 3; will be biased by o3y, and the intercept
will be biased by 0y;7; if the random intercept and slope are correlated.

In either case, we can obtain consistent estimates of the coefficients un-
connected to the random effects, 5, and 3, using estimation methods that
ignore the informative visit process. This can be achieved, for example,
by using an analysis that only requires correct specification of the marginal

mean.
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