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1. WEB APPENDIX A: ORACLE PROPERTIES OF 5, 0, gv, AND a*v

Oracle properties of the adaptive elastic net estimators 6 and @ are established in Minnier and
others (2011) for an arbitrary objective function which is the sum of iid contributions from the
observations. Thus, oracle properties for these estimators in the Cox model follow once we show
that the LPL and the perturbed LPL are asymptotically equivalent to an objective function which
is the sum of iid contributions. We demonstrate this for the perturbed LPL, since the result then
holds for the standard LPL by replacing each weight V; by weight 1. Throughout, for simplicity
of presentation, we assume no unpenalized covariates.

To demonstrate that 675 (0) is asymptotically equivalent to an objective function that is the

sum of iid contributions, we may follow similar arguments as given in Cai and Zheng (2013), by
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decomposing:

-~

05(0)=n"" f: Vi / [0"W,; — log{nI1¥(8,1)}]dN;(t)
i=1

—n~! zn: Vi / log{nIl(¥*(6, 1)} — log{nI1(®)(8, t)}]dN;(t),

where IR (6,1) = E{I(X > t)e® WW®} is the limit of TI®*(0,t) = n~ 'S0 VI(X; >
S)W?keeTWi, and for any vector a, a®® = 1, a®! = a and a®? = aa”. We then use a Taylor

series approximation to rewrite the second term as

A(O)* _ 1700 =
o oo

L I(X; > 1) Wi —T100)(0, 1) _
1 ’ 1
Jj=

where P* is the probability measure generated by both the observed data and V and A(t) =

E{N;(t)}. Thus, 23(0) is asymptotically equivalent to the iid sum

n~! iv ( / 6"W, — log{nI1© (8, )}dN; (t) — / I(X; > 0)e” W —1100,1) A(t)>

1) (0, t)
Finally, note that although Minnier and others (2011) do not explicitly address the aENET
penalty, their proof under the adaptive lasso penalty generalizes to this case.

Next, we use the same approach to establish oracle properties for the ensemble-voting-based
estimators EV and /é*v First, let IA] be the vector indicating whether the perturbations vote the
j* variable into the model. That is, if we write g; = B~! Zszl I(gj(b) = 0) then 1/'; =1(g; <p;),
where p; = min{max(0.05,p;),0.95} is the threshold parameter as defined in section 2.5. Note
that although p; is selected in a data-driven manner, the truncation ensures that p; € [0.05,0.95].
Since the oracle properties of 8" ensure that g; — 1 for j € A° and q; — 0 for j € A, we have
P(g; >p;Vj¢ A) > P(g; >095V5 ¢ A) = Lland P(g; > p;) < P(g; > 0.05) = Oforany j € A.
It follows that P(I = Io) — 1, where I = (I1,...,1,)", Io = (Io1, ..., Iop)" and Io; = I(j € A°).
The oracle properties of §V follows from similar arguments as the oracle properties of 0 since the

two estimators only differ by their initial estimators both of which are root-n consistent.
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To establish the properties for
e N Pz Pz
Oy = (1+2X3) arg;nin{*ﬁév(o) FA Y TN @yl013,
where
G (0 1ZVA [0@1 YW, — log{TI0*(9 &1, Xi)}]

— ~1
© represents element-wise product, wy,; = |9V Rl and

Ovr=(1+X ) axgmin{ - oy (6 +A2292

ith coefficient to be 0

Note that in each minimization, the penalization term leads us to set the j
whenever fj = 0. To establish that 5; also has oracle properties, we show again that @SV(O) may

be approximated by a sum of iid terms up to Op«(n~1). To see this, we expand:

0 (0) =n! zn: Vi / [(0 ©I)"W; — log{nI1® (6 © Iy, s)}} dN;(s) (1.1)
{00 [ —To))n ! Zn; v /WidNi(s) (1.2)

n~t zn: Vi / log{IIV*(8 © T, 5)} — log{I1'V*(8 ® Iy, s) }dN; (s) (1.3)

. Z; W / log{TI®* (0 © Ty, 5)} — log{II (8 & Ty, s)}|dNi(s) (1.4)

Looking at specific terms, we see P{(1.2) + (1.3) = 0} > P(I— I, = 0) — 1 and thus (1.2)
and (1.3) take value 0 with probability approaching 1. Using the same arguments as given above

for the approximation of £%(8), (1.4) can be expressed as

—n ! En: Vi /
i=1

Thus, £, () can be written as a sum of iid up to Op«(n™!):

I(X; > 5)e@@)'Wi _T100)(9 & I, 5)

dA <(n7t
100 & Iy, s) (s) +op-(n"")

nt i Vi / ( [(0 ©Io)"W; — log{nII®) (8 ® I, s)}} dN;(s)

(X > 5)e@OWi 109 51y, 5)
H(O) (0 @ IQ, S)

dA(s)) + Op«(n™1).
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The oracle properties of 5*\/ then follows from Minnier and others (2011).

2. WEB APPENDIX B: WEAK CONVERGENCE OF \/ﬁ{g(to;wNEw) — S(to; wxew) }

It suffices to show \f{AO(to, 0) — Ao(to; 00)} converges weakly to a Gaussian process in ty €

[t1,t2]. We may expand:

\/ﬁ{/\ (to; 0) — Ao(to,eo)} \f{/\o(to, 0) — Ao(toyeo)}+\/ﬁ{7\0(t0;90)*/\0(t0;90)}

~

=H(8o,t0)" - V(0 — 09) + Vn {/A\o(tos 0o) — Ao(to; 90)} +op(1)

where H(6, 1) = — f I (, 5)[10)(6, 5)"2dN (s) and TI*) (8 5) = n= L ST I(X; > s)WEReO Wi,

From the oracle properties of 0 and EV, we have |n%/0\Au| + |n%§VAU| — 0 and

V(04— 0.40) = Vn(0a — 0.40) =n"2Aaa(0)” ZUAZ 6o) + op(1),

i=1
where A 4 4 represents the sub-matrix of A whose rows and columns correspond to A,
1)(0, s) /t orw, 106, )W, — 11V (6,1
U;(0y) = W, — —————= | dN; I(X; > N s
0= [ (Wi~ Trarg ) v - [ 106 o 1101(9,)?

/ H(Q) (07 t)H(O) (67 t) - H(l) (97 t)H(l) (97 t)T
) (g,t)2

and A(0) =— dA(t).

From a uniform law of large numbers (Pollard, 1990), we have the in probability convergence of

H(6,t) —» H(0,t) = — f M@, s)I1©) (0, s)~2d A(s) uniformly in ¢ and 6. Tt follows that
Ao(to; 8) — Ao(to; 8o) = H 4(00,t0)"Aa,.4(00) '™t 310 Uni(6o) + Ao(to; B0) — Ao(to; 00) + 0p(n~%).

From Andersen and Gill (1982)

~ to dMZ(S)
ﬁ{Ao<to;eo) ~oltoi00)} = [ e s+ oet),
where M;(t) fo (X; = 5)e%WidAy(s). Therefore, v/n{Ao(to; 8) — Ag(t)} is asymptot-

ically equivalent to n~2 i Ui(t), which converges weakly to a mean zero Gaussian process by

a functional central limit theorem (Pollard, 1990), where

Ui(t) = Ha(B0, 1) Aa4(00) ' Uai(Bo) + /0 Tm
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Similar arguments given above and those as given in Lin and others (1994) can be used to

show that \/ﬁ{JAXS(tO; 0)— Kg(to; 5)} | O converges to the same limiting distribution as that of

Vi{Ro(to; 8) — Ao(1)}.

3. WEB APPENDIX C: ADDITIONAL SIMULATION RESULTS FOR SMALLER NONZERO SIGNALS

Here, we present simulation results for the setting where h(z) includes nontrivial signals of smaller
size. Specifically, we generated the genomic covariates Z from a multivariate normal distribution
with mean 0 and compound symmetry structure with variance 1 and correlation p. We considered
settings with pz = 10,20, and 30 covariates, and correlations p = 0 and 0.5. The underlying
signal was linear involving only the first five covariates; the structure of this signal was h(z) =
1-21 408 -2040.6-234+0.4-24+ 0.2 z5. For each setting, we generated survival times under
the Cox model A(tg;z) = Ao(t) exp{h(z)}, where Ao(t) is the hazard function from a Weibull(A =
1,k = 3). The censoring was generated from a uniform distribution with range chosen to produce
approximately 50% censoring. We considered small and moderate sample sizes (n = 200 and
n = 500). Here, we focus primarily on the two smallest signals g4 = 0.4 and g5 = 0.2. We
consider the same patients as before: one is the “baseline” individual with W = W(®) = 0; the
second has W = W) = (0,0,2,2,2,0,...,0)7; and the third is W = W® = (=0.5,...,-0.5)".
Bootstrap and perturbation resampling methods use B = 2000 resamples. Results presented are
based on 2000 simulations.

In Figure A1, we present the probabilities of inclusion of Z4 and Z5 in the model. We can see
that these probabilities are still near 1 when 6p4 = 0.4 but range between 0.6 and 1 for 6y5 = 0.2,
reflecting that the fifth variable is frequently excluded from the model even though 0.2 # 1. The
voting procedure tends to include 65 slightly more frequently than the initial fit.

In Figure A2, we present the biases of the aENET estimator and voting based estimator

for the zero-coefficients of Z as well as the two weak signals 0py = 0.4 and 6p; = 0.2, and the
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empirical standard errors and estimated standard errors, and the empirical coverage levels of the
95% confidence intervals for the three methods across simulation settings. The voting method still
most accurately estimates the standard errors when the true 6y; = 0. For the moderate signal
0ps = 0.4, the performance patterns for the different methods are similar to those presented
in the main text for the other setting. For the weakest signal 6y = 0.2, when n = 200, the
asymptotic and voting-based confidence intervals substantially undercover, while the bootstrap
overcovers; when n = 500, the coverage levels of all three methods are more similar, but still
tend to undercover, especially with nontrivial correlation. The undercoverage we see here is
because the signal is small and the aENET method does not always successfully include the
fifth covariate and tends to produce substantial bias. These simulation results are consistent with
theoretical results about the difficulty regularization methods have of selecting and providing valid
confidence intervals for weak signals of similar magnitude of order n=2 (Potscher and Schneider,
2009; Wainwright, 2009). As we increase n to 1000, coverage improves (results not shown) — for
example, when n = 1000, p = 0.5, and p = 30, the asymptotic confidence interval coverage is
89%; the bootstrap coverage is 92%; and the voting-based coverage is 93%.

The confidence interval and band performances (Figures A3 and A4) are quite similar to
those in main text for the individuals W© WO and W® . The individual W) would be
most impacted by our difficulty capturing the small signal g5, and indeed the confidence interval
coverage for the asymptotic-based method does drop substantially. The bootstrap intervals remain
wide in this setting, and tend to overcover. By comparison, the confidence interval coverage for
the voting-based method demonstrates performance very similar to the coverage presented in
the main text, due to its improved ability to capture the small signal in its point estimation,
as well as its improved standard error estimation for all coefficients. This further demonstrates
the advantage of our proposed interval estimation procedures over existing methods based on

asymptotic inference or bootstrap.
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Fig. Al. Probabilities of inclusion of the j*" covariate, for j =4 and j = 5
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Fig. A2. Comparison of the standard errors, bias, and 95% confidence interval coverage of (/9\3', for true
model parameters 6o = (1,0.8,0.6,0.4,0.2,...,0). Shown are values when 6p; = 0 (with absolute bias
displayed), as well as ps = 0.4 and 05 = 0.2. Bias and empirical standard errors are compared for the
base aENET fit (8) and the aENET fit after the voting procedure (5\/) ; the variability for the base
aENET fit may be estimated using either the bootstrap or the asymptotic method, while the variability

for the voting procedure is estimated using the resampled coefficient estimators after voting.
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Fig. A3. Under the model with 68y = (1,0.8,0.6,0.4,0.2,...,0), confidence interval coverage for to-year

survival, and width, for three covariate levels: W(O), with all covariates 0; W) = (0,0,2,2,2,0,...,0);
and W® = (—.5,...,-.5).
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Fig. A4. Under the model with 8¢ = (1,0.8,0.6,0.4,0.2,...,0), simultaneous confidence interval coverage
for W with all covariates 0; W) = (0,0,2,2,2,0,...,0); and w® = (=.5,...,—.5). Also shown are
simultaneous confidence widths at representative times
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