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EM ALGORITHM FOR HIDDEN MARKOV MODEL
Without missing data

We begin with the situation where there is no missing data in the dataset. Once we have derived the EM algorithm,
the situation where there are missing data can be handled with few modifications.

Suppose that we have temporal measurements xi,Xs,---,Xr, and we assume that their latent states are
71,22, ,Z7. Suppose that there are K states in the hidden Markov model. Each x; is a D-dimensional vector
of observed data, and z; is a K-dimensional binary vector with components that add up to 1, where z;; = 1 means
x; is at state j. The joint probability distribution for hidden Markov model is given by

T T
p(x1, -, X721, ,27) = p(21) lHP(ZJZtl)] HP(Xt\Zt) (1)

We represent the initial probability by a vector of probabilities @ with elements 7, = p(z1 = 1), and ZkK e = 1.
We represent the transition probability matrix as A, where Aji = p(z = 1|24—1,; = 1), and ZkK Ajr, = 1. Thus we
have

K

pzlm) = T =, (2)

and

sl A) = [T T A7 (3)

k=1j=1

We assume the emission probability p(x;|z;) follows a Gaussian distribution. We have x;|(zix = 1) ~ N (ug, Xg),
where pj and ¥y are the mean vector and covariance matrix for state k, respectively. Thus we have

K

p(xt|ztnu’72) = Hp(xtlﬂ’hzk)zm' (4)
k=1

We can write down the log of the joint probability distribution given the parameters 8 = (w, A, u,X) as
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logp(x1, -+, xp, 21, yzr) = Y ziglogmy + Y > > zio1jzalogAe + > Y zulogp(xelpr, ). (5)
k=1

t=2 j=1 k=1 t=1 k=1

The EM algorithm [1] is typically used to estimate the parameters in the hidden Markov model. The EM algorithm
tries to maximize the expectation of the complete-data log likelihood function (5) given the posterior distribution of
Z, which is

K T K K T K
0(6,6°%) = ZE 21 |logmy + Z Z ZEZ 21,52k ]log A + Z ZEZ 2y Jlogp(X¢ [ pr, Bi)- (6)

k=1 t=2 j=1 k=1 t=1 k=1



In the E step, we use the current parameters to evaluate the expectation of the complete-data log likelihood
function, and in the M step, we maximize the expectation of the complete-data log likelihood function and update the
parameters. We need to evaluate the expectations E,[z:] = p(z:|X,0) and E,[z:_12:] = p(z:—1,2:|X,0). We write
v(zk) = BEzlzw] and £(ze—1 5, 2tk) = Eg2i-1 7). The forward-backward algorithm [1] is used to estimate them.
The forward-backward algorithm basically calculates

O[(Zt) = p(xla e 7Xtvzt) (7)
B(z1) = p(Xe41,: -+, X7|2e). (8)

Following the forward algorithm, we have

(z) = p(xelze) D a(ze—1)p(ze|ze-1), (9)

Zt—1

where the initial condition is given by

K
a(z) = p(x1,z1) = [ [ {mep(xalps, Sh)} - (10)
k
Following the backward algorithm, we have
Blz) =Y Blzer1)p(Xip1|2er1)p(2es1|20), (11)
Zi41
where the initial condition is 8(zr) = 1. And we have
o(z)B(z¢)
z,) = REUTE) 12
V(2e) p(X) (12)

where p(X) is the likelihood function and can be obtained by
p(X) =) a(zr), (13)
zT

and

o(z—1)p(X¢|2e)p(2e|2e—1) B(2e)
p(X) '

We have omitted all the derivations of the forward-backward algorithm. For detailed derivations, please refer to [1].

Once we have obtained the y(z;) and &(z;—1,2¢), we can go to the M step, where we use these expectations to
estimate the parameters. It follows the same solution steps for maximizing the likelihood of multinomial distribution
and Gaussian distribution. We have

f(zt—l,zt) = (14)
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So the EM algorithm works as follows:

1. Initialize the parameters 8. We can use K-means algorithm and the resulting K clusters to initialize p’s and
¥’s. We also initialize the log-likelihood to be —oo.



2. E step Use the parameters 8°'¢ to calculate v(z;) and &(z;_1,2;) following the forward-backward algorithm.
We also calculate the new log-likelihood.

3. M step Update the parameters 0 using v(z;) and £(z—1,2¢).

4. If the absolute difference between the old and new log-likelihood is below a certain threshold, terminate the EM
algorithm and output #. Update the old log-likelihood otherwise.

Notice that we have illustrated how to estimate @ from only one sequence of temporal measurements, for the purpose
of clarity. When there are multiple sequences of temporal measurements, we need to evaluate the v and £ for each
sequence in the E step. In the M step, we average over all the sequences to obtain the new 8. We will use the same
way to demonstrate the EM algorithm for hidden Markov model with MAR data.

With missing at random (MAR) data

obs mis

When there are MAR data [2] in the dataset, each x; can be written as (x§**,x7%), where x¢** and x}*** are the
observed portion and the missing portion of of x;, respectively. So the corresponding log of the joint probability
distribution is given by

1ng( obs . X%bé X'inis . x,?”é ZT)
T K K T K

Z z1logmy, + Z Z Z 21,5210 A 1 + Z Z zeilogp(Xe| i, k) - (19)
t=2 j=1 k=1 t=1 k=1

The corresponding expectation of the complete-data log likelihood function given the expectation of the posterior
distribution of Z and X" is given by

T K
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Q(o’ oold Z E, xmis Z1k logwk + Z Z Z E, Jxmis Zt 1 Jztk]logAjk + Z Z Ez xmis [ztklogp(xtmk, Ek)] (20)

k=1 t=2 j=1 k=1 t=1 k=1

Because the expectations of zu, 2:—1,j2: only depend on Z and the expectations of logp(x¢|px, Xx) only depend on
X5 we have

K T K K
0"“ Z E,[z1]|logmy, + Z Z Z E, 21,2 ]logAj + Z Z E,[zr] Exmis [logp(x¢ [x, B )]- (21)
k=1 k=1

t=2 j=1 t=1 k=1

Note that we have already derived E,[z;] and E,[z;_12;|, which are v(z;) and &(z;—1,2;) in (12) and (14). The only
difference is that the p(x;|z;) in equations (9) to (14) should be replaced with p(x¢**|z;). Because the marginal dis-
tribution over a subset of multivariate Gaussian is still Gaussian distribution, we have x9%%|(zy, = 1) ~ N (ug?s, £9%%),
where p¢% and X% are the mean vector and covariance matrix after dropping the missing variables from py, and
;. So p(x bs|ﬂk,2k) = p(x¢%%|ugbs, £9%%) and therefore we can obtain p(x¢®*|z,). If all the data are missing at x;,

p(x¢°® |y, Ty is simply 1

In order to write down the E step, we need to obtain the E,mis[logp(x¢|pr, X)),k = 1,--- , K. Note that the
posterior distribution of x7*%* is a conditional distribution of a subset of variables from a multivariate Gaussian
distribution, which is also a Gaussian distribution. Because the complete X belong to the regular exponential family,
we only need to evaluate the expectation of the sufficient statistics, which are Z?:l Z¢j, where j = 1,---, D, and

Zthl xjzy, where j,l =1,--- ,D. Based on [2], the E step for kth state includes

T T
Ak .
Enies [Z ] =Ya =10 (22)
t=1 t=1

and
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~(k) ~(k k .
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t=1



where
(k) Tij, if z4; is observed. (24)
xT,. =
t E(24;]x9%, pg, Xk), otherwise.
and
(k) 0, if z4; or x4 is observed. (25)
C. =
gin Cov(z4j, T |x5%, pg, Xg), otherwise,

where E(z;[x5%%, pr, Bx) and Cov (x4, 74|x5%%, px, Ti) are the conditional mean vector and covariance matrix of the
missing data x"* given the observed data x°* and the current parameters py,, Xy

To evaluate E(z4;|x5%%, px, Tx) and Cov(zy,j, Tn| x5, i, L), we need to obtain the conditional distribution of the
missing features given the set of the observed features. The §§k> is basically an imputed x; in state k where the
missing data are replaced by the conditional mean. An easy way to compute the conditional distribution is to use the
sweep operator to sweep the augmented covariance matrix [2]. In practice, we could calculate all the missing patterns
in the dataset in advance, and in each E step, for each state, we calculate the swept matrices for all missing patterns.
Then for each x;, we can estimate its conditional mean vector and covariance matrix by using the corresponding
swept matrix.

In the M step, we update the parameters by using the expectation we evaluated in the E step. We can do the same

with equations (15) and (16) to update of m; and A,;. To update py and Xy, we have

T (z) R
a S %’ (26)
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Sy () [ — )& — )T+ |

= : (27)
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where
A(k) _ [ ~(k)
Gy = [let}j7l=17”'7D' (28)

So the EM algorithm works as follows:

1. Initialize the parameters . We can use K-means and the resulting K clusters to initialize u’s and X’s. Note
that taking means of missing data may cause trouble, we can use all complete x’s in each cluster to initialize
p’s and ¥’s. We also initialize the log-likelihood to be —oo.

2. E step Use the parameters 6°¢ to calculate v(z;) and &(z;_1,2z;) and the new log-likelihood following the
forward-backward algorithm. We also calculate igk) and @““’ from equations (24) and (25).

3. M step Update the parameters 0 using v(z;), £(zi—1, 2¢), %Ek) and @(k).

4. If the absolute difference between the old and new log-likelihood is below a certain threshold, terminate the EM
algorithm and output . Update the old log-likelihood otherwise.
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