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Web Appendix A: Theoretical Results

Assumptions
Throughout the paper, we need the following assumptions to facilitate the technical details,
including traditional conditions for asymptotic theory, although they may not be the weakest condi-

tions.

Assumption (C1). supg  Ef|ei(sm)|"] < oo for some x > 4 and all grid points sy,.

Assumption (C2). The data {X;,Yi(sm) : i = 1,--+ ,n, 8, € Sy} are independently and iden-

tically distributed.
Assumption (C3). For all s € S, 5y(s) € © is a unique point satisfying E{Scg(8(s); X, Yi(s))} =
0, where the expectation is taken with respect to the true distribution of Y'(s) given X. Moreover,

E{0Sex(B(s); Xi,Yi(s))/0B(s)} is nonsingular.

Assumption (C4). © is a compact set. For all s € S and 3(s) € B, Sea(8(s); Xi, Yi(s)) is twice
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continuously differentiable on ©. For all j,k = 1,---,p, E[|0;Ses(Y (s), XTB(5), f2)|] < oo,
|Seft (B(s); Xi,Yi(5))],105Sem (B(s); Xi, Yi(s))| and |0;0kSes(B(s); Xi, Yi(s))| are dominated by
an integral function G(Y (s), X) such that E[sup,cs |G(Y (s), X)|"] < oo for ar > 1, where

0; = 0/0p;(s), in which f3;(s) is the j-th component of 3(s).

Assumption (C5). BEach component of {1(s), s € S}, {n(s)?,s € S}, and {Sex(B(s); X, Yi(s)), s €

S} are P-Donsker classes.

Assumption (C6). The grid points s, are randomly generated from a density function 7 (s). More-

over, m(s) > 0 for all s € S, and 7(s) has continuous twice derivative with bounded support [0,1].

Assumption (CT). The kernel function K is a continuous symmetrical bounded density function

with support [—1, 1] and satisfies that

1

1 1
| B =1 [ ak G = 0 = [ @K < o, w(i) = [ K2 < .

Assumption (C8). For all s € S, B(s) and 7(s) have finite continuous twice derivatives. Moreover,

Elsup,es [1(s)|™] < oo and E{sup,es[|n(s)| + |7i(s)|]?} < oo for some 11,72 € (2, 00).
Assumption (C9). Both M and n tend to infinity, Mh — oo, h~|logh|'=2/0 < M'=2/9 for
Q1 € (2,4), nMh} — oo, nMh3/log(nM) < oo, hy*(logn/n)'=2% = o(1) for g2 € (2,00),

hQ = 0(1), and Mh2 — OQ.

Assumption (C10). The bandwidths h, and h, satisfy nh;{h;‘; — 0, nhih% — 0 and nhzhy, — oo.



Assumption (C11). The density functions of XiT B(-) is bound away from 0 and oo on their support,

E{X|XTB(-)} and (X[ 8(-)) have locally Lipschitz continuous derivatives.

Remark. Assumption (C1) requires the uniform bound on the high-order moment of ¢;; (s, ) for all
grid points s,,. Assumption (C2) is a relatively weak condition on the covariate vectors and their
identical distribution are not essential. For each s € S, Assumptions (C3)-(C4) are generalizations
of the standard conditions for ensuring asymptotic properties (e.g., consistency and asymptotic
normality) of Z-estimators (Van der Vaart, 1998), where Assumption (C3) is an identifiable and
nonsingular condition, and Assumption (C4) is a uniform smoothness and integration condition.
Particularly, Assumption (C4) ensures that Seg(Y (s), X7 3(s), f) is uniformly integrable for all
s € S. Assumption (C5) follows Zhu et al. (2012) to avoid smoothness conditions on the sam-
ple path, which are commonly assumed for simultaneous inference. Assumption (C6) is a weak
condition on the random grid points (Zhu et al., 2012). In many neuroimaging applications, M is
often much larger than n and for such large M, a regular grid of voxels is fairly well approxi-
mated by voxels generated by a uniform distribution in a compact subset of Euclidean space. For
notational simplicity, we only state the theoretical results for the random grid points throughout
the paper. Assumption (C7) is commonly assumed for kernel smooth methods. Assumption (C8)
is the smoothness condition of () and n(s). Assumptions (C9) on bandwidths are similar to the
conditions used in Zhu et al. (2012). Assumptions (C10)-(C11) are assumed by Ma and Zhu (2014)

in order to establish the asymptotic properties of B() at each grid point.

Asymptotic Properties

THEOREM 1: We have the following results.

(i) Suppose that 3(s) = By does not vary across s € S. The optimal w, is given by
we =2 /NS5 e, (1)

where || - ||2 is the Euclidean norm of a vector, ¥ex pf = Yyu, M + Aexar s an M x M matrix, and
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17 is an M x 1 vector of ones. Thus, the optimal D(w) is given by D(w.) = (1%, 26*1M )t

and is independent of s. The E;} v L can be written as

M

_ )\m*,M
{Inr — Ae*%z/\; mwm*,Ml/}Zl*,MAifM}Ae* M )
-1 me,

(ii) Suppose that B(s) may vary across s € S. Under Assumptions (C6) and (C7), if w(Sm,S) =

Ky(sm —s), h = 0, and Mh — oo, then D(w(s)) can be approximated by ¥,,(s, s).

THEOREM 2: Under Assumptions (C1)-(C11), as n, M — oo, we have the following results.

(i)
vn (3(8) — Bols) — 0.5h2A4, ()"~ ZB [§(X{B(s)) + 29'(XZT/3(S))ﬁ(S)/ﬂ(S)]uz(K)}>
converges weakly to a Gaussian process with mean zero and covariance function, which is the
limiting function of An(s)™* [n™1 301, Bi(s)Sy (s, t)Bi(t)T] An ()™, where Ay, (-) and B;(-) are
defined in Web Appendix C.

(ii) vr[g(XTB(s)) — g(XTB(s)) — 0.5h3ua(K)§(XTB(s))] converges weakly to a Gaussian

process with mean zero and covariance function ¥, (s, t).

We next study the asymptotic bias and covariance of 7);(s) as follows. We distinguish between
two cases. The first one is to condition on the design points in S, X and 7. The other is to condition
on the design points in § and X . The two cases may both be of interest for practitioners. We define

K#((s—t)/h) = [ K(u)K(u+ (s —t)/h)du

THEOREM 3:  Under Assumptions (C1)-(C11), the following results hold for all s € S.

(i) Conditioning on (S, X, 1), we have
Bias[);(s)|S, X, ]
=0.512(K)[ijs(s)h3 + G(XT B(sm))PI)[1 + 0p(1)] + Op(n~7?),
Covlii(s), ni(t)|S, X, ]

=K7((s —1)/h2)oc(s)m(t) " (Mha) " Op(1) — (nMh1) " Op(1).



(ii) The asymptotic bias and covariance of 1;(s) conditional on S and X are given by
Bias[f;(5)|S, X] = 0.5h3 2 (K)§( X B(sm))[1 + 0p(1)],
Cov(#i(s) — mi(s), 7i(t) — ni(t)|S, X)
=[1+ 0p(1)][0.25p2(K) 2R3 (5,1) + K#((s — t)/ha)m(t) " (Mha) " Op(1) + n 7 5y (s, 1))
(iii) The mean integrated squared error (MISE) of all 7);(s) is given by
w3 [ Bl - mPIS)r(s)s
i=1
{1+ 0, (1)) {O((Mha) ) + Oyfhd) 407" [ (s, m(s)ds
+0.2519(K)? /0 1 S22 (s, s)hgm(s)ds}. 3)
(iv) The optimal bandwidth for minimizing MISE (3) is given by
hy = O(M~Y/%). 4)
(v) The first order local polynomial kernel reconstructions 1;(s) using ho in (4) satisfy

sup|ii(s) —mi(s)| = Op(| 1og(M)/5/*M /% + it - n~1/%)
sE

fori=1,--- n.

Remark. Theorem 3 may be used to study the statistical property of the entity-specific effects in
the functional regression analysis. Because the estimation of 1;(s) succeeds the estimation of the
regression coefficients, the MISE of 1;(s) appears to be a function of the two bandwidths hy and
ho. If the optimal bandwidth in Theorem 3 (iv) is used, the resulting MISE can achieve the order of
M=%+ b+ 0L,

The next theorem provides the asymptotic properties of the estimated covariance matrix and its

spectrum decomposition.

THEOREM 4: (i) Under Assumptions (C1)-(Cl11), it follows that

sup [$y(s,t) = Ty(s, 1) = Op(Mh2) ™! + 17 + b3 + (logn/n)'/?).
(s,t)eS
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(ii) Under Assumptions (C1)-(C11), if the optimal bandwidths are used to construct g(xTB (s))
and 1;(s), then for 1 < k < ko, we have the following results:
(a) [y [dn(s) = du(s))*ds = Op(Mha)™ + hi + b3 + (logn/n)!/?);

(b) M — M| = Op((Mho) ™' + h2 + h3 + (log n/n)'/?).

Remark. A number of results concerning convergence rates of functional principal components
analysis are available in the literature. Theorem 4 incorporates the recent development in Hall
et al. (2006) and Zhu et al. (2012). The almost sure convergence result in Li and Hsing (2010);
Li et al. (2010) seems to be slightly stronger since the authors consider a different approach to
the estimation of ¥(s, t) and their approach may not ensure (s, t) to be positive semi-definite. Our
results may be more appealing to practitioners, especially to imaging data analysts where acquiring
a proper covariance estimation is key to the further inference.

Some lemmas and their proofs

Introduce some notations first. Denote

Monr(8(5)) = = Suar (B(s);w)]
M(B(s)) = —[|E(Serr(8(s); Xi, Yi(s)))]]-

LEMMA 1: (Lemma 2 in Zhu et al. (2012)) Under Assumptions (C1), (C6), (C7) and (C9), for

anyr =0
mg/Kmfs L o) - 1) = 0,011
s€
sup /Kh (t—s) ) it )an(t)’ = Op((Mh)~/2y/log h),
se
where 11y, (-) is the sampling distribution function based on Sy = {si,---,sn}, (-) is the

distribution function of sn,.



LEMMA 2:  Under Assumptions (Cl1)-(C4) and (C6)-(C11),

sup d(3(s), fo(s)) o

Proof of Lemma 2: The proof consists of four steps.

Step 1: To prove 3(s) € © with a probability going to one. Obviously 3(s) € [—1,1]?, next
we show its continuity. Following the argument of Ma and Zhu (2014) we can obtain the pointwise
consistency that for any s € S, 3(s) — fBo(s). Given two estimators 3(s;) and 3(s2) satisfying
|s1 — sa| < 0 for some & — 0, so that || 5p(s1) — Bo(s2)|| — 0 under assumption (C8). On the other
hand, since 3(s1) — So(s1) and B(s2) — Bo(sz) in probability, we have ||3(s1) — B(s2)|| — 0 by
the triangle inequality in probability.

Step 2: To show the uniform convergence of M, u (+) in probability, that is

sup ML (B(s)) — M(B(s))] 2> 0, 5)
B(s)eO

Define () = 2%, by the mean value theorem we know that under Assumption (C4), M,/ (-)

satisfies

Vs (B1(5)) = Mg (B2(3)) |l
= [IMur (B1(5)) — Muar (B2(3)) ll2p

< E‘MnM(,Bl(S)) - MnM(ﬁQ(‘g)”

n M
<E %Z Z Kn(sm — 8)[Serr(B1(s); Xi, Yi(s)) — Serr (Ba(s); Xi, Yz‘(s)”H
=1 m—=1
1 n M ~ 1
=E[|(Bi(s) - 52(5))5 Z Z h(8m — 3)/0 OSet (B1(s) +t(B2(s) — Bi(s)))dt
i=1 m—=1

< Gil|Bu(s) = Ba(s)]l,

where || - || is Orlicz norm, 0 is the first derivative, and C| is a positive constant. Then applying



8 Biometrics, 000 0000

Theorem 2.2.4 in Van der Vaart and Wellner (1996) we can obtain that for any § and &

E < » sup M0z (B1(s)) — MnM(ﬁQ(S)”)

),B2(s))<6

<

sup  [Moar(Ba(s)) — Muar(B2(s)))|
(1 (5),B2(s)) <0

v
<Oy [/ D (W, 0, | - |))dw + 5y~ (D*(€, 0, || - I))}

1
<o [ whte. i+ aviezel ),
0
where C} is a constant, D(-, -, -) and N (-, -, -) are the packing and bracketing number, respectively.

Since 3(s) € [—1, 1]P by definition, we have
N(w/27®7 H ’ H) < CSW7P7
where Cj is a constant. Consequently

N N 1
E < sup [Ms (B1(s)) — MnM(B2(S))> < Cy {/ w2 dw + 65_1} ,
(B1(s),B2(s))<d 0

where Cj is a constant. For any € > 0, Markov’s inequality gives

p( sup  [Maar(B1(s)) — Manr (B2(s))| > ) <& 2612 4 6¢71].
d(B1(s),B2(s))<é €

By choosing first £ and next §, one can make the right hand side sufficient small, this verifies the
asymototic equicontinuty of M, Mm(+).

Secondly, following Wu and Zhang (2002), and employing Lemma 1 we can obtain

n M n
%Z Z Kh(sm - S)S\eﬁ(ﬁ(s);Xia Yi(sm)) — % Z §eﬁ“(ﬁ(5)§Xiv Yi(s))
=1

i=1 m=1
2, Sinet Kn(sm = 5)[E(Ser (B(5); X Yi(5m)) — E(Setr (5(5); Xi Yi(5))]
=t Kn(sm = 9)
_ Mh [ K(u)[B(Ser(5(s >~XZ,Y<s + h1)) = E(Sear(8(5); X, Yi(s))Imw(s + hys)dp
Mh [ K(u)r(s + hu)dpu[l + Op(Mh=1/2)]

x [1+ Op((Mh)~"2\/Tlog h)]

[ K ()[OB Sen(s)hss + 0.50°B(San(s)H5 + olh2)][(s) + (s)hs + o))
J K(p)[r(s) + 7(s)hp + o(h)|dp

_ [0.502E(Se(s))m(s) + OE(Sert(s))7(s) + o(h )]hQMQ(K)[

7(s) +o(h)

— 05020 E(Sut(s)) + 20E(Sus () (s) /(5) 2 (K1 + 0,(1)], ©)

[1+ 0p(1)]

+ 0p(1)]




where 0, ? are the first and second derivative, and the term [1 + 0,(1)] appears here because of the

randomness of Sj;. Consequently, for any 3(s) € ©

n M
<D0 D Rism = 98 (B(3); Xis Yilsm) — B(Sun (B(s); X, ws)))‘
i=1 m=1
= %deﬁ(ﬂ(s);Xi,Yi(s)) — E(Ser(B(s); X4, Yi(s)))| + Op(h?)
i=1
< %Z Serr(B(s); Xi, Yi(s)) — % > Serr(B(s); Xi, Yi(s))
=1 i=1

+ 0, (h?). (7

+ % > Setr (B(5); Xi Yils)) — E(Sesr (8(s5); Xi, Yi(s)))
=1

In (7), the first term tends to 0 in probability due to the consistency of E{X|X73(-)} and (X7 Bo(sm))
(Ma and Zhu, 2014) and the continuous mapping theorem under Assumption (C4), the convergence
of the second term follows from the law of large numbers, and O, (h?) = 0,(1) under Assumption
(C9). These complete the marginal convergence of M,, Mm(4).

Finally, applying Lemma 2.8 in Newey and McFadden (1994), under Assumption (C4) the uni-
form convergence of M, M (+) follows from its asymototic equicontinuty and marginal convergence.

Step 3: To prove that

sup sup M(B(sm)) < sup M(Bo(s)). ®)
B(sm):d(B(sm),Bo(sm))>e SmESM SmESM

This can be done by further using Assumptions (C3) and (C4).

Step 4: To prove that

P ( sup d(B(sm), Bolsm)) > e> — 0.

SmESM

The proof follows the same arguments used in Theorem 5.7 of Van der Vaart (1998). Since (5)

implies su MnM Bo(8m)) — M(Bo(sm LN 0, so that under Assumption (C3), we have
p pSmESIW ‘ p
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M,z (Bo(sm)) > M(B(sm)) for each s,,, € Syy. It yields that

sup [M(So(sm)) = M(B(sm))]

smESM
< . Slelg [M(Bo(5m)) — Muas(Bo(sm))] + . Slelg M1 (Bo(5m)) — M(B(5m))]

<op(1) + sup [Myupr(B(sm)) — M(B(sm))]

SmESM
<op(1) + sup [Myar(B(s)) — M(B(s))]
B(s)e®
2 0. ©)

From (8) we know that for any € > 0, there exists a positive constant ¢ that is only dependent on e

such that

sup M(B(sm)) < sup M(Bo(s)) — 6(e)

smESM sm€Snr

for every 3(sy,) when SUP;, eS), d(B(sm), Bo(sm)) > €. Consequently, by (9) we have
P ( sup  d(B(sm)s folsm)) > e> < P( sup M(B(sp)) < sup M(Bo(sm)) - o(e))
smGSM SmGSM smGSM

< P( sup M(Bo(sm)) ~ M(Blsw))] > o())

smESM

— 0.

LEMMA 3: Under assumption (C2) and (C5)-(C7),

sup [A (s, h)| = 0,(1).
seS
Proof of Lemma 3: By Lemma 1 with r = 0, we have

= sup
s€So

/ Kt — $)d[Ty (t) — TI(1)]

M
1
sup |— E Kp(sm —s) — Ko(s,h
s€So Mm:1 (m ) ( )

= 0,((Mh)~7?),



so that A(s, h) can be approximated by

1
Al = 1+ 0, 1/2[ ZKh .

_ / Ku(t — s)n(t)dTI(t)

_1+o (1)
— e+ () + ()

Due to assumption (C5), 1)(s) converges weakly to a Gaussian process, it follows from Donsker

Theorem (Van der Vaart and Wellner, 1996) that

sup [[n(s)ll2 = Op(1).

seS

Thus we can examine the three terms as follows:

(1) =
KO( h) KO s, h mz: ’77 Sm)_n(s)|
M
<, )~ gy 3 o
— 0,(1) Ko(s, h1) + Op((Mhy)~1/2)
o Ko(s, h)
:OP(1)7

1
Fale7) < o ) 28 0Isup | | K= )ite) - 0)
= Op(h) x Op(1) x Op((Mh)_l/z)

= op(1),
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(I11) 1 /
< Kn(t - — n(t)|dII(t
Ko(s,h) = Ko(s,h) n(t = s)|n(s) — n(t)|dIL(t)
1
< sup s') — ssup/K +— §)dII(t
b_g\gh\n() n( )|sesKo(s,h) n(t — s)dIL(t)
=op(1) x 1
= op(1)
This finishes the proof of Lemma 3. o

Define £i(s) = 2 M| Kpr(sm — 8, ha)ei(sm).

LEMMA 4: Under Assumptions (C1)-(C11),
n
supn ! S Ei(s)mi(t)] = Op(n~2(log n)'?),
(st) i—1
and
n
supn™!| Y (5)2(0)] = O(MA) ™+ (ogn/m)*?) = (1)
st i=1
Proof of Lemma 4: The proof follows from a similar argument to Lemmas 6 and 7 of Zhu et al.

(2012), so we just omit it here. O

Proof of Theorem 1
Theorem 1 (i) directly follows from (18) in the parent paper by noting that D(w(s)) can be

written as

W(s) (Byear + Aesar)ws).

Diw(s)) = w(s)T1p1T w(s)

We define W, ps = (Y1401 - - - Yrevr) and Ay pp = diag(Aiaar, -+, Aare,ar). We have

-1 —1/2,,—1/2 —1/2 —14x-1/2
Ee>s<,M = Ae*,M(Ae*,]/\Jzﬁ*aMAe*,]/\/[+IM) Ae*,]/\/[

-1/2 —1a—1/2
= Ae*,]/\4(\p*yMA*7M\II£M + IM) 1A5*,]/\/[

= AT (Aear + ) 0T A

= APV (M + Ta) T = T 20T AT ALY



By noting that 1/ (A s + 1) — 1 = —As s /(A + 1), we can prove (2). |

Proof of Theorem 2
Proof of Theorem 2 (i): By the uniform consistency in Lemma 2, we can follow the arguments

used in Theorem 3 of Ma and Zhu (2014) to obtain

n~/? Zl Zl Ki(s e (sm)[Xi — B{X:|X] B(s)Hg(X[ B(s))
+n1/? Z;le Kn(s e*(sm)[Xi — B{X:|XT B(s) XTI [5(s) — Bo(s)]§(XT B(s))
+ 0p(1), (10)
then by (10) we have

Va[B(s) = Bo(s)]

n M -1
:&iZ}:&@wwwwM&—ﬂ&W%®ﬂﬁMﬁﬂw>
i=1 m=1
n M
x (jﬁ D D7 Bnlsm — )" (sm)lXs — BLX|XT () (X[ 5(5)) + op<1>> . an
i=1 m=1
For notational simplicity, we denote
Z Z Kn(s e (sm) [Xi — B{Xi|X] B(s)NX]§(X] B(s))
i=1 m=1

Bi(s) = [Xi — E{Xi| X7 B(s)}]9(X] B(s)),
then (11) can be rewritten as

Va[B(s) = Bo(s)]

n M
- [An<s>]1jﬁ SO Bi(s) S Ki(m — )" (5m) + 0p(1)
=1 m=1

n M
— [Au(s) + Op(12)] ' = > Bils) { Y Knlsm = 9)9(X] B(sm)) — 9(XT B(s))]

M M
Z Kp(sm — s)ni(sm) + Z Kp(sm — s)ei(sm)} + 0p(1). (12)

m=1 m=1

13



14 Biometrics, 000 0000

Again similarly as (6), the bias term is

M
Kn(sm — )[g(X{ B(sm)) — 9(X[ B(s))]
m=1
= 0.5h°[§(X] B(s)) +29(X7 B(s))7(s)/m ()] p2(K)[L + 0p(1)]. (13)

Next we show that

n M
Vil Z Bi( Z Kn(sm — 8)ni(sm) = G(s), (14)

where = denotes weak convergence of a sequence of stochastic process and G(s) is a central
Gaussian process indexed by s € S. It consists of two steps. In Step 1, it follows from the standard

central limit theorem that for each s € S,

n M
\F Z B;( Z Ky (s $)Ni(Sm.) 4N (0, % Z Bi(s)%,(s, S)Bi(S)T> ,

where % denotes convergence in distribution.
Step 2 is to show the asymptotic tightness of n=2/2 3" | B;(s) Z%Zl K ($m—5)ni(m). Noting
that er\le K (8m — $)1(5,m) can be approximated by three terms as follows:

M ~
Kn(sm — 8)n(sm)

m=1

~ A(s,h) 4+ Koih / Kn(t — s)n(®)e(t)d(?)
= A(s,h) + Kosh /Kht—s t)d(t)
1
T / Kt — 5)ln(t) — n(s)lx()d(2)
= A(s, h) + (I) + (I1).

Lemma 3 implies A(s, h) converges to zero uniformly. (I) is asymptotic tight since

1

(I) = mﬁ(S)Ko(Sah)

=n(s),



where 7(s) is a Gaussian process. And it follows that when 2 — 0,

M < sup () - n<s>|Ko(lsh) / Kt — s)n(t)d(t)

|t—8‘<h1

Combining them together we can obtain the tightness.

Moreover, it follows from Lemma 1 that

n M
D) Z Bis) D Rnlom = s)lom) = Ol logW (VA ) = 0y(1) 013

holds uniformly for all s € S. For weak convergence, when we focus on the asymptotic distribution
of B (s), the remainder o, (1) can be removed. Consequently, taking (13), (14) and (15) into (12) we

can obtain that with a probability tending to one,

E[B(s)] — Bo(s) = 0.5h°4,, { }jB [G(x]B( »+2MX?5@»ﬁ@Vw@mmuﬂ},

and

Cov{v/n[B(s) — Bo(s)], vn[B(t) — Bo(t)]}

This finishes the proof of Theorem 2 (i).
Proof of Theorem 2 (ii): First, by following the proof of Lemma 4 in Zhu et al. (2012), we can

easily have

E[§(XT5(s))] — 9(XTB(s)) = 0.5hua(K)§(XTB(s))[L + 0p(1)]

Varlg(XTA(s))] = "8y (s, )1+ 0p(1)]. (16)

15



16 Biometrics, 000 0000

Moreover, by (12) in the parent paper and Theorem 1, it is easy to see that

V{g(XTB(s) — Bla(XTB(s))]}

n M
=vV/n[LO[S(XTB(s), )Y Y K (X B(sm) = XTB(5)) Zism,s[n(5m) + (5m)]

i=1 m=1

n M
=Vn[LOIZ(XTB(s),ha) " Y > Kny (X Blsm) — XTB(5)) Zism,s[(sm) + <(5m)}

i=1 m=1

X [L+ 0y~ + 12)].

Then following the proof of Theorem 1 in Zhu et al. (2012), we can have that /n[g(X 7 3(s)) —
g(XTB(s)) — 0.5h2us(K)§(XTB(s))] converges to a central Gaussian process with covariance

function X, (s, t). O
Proof of Theorem 3

Let K/ (s, h) = Kar(s/h)/h, where K p;(s) is the empirical equivalent kernels for the first-order

local polynomial kernel (Fan and Gijbels, 1996). Thus, we have

+ > Kni(sm — 8, ho)[1i(5m) + €i(sm) — ni(s)]. (17

m=1

It follows from a Taylor’s expansion that

M
D Kni(sm = s, ha)[mi(sm) — 1i(s)] = 0.5ua(K)iji(s)h3[1 + 0p(1)],
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and

Knr(sim — s, ha){g(X] B(sm)) = BIG(X] B(sm))IS, n, X}

NE

3
I

f{ ( Svh2)[0'5h%M2( ) (X B Sm 12772 Sm

Mz

3
Il

X [14 Op(h1 + 072+ (Mhy)~'72)],
=[0.5h3 2 (K)§(X] B(sim)) + Op(n™"7?)]
X [1+ Op(h1 + ha +n7%) + Op(Mha) ™% 4+ (Mh)~1/?)],

which leads to Bias[;(s)|S, 1, X].

Furthermore, it can be shown that

— [ ] (XTB Z Khl Xlzﬂ(sm ) X ,B(Sm)) zmsez (sm’)}

y ~ 7 ,m
= Z Ky (sm — s, ha){ei(sm)

—[10] (XTB(s) ZKhl (X3 b B(smr) — X B(sm)) Ziam,s€ir (Sm) 1 + 0p(1)].

i’ m/

After some tedious calculations, we have
Cov(ni(s) —mi(s), 0i(t) — mi(t)|S, m, X)
=K"((s —t)/h2)oe(s)m(t) " (Mh2) "' [L + 0p(1)] = (nMha) ™~ 7 (s)~'m(t) 1 Op(1)
Furthermore, for ¢« = 1, - - - , n, after dropping some higher order terms, we have
E{[i(s) — ni(s)]?IS,n, X }
={E[i(s) — ni(s)|S,n, X]}* + Var[fi(s) — mi(s)[S, 1, X]

—[0.5112(K )i ()13 + 0.5 (K)G(XT Bls))3 1S () 2[1 + 0 (1)
i’=1

+vo(K)m(s) ™ oe(s)(Mh2) 1 + 0p(1)] — (nMha) "' (s) 2 Op(1)
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Combining the above results we obtain Cov(7);(s), 7;(t)|S, X, n, ) and complete the proof of (i).

It follows from that

M
Kt (sm — s, h2){g(X] B(sm)) — E[§(X{ B(sm))IS, X}

m=1

=0.503 o (K)§(XT B(sim))[1 + Op(h + 1~V + (Mhy) ")),
Furthermore, it can be shown that
7i(s) — ni(s) — Elfi(s)[S, X]

M Mo
Z M(8m — 8, h2)[0i(sm) + €i(sm) — ni(s)] — Z K (sm — s, ha)

3
I

{[LOI2(XTB(s), )™ D Ky (X7 B(smr) = X[ B(sm)) Zism,smir ($mr) + €ir ()]}

M o Mo

= Kn(sm — 5, h2)[0i(sm) + €i(sm) = 0i(s)] = > Knr(sm — s, ho)

m=1 m=1

{[LO]=(XT5(s) ZK;H (X3 B(smr) = X B(5m)) Zigm,s [ (srr) + € (s )]}[1 + 0p(1)].

With tedious calculations, we have
Cov(i(s) — ni(s), 0 (t) — ni(t)|S, X)
=K*((s = 1)/h2)o=(s)m(t) " (Mha) " [1 + 0p(1)] = (nMha)~'(s) " (1) 7 Op(1)
+{0.2502(K)2h3 S22 (s, 8) + n~ '8, (s, 1)
— 050 o (KRS0 (s, 6)m(s) ™" + SO (s, )m(t) 1 + 0p(1)].
It follows from Lemma 1 and (16) that
E{[7i(s) — ni(5)]*|S, X]

={E[i(s) — ni(s)|S, X1}? + Var[iji(s) — ni(s)|S, X]
={0.255(K)*h1[5(XiBs)])* + 0.2502(K)*hs £ (s, 5)

+ 018, (s, 8) + v (K)o (s, s)m(s) " (Mha) 1 + 0p(1)],

which leads to Theorem 3 (ii).
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Furthermore, by noting that E{[#;(s) — 7:(s)]2|S] = E(E{[Hi(s) — ni(s)]?|S, X]|S), we can
easily obtain Theorem 4 (iii) and (iv).

To show (v), we define

Recall from (17) that
Ni(s) = ni(s) = Ai(s).
It follows from Lemma 2 and Taylor series expansion that
_ log(h .
sup£:()] = Op(y/ B2 and suap Ay ()] = O,(1) sup (513
seS 2 s€eS s€S
By Theorem 2, the sequence v/n[§(zT 3(s)) — g(«T B(s)) — 0.5h2 o (K)ij(x7 B(s))] is asymptoti-

cally tight. Thus, we have

M
Agi(s) ==Y Ku(sm — 8,h2)0.583 ua(K)§(-)[1 + 0p(1)]

m=1

M
+ > Knr(sm — 8, h2)[0.583u2(K)G ()L + 0p(1)] + g(XT B(sm)) — §(X] Bsm))],

m=1

U [Agi(s)] = Op(hi) + Op(n~11%).
se

Combining these results, we have

Sup () — m(5)| = Oy og(ha) [/2(Mh2) ™2 4 B 4 B ™V,
EIS

Proof of Theorem 4
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Recall that 7);(s) = n;(s) + Ai(s), we have
n n n
nThY T ai(s)hi(t) =nTT Y T A()A(E) + 0Tt ni(s)Ai(t)
i=1 i=1 i=1

n n
+n Y A(s)mi(t) + > mils)a(t). (18)
i=1 i=1
This proof consists of two steps. The first step is to show that the first three terms on the right hand
side of (18) converge to zero uniformly for all (s,t) € S in probability. The second step is to show
the uniform convergence of n =1 Y1 | m;(s)n;(¢) to X,,(s, ) over (s,t) € S? in probability.

We first show that

oo S A1) = Opln ™2 4 43+ (ogm/m) /). (19
st =1
Since
" Ails)t) < 13 @m0 + 1 An()m)] +1 3 Agilsn(e), 0
=1 =1 =1 =1

it is sufficient to focus on the three terms on the right-hand side of (20). Since
[Agi(s)ni(t)| < sup [Ag;(s)|sup [mi(t)],
seS tesS
we have
n n
n Y Agi(s)mt) <n Tty Sup. [Agi(s)mi(t)] = Op(hT +n %) = 0,(1).

i=1 i=1 St€

Similarly, we have
n n
nU D Ansm(t) <n Y Sup. | Ani(s)mi(1)] = Op(h3) = 0p(1).
i=1 i=1 St€

It follows from Lemma 4 that sup, ;) n~H| S50 Ei(s)ni(t)] = O((logn/n)'/?). Similarly, we
can show that sup(, y n ™! 37y Ai(t)ni(s)] = Op(n=/2 + b3 + h3 + (logn/n)/?).

‘We next show that

n

sup [n~" Y [i(s)mi(t) — Zy (s, t)]| = Op(n~1/?). 2D

(s,t) i—1

This can be argued by noting that

i (s1)mi(t1) — ni(s2)mi(t2)]

<2([s1 — s2| + [t1 — ta|) sup [7:(s)| sup [n;(s)]
seS seS
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holds for any (s1,t1) and (s2,t2). Therefore the functional class {n(u)n(v) : (u,v) € 8%} isa
Vapnik and Cervonenkis (VC) class (Van der Vaart, 1998). Thus, it yields that (21) is true.

Finally, we can show that

supn 1]ZA = O,((Mhg) ™! + (logn/n)Y/? 4 hi + h3). (22)
(s,t)

With some calculations, for a positive constant C', we have

1> Ai(s)Ait
=1

<Crsupll Y z()E 0]+ 13 z(o) An(e)] + | 3 Ani(t)Agi(s)
=1 =1

(st) i—

+ | Z@(S)A%(tﬂ + | Z Agi(s)Agi(t)] + | Z An;i(s)Ang(t)].

1=1 1=1 =1

It follows from Lemma 4 that

supn~ ]Zsl s)Ei(t)] = O ((th)_1+(logn/n)1/2),

(s,t) i—1

mupr” \Za )it !+\ZAm )Agi(s)| +1 3 Ei(s)Agi(1)] = Op((logn/n)'/?).

Since sup,cs [Ani(s)] = Ca sup,cs [ii(s)|h3. we have sup ., n™! 0, Any(s)Any(8)] = O(hd).

Furthermore, we have
n
n Y Agi(s)Agi(t)| = Op(n~' + hi)
i=1

Thus, combining (19)-(22)) leads to Theorem 4 (i).
To prove Theorem 4 (ii), we may follow the same arguments in Lemma 6 of Li and Hsing (2010).

For completion, we highlight several key steps below. We define

1
Ad(s) = /0 S5 6) — (s, OJ(0)d. 23)
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Following Hall et al. (2006) and the Cauchy-Schwartz inequality, we have

{/ $))?ds}1/?

<Cof] / A(s)%ds])? + / / %, (s,t)]2dsdt}

<02{/ / [i]n(s, Yn(s, )] 2d5dt}1/2{/ dt}1/2
0 Jo
1 1
+/0 A [i'fl(sat) - En(s,t)]Qdet

<C3 sup [Ey(s,1) = y(s,1)],
(s,t)€S?

which yields Theorem 4 (ii.a).
Using (4.9) in Hall et al. (2006), we have
A=Al
1,1 1
<[ [ oueast +o [ avsrds)
0o Jo 0
<Oy sup [2,(s,1) — By(s, 1)),

(s,t)€S?

which yields Theorem 4 (ii.b).

Web Appendix B: Figures

Typical estimated covariance function ¥, (-,-) and eigen-functions ;(-),7 = 1,2 are shown in

Figure 1. The estimated covariance function and curves are quite close to their true values.

Figure 2 shows the Q-Q plots of 7 and € at 3 randomly selected grid points. Their quantiles are

quite close to the straight lines, which represent standard normal distribution. It verifies the Gaussian

assumptions of individual curve variations and random errors.

Figure 3 presents the estimated seven varying coefficients their corresponding 95% simultaneous

confidence bands. It reveals that MMSE, age, education level and AD status are the most important

factors. Moreover, gender and handiness have little effects on FA.
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Figure 1. Simulation results for the first index function with n = 200: true and estimated
>, (top row), and the estimated eigenfunctions (bottom row). The solid lines are true

functions and the broken lines are estimated functions.
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Figure 2. ADNI data analysis: the qq plots of 7) (left column) and £ (right column) at grid
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Figure 3. ADNI data analysis: the seven estimated varying coefficients. The black solid
lines are estimated coefficients and the red broken lines are their corresponding 95%

simultaneous confidence bands.
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